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Role
consider Schw spacetime fl elWe values

of the radial coordinate r

ds = - (1-2A) dE+ 2 + r2 )dO + sinOd e

To understand the nature of black hol and
the mon-trivial causal structure of the spacetime
we need to understand the light comes. To do this

we conside radial (i. e., 6 = 0 = 0

null grocsics
0 = gabxxb = - (1-2)/At+(e

=> =
This

epernion gives the elopes of the light comes
in the (t,+) coordinates. T Wey , #- If like

in MinHowelli space , but de IX as We2M.

This suggests that according to obeave for away,
it would take infinite time for a light ray deporting



from v= 2M to reach them; similarly, it would

seem to take infinite time for a light say to

mach v= 2M . Howeve ,
this is an illusion caused

by the coordinate singularity at -= 2 M ; an

obsewn can fall towards smalle radis and more

r= 2 M
, batfor away obseven

wouldhe e

signals more
To sel this let's calculate the

proper
time for

radially
an infalling obsever (i . e, Amelike good) to
reach += 0 from some o= VosCM

(1 - 2)E = E

- 1 = gabxx = - (1-24) /*) ama
- (- E2+ Y

E = 1 : choice of energy
II 2M=>= +
E-F

infalling
o

=> AT = [dT = /drw ise



Note that proper time is an invariant , i
.

e, independent

of the coordinates.

Going facs to the radial mull geodesic, we
can integrate the equation to find
t = fat =I MN

= I + cust

rx = w+ 2 M((-1) -> tortoise coordinate

drx= = dr = (1 - 24)dr1-2M/

In tenm of ,
the Scho metric becomes :

ds = - (1 -24) dE+
mir [ (1

-24) dr2 + radiE

= (1 - 24)(- dE+ dr) + rd(2)

where I should beuganded as a function of rx. In
there coordinates the lightrones are += Irx+ comt , no

longer close up ,
but the metric is still singular at

w= 2M ; in there coordinates the surface -= 2M has

been pushed to rx =- x



To proceed we define coordinates adapted to radial

mull geodesic :

v = t + -x -infalling radial mull goods : v = coust
u = t-r* - outgoing radial mull goods : n = comt

Changing coordinates (ingoing Eddington-Finkelstein)
t = v- * d = d -drx = d-

1-2M/

=> ds2 = - (1-2) (do-my+dra + ridee
=

= (1-2) due + 2 drdr +r did s

-> this metric is smooth and invertible at r= 2 M,

which shows that r= 2M is a me coordinate

singularity in the original Schw
.
metric

.

· Radial null geodesics in ingoing EF coordinates :

0 = gabx
" x = - (1-2) i + Zer

= w - ( 2)i + 2r7
=> i = 0 -> v = const



- (1-2): +2 = 0 Ed= /
Far
away , i . e, rs2M , dr > 0 -r advanceono

advances so there are outgoing. Than o= cont
are ingoing .

Note that in than coordinates the light comesavr
well-behaved :

· Along ingoing null geodice , w= coust
, a vanies from I

to 0
,
so it is possible to coss v= 2M. On the

surface , the light comes tilt inwards (i . e, towards

smaller) since d < 0 fur W < 2M. The
di

surface -= 2 M is a point of no return : inside

this surface , al future directed pathe go toward
smaller V

.

NN

↑ >
p

r= 2M



· w = 2M is a joint of no return :

any
observa

linatial or not) that dips below it can never ascape.

a surface past which particles can never escape to

infinity is the event horizon of the black hole

· The went horizon is a mull surface (i . e, the

vators tangent to it any wull) .
Since nothing

can escape the went horizon have the name

black hole .

I black hol is simply a

region of spacetime separated from infinity by
an event horizon

· The motion of anwent horizon is a global
one . Locally , than is nothing special about

thesurface -= 2 M

Note that the interior of blade hole (r>2M)

is esentially empty
· r = 0 is a

genuine singularity : curvature and have
tidal forces become infinite !



· a Finkelstein diagram is a regmentation

of the mull geodesis in the (0,r) coonclinates :

- accelerating
obsave at r= cout

-
radially infalling particle

-v= cout

--
> r

r=2M

Fr a genual static and spherically symmetric
spacetime of the form
ds = - f(r) dE+A + 22 due

with f(r) vanishing at some -= r+ (i . e ., f() = 0)
represente a black hole

. Ingoing/outgoing EF
coordinates that she regular at rirt can be

found as followe :



ingoing : it = dr-A
f(r)

=> is = - f(u)dr2 + Lord + red z

outgoing : It = du + dr--
f(r)

=> ds = - f(r) du-2 duck + des

· More general black holes : Kom's black hole
--

· Most astrophysical objects , c .g . star , galaxies , etc, rotate
so if black holes form in natural astrophysical

processes than they should who rotate.

· a rotating black hote that is a solution of EVE
was found in 1963 by Kee :

ds = - (1-2) dE-MarsinO dtdO +re
+ I do + O[(r+a)- a AsinO] &Of

A = K - 2Mr+a
,
I = r+ EcosO

M : mas

a = J/M : angular momentum/spin pa emit mass.



· Event horizons ocan at

A = 0 - r =MI

so we need Ma

There is a physical singularity at I = 0
=> U = 0 and O = # - this is a

ring.-

· The Ken spacetime is independent of t lestationary)
and (saxisymmetric) and hand it has two

Killing verton fields : K = (ft)"and R = /8 p)

but it is not static : t- -t is not a symmetry

of cs2
. If we send to -t wealso need 60-0

so thatis is left invoniant : if we go backwards

in time we also have to revere the sense of the

rotation .

Note that Kika = -1(1-asint) = 0

I
outside the horizon (A=0). The surface where

K2 = 0 is known as the egosurface , and the

region between the horizon and theagosurface



is the agoregion. Inside the agoregion ,
observes

must move in the direction of rotation of the
-

black hole

· The Killingvator field that is tangent to
the null gennators of the horizon is

X = + 24, &H=a
&HB the angular velocity of the black hole.

·Miquuthms and astrophysicalrelevance of s

· The ten black hole is believed to be stable

uncles small petubations
· Stationary , asymptotically flat solutions to the

EVE are uniquely characteriscel by their

man and spin and are given by the Ken

family of solutions

=> According to GR
, all black hols in the Univare

are given by the Ka solution !


