
3rd year pathway presentation at 17 :00

Recap quiz

1) What is the dual ot

max I
min bi?

Sub to AT1 ? &
sub to ARIP

?? Q
227 Q

Primal Dual

2) Goal max min

# Variables n m

# unrestricted variables un m
↑

# constraints m M

# equality constraints m
p n

3) Weak duality theorem says :

If # is a
feasible to(P above

and 1 is a feasible to its dual

LT2then E2 -

strong duality theorem says :

If is a optimal to LP above

and I is a optimal to its dual

then bl? -Ex



Application of duality (supervisor problem)

Your supervisor asks you to solve a very large LP

max [T22
-

Sub to ACED
270

You findon optimal solution
* e . g . using simplex.

How can you quickly convince your supervisor
that * is optimal (supervisor doesn't want to

check all your simplex steps

Ans : Give your supervisor both 2* and the optimal
Solution ?* to the dual .

What three quick checks must superviser do to be
convinced that ec* is optimal

Supervisor checks calc is feasible
for primae

1 * is feasible for dual P

/CI* = biy*

It so
, supervisor Concludes ect is optimal for primal

and It isoptimal for dual why ?

& Sometimes called certificate of optimality.

Why can supervisor conclude this ? ()

Suppose is not optimal , ↑
So - feasible solution a s

.
t

. <I > ExF =by*

But [IPC b2* contradicts weak duality thm ,

So 22 * optimal ·



complementary slackness

Thm (Principle of complementary slackness)

suppose we haveon LP in standard inequality
form max [Ix withIn variables ,

i constraints

subto AEb it constraint in primal says
22 ? O (A2) ; E bi

ap , Gizet ... Ginkn Ebi

so its dual is min bi2 has m variables
,
n constraints

-

sub to AT?? C
ith constraint of dual says

(ATY) ! C;1 IQ j

Ais Y
,
+ 92jYzt ... + AmjYmYCj

We have 2 is optimal for the primal <P
and 1 is optimal for the deal if and ally if

ia) is feasible for primal P and 1 is feasible
for dualLP

(b) for each ; we have ec = 0 or (AT3) ; = C
(so it variable of primal <p is o or ith constraint of dual

is fight)for each ; we have Di = 0 ar (A)i = bi

(so ith variable of dual is o or it constraint of

primal LP is tight)

# omitted this year and non-examinable



Example of using complementary slackness

cap

con 2

can 3

Idea : check whether given 2 and some (to be determined) I

satisfy (a)
,

(b)
,
/) in complementary slackness

and if so
,

can conclude e is optimal for LP above and
& is optimal far its dual .

1) write down the dual : minimise y, + 372 + 2Yy
sub to 232-Y72 can 11

- 442 + 373 % - 1 Can 21

241 + 632 + 43648 sanzel

31
, 42

, 4 m Tr 0
.

2) check given solution 22 is feasible
which primal constraints are fight ?
Which primal variables are zero ?

con) 2x0 = /V not tight x
, # C

can'
exc-4X2 + 640 : 30 fight #C

cone -

1 + 342 + 4x0 = 20 fight xz = C

3) complementary slackness (b), (c) gives us equations
that I must satisfy if2 is optimal for orimal iW

and 2 is optimal for deal

? canI
' and can 2' fight

232 -

Yz = 2

- 432 + 33y=



3) complementary slackness (b), (c) gives us equations
that I must satisfy if 22 is optimal
Y, = 0 ConI' and can 2' fight
--

232 -

Yz = 2

- 432 + 33y= i
4) solve equations to determine I

Y = 0 2() + 12) Yz = 3

42 = 5/2

By our choice ofI
,
22 and I satisfy (b) and)

from the theorem.

5) Check I is feasible
Can 1

,
con2'v holds by construction

Can /24
, + 642 + 44648

2x0 + 6x52 + 4x3 = 2778 /

6) Conclusion : have found thatic I satisfy
complementary slachness (i . e. (a)

,
(b)

, (6)
from theorem)

,
hence ec is optimal for primal

2 isoptimal for dual

How would we show 2 is not optimal ?
- If there's no solution for I in Step 4 then

is not optimal (by theorem)
- If ? is not feasible in step 6 then 2 is
not optimal (by theorem) .

When solving equations in steep 4 it the solution
for !

is not uniquesheck it any of them is feasible
for

the dual
. If so then 2 is optimal for primal LP
If not then 2 is not optimal for primal(P.



Modelling Revisited (non-linear objective)

We have unlimited resources and wish to produce
120 parts X and 50 parts of Y
How quickly can this be done . (processes can runsimultanashy)
Ans: decision variably Pi = # hous we run

process : i=...... 4

dummy variable x, Y amount of X, Y produced
m, e , 1 = amount of metal

,

electricity and labour used
t = total time to

minimise t

subject to x = 4 P, + 303 + 6P4
y = P2 + P3 + 3P4
x : 12C

3 : 50

t = may (P1 ,
P2

,
P2

, P4)

Pipa
,
Pa

, P420 ,
x

, 3,
7 unrestricted,

(not a linear
program

!)



-
O minimise t&

subject to x = 44, + 3P3 + 6P4
y = P2 + P3 + 3P4

x : 12C

3 : 50

t = may (P1
,

P2
,

P2
, P4)

Pipa
,

Pa
, P420 ,

x
, 3

,
7 unrestricted,

The following LP has same optimal solution as O

② minimise t

sub to x = 4P,
+ 3P3 + 6P4

Y = P2 + P3 + 304
- 120

Y : 50

t IP/
+? P2

- 7- P3
t? P4

PisPe , PayPy 20 ,
xIst unrestricted

Why ? True or false ?

Every feasible solution ofQ is feasible for C
True : if t : max(Pi) then t ? Pi i = 1s ... 4

,

Every feasible" sitution of C is feasible for Q
False : if- P: Ki could have +> may (Pi)

Optimal solution of② is feasible for O
True : suppose not . If* is optimal for

but not feasible for0 then this is because
↳

t> max(Pi) ↑

Then could reduce+t While
still satisfying all constraints in ,

a

contradiction -

so optimal solution for① also optimal forD .



This works generally when we have a program
of following form (with variably 4 ... . . ., I l

minimise (max (2, 12 ..., XR)
sub to linear constraints in variables

sign restrictions of variables

This program has same optimal solution as LP below

minimise M

sub to same linear constraints and

MT-x ,

MY Dz
i

MY Ok

same sign restrictions
m unrestricted,

Remark Some idea works for maximising a
minimum but not for maximising a
maximum or minimising a minimum
(what goes wrong it we try to use the
save method).



Piecewise linear concave/anvex objectives

limited resources : Revenue

6000kg metal ↑ sells for [1800 per unit
100000 kwh electric / sells for E1ccO per mit
1000 hows labour

As before Pi = # hous of process
:

me ,
1 = amount of metal/electric/labour used

x
, Y = amont of X

, Y produced.



Piecewise linear concave/anvex objectives

limited resources : Revenue

6000kg metal Y sells for [1800 per unit
100000 kwh electric L cells for <1000 per unit first 30/

1000 hows labour
- 700 next 60

A 400 remaining

Revenue from Y = 18004

Revenue from X = f(x)
Idea : Write fla as a minimum .

f(x) =
10002 it xe [0, 30]

E 1000X00 + 700(x - 30) ifx [30, 90)
1000X30 + 700x60 + 400(x-90) it 27 90

I

E
10002 if x+ [0, 30)
2007 + 9000 if xE [30, 96)
400x + 360C8 if x :90



flac) = revenue from X
1000ec

-

90000 -

700x + 9080 X
400x + 36000

Xo

60000 -

30000 - Y

f I y

60 xy
30 90 120

f(x) =

E
10002 if x+ [0, 30)
2007 + 9000 if xE [30, 96)
400x + e60c0 if ic ]90

f(x = min (100ck, Toca+ 9006, 400K + 36000)

2

-

ZE locced

ze 700x + 9000

ze 400x + 36006

2 unrestricted



This works because the slopes of the lines
are decreasing as2c increases

(piecewise linear concave function)

similar method works for maximising
piecewise linear convex function.


