




c) We compute the Ricci tensor from
its definition :
Rae = gbd Rabid

= Kgbdfgacgbd - gadgets )
= K ( n gae - gad 84 )
= K In- 1) gae

im h - dimensions .

Hence
,
the Ricci scalar is :

R = gal Rae = knln -t )

⑥
Rab - f- Rgabt d gab = 0

Taking the trace of this equation by contracting
with gab we get :
R - IR + nd = - 1¥ )Rtnd=0

⇒ R = 2¥, I = 4k for h=4



Substituting this result back into the equation,
Rab - I 14d) gab t d gab =

= Rab i d gab
= 0

⇒ Rab = d gab

⑦ Consider the lhnistoffd symbols :

T" be ⇒ £ gold ( rdbgcdtrdcgbd - rddgabc)

Contracting in and b :

Mac = I gadtfagfdtrdcgad -0¥)
= £ gads. gad

because gad = gda . thing the relation between

the trace and the determinant of a matrix,
gabba gab =

1g 0cg when y = ldetgasl

⇒ Mac =

Gigi Oclgl



⑧ d5 = - dt't III. + ra I do't sinned 44

The mom- vanishing Omistoffls an calculated

Ming Hu luk - Lagrange equations . We find :

Mr = Yµ ,
Moo = - r 4- km )

,
Max = simo Moo

Toro = Poor = ¥ ,
R% = - since as0

rI¢=r¥r=f , Not = r¥o= wto

The Ricci tension is given by ,
Rab = the acb

= 2 Fab - Game b t Rdab Mid - R4A Fab

= Of :b - Aa2bhnFgI + Raab Dd high - Rdcatcdb

ditg =
- thing ⇒ Ngl = mind

Fri

bn = 2 hurt ln simo - £ bull
- Kra)

⇒ srtnrgl = It If, = a)

so hnifgl = ↳to



Notice that Rta = 0 for a = that

because the lhistoffeb that can contribute

actually vanish
.

Rrr = 2 Mm - braking + rirrrdrhnrgl - Murder

arm =srrrrrts.it#I--EtHk-r)

(t- KR2)2

when Rgt =

T2 ( t- Kra )
2

pm Or hnifgl =Kl2-k
(t- KH2

Farmer = Air )'t It%)'t IR4N = I. *HIG- KR42

⇒ Rrr = 2kt
- KR2

•
0

Rro = 2 Mro - OrHnFglt Fro Mac -Mrd rdoc
p 0

= sortie + r% solving - rider
- riforoor-rriort.io

= fate - foot0 = 0



Similarly ,
we find Rrlo = 0

Roo = 2Moo - broke hnifgl

trbofchnrgt-pcodpdoc-srrroo-fooohnfgltrroosrhifglo.ro
or or - r¥r¥

= 2km

By symmetry
Riot = Roo simo

Root = 0

Having found the components of Rab
, we can

find the Ricci scalar :

R = gab Rab = 6K
and finally the Einstein tensor :

Gab = Rab - £ R gab
Gtt = 3K

Grr = I too = -Kit
, G44 = Goo simo

1-Kra
/

from which we identify Tab .



⑨
0 = [ Dc , Rd ) ( Tab Xayb )

= ( Pc Dd - DDR ) ( Tab Xayb )

= Fc Rd ( Tab Xayb) - I ¢⇒ d)

= Be [ (RdTab) X" Ybt Tab Ybpd X
"

t TabX
" b)

- Ice d)

= Xayb RDd Tab

+ ( Rd Tab) ( Ybpcxat Xa pay b)

+ YB1R Tab) ( Dd Xa ) + Tab IRYb) IDDX")

+ X
" IR Tab) ( Dayb) t Tab (RX" ) ( Ddyb)

+ Tab YBTRRDX" t Tab X" RDdYb
- ( i⇒d)

= X" Y
'
Dpd Tab 1- Tab RDdX

"
t X

" Repayb)

+ 1Pa Tab) ( YbRX4X "RYb)
+ ( Pc Tab) ( YBDDX" t ya pdyb )
+ Tab [ ( RX4 1RYb) + IT4X4IR Yb ))
- I c ⇐ d)



Note that all terms except those in the

first time canal
. Hence

,
we are left with

0 = [ Do , PD31 Tab Xayb )

= Xayb [ Dc , PD3 Tab

1- Tab ( YB1R ,PD3X
"
t X

" IR
,

Yb)
= Xnyb [ R , d) Tab

1- Tab ( Y' Raecd X't X"Rbecd Ye)
= Xaybf [ R , RD3 Tab

+ Read Teb t Re bed Tae )

Sima X
"

and Y
'
an arbitrary , we find

[ Dc ,Dd] Tab = - the aid Teb - The bed Tae

as required .



⑭ a)

Consider the static spherically symmetric metric
as in the lectures :

as = - eRAI Ht + eCBI)dr2 + 22 /dO+ sin2OdO

We compute the Christoffels using the Sub-
-Lagrange equations. From the metric we

get the following Zagrangian :

2 = - q2A(kE2 + g2B(t -2 + 22(0 + ein20P)



The Eula-Zagange equations are :

(x) - Cx = 0 (#)

They are equivalent to the geodesic equation :

x + ↑" bxb x = 0

The components of (*) are

t 2 = - 2eAtt(x) = - 222A( +2A'r

② = 0

=> + 2A'rE = 0 Nttr = Al

- = 222Brt(x) = 22B)u + 2B's e

2 = 2 - 22A Alt + 22BBy2
+ r(t*+ninO

=> i + B'y + eC(A
-B)Alt -ve(6+eiO) = O

Mr
2(A-B)

Al
,
Murr = Bt t = 2

-2B
M 0 = -re

,
NP0 = -Vein20

&B



a) =
26 ,(b) =2x(+

= 2 r simo coo

=> + 2 i8 - sinOcosO = O
T

-> NOro = q ,
NOPO = - sinOO

4) = 2 22 in

(p) = Grnin20) + Gr + 2 cottG

E = 0

- + Gr + Gt00G = 0

=> NP
ro = q ,

Nop = cott

The
remaining Christoffel either vanich o

can be obtained from the previous ones by

symmetry .

Has = o



b) Recall the definition of the Riemann tensor :

R
"

bod = 8 c Madb - 8aNeb + NeNedb-TeNecb

The non-veniching components of the Riemann are :

ROver = CzNY-CeNtEr + UOteNer-NreWert
=

- OrNEr + NErPYr-Ntr+ Ntrt

= - A " + A' B' - (Al)
2

↓O

00/ yopt/ NtoeR
+

0to = Ot oo-roNto + Nite No - NEO

= Ntzr No
-2B I

=

- re A

-

-
D oR

+

Pt0 = 874444 - AGN t + NteN P

PP - Neto
= NtzrNYP

-zB
=

- ~e sinO Al

Poro = frNo-Jon + Nra No - NaNo

= frN0 + Nr No - No NOro
- 2 B

= Pr (-re2B) - reB' + 2
- 2B Bl= re



RYPro = frN40-8ONrd + Nra NPP-NaN"ro
= sin2O Roro

ROPO4 = 80 N00 -C*+ T%a N p4 = NOpat"00
= 20484 + NO or N40 - NO NOop
= 20)-sinOcsO) - PeinO + O

= sin2O(1-LB)

2) The components of the Ricci tenson can

are computed contracting the Riemann teeon :

Rab = Rach

Rtt = R trt + RO +Ot + RP tot
=

- e2(A-B) [ A'B' -A"-(Al)]
= 1g2Aj - rj BA
- 20

A

I redB ein2OA

= eR(A-B) [ A" + (Al) - A'B' +E All



Ror = Rtrtr + RPror + MP ror

= A'B' -A"-(Al)2

22B) re+ fa
- 2B +1)

+ e2B) reCB ein2OB

=

- A" -(Al)2 + A'B' + E B

Roo = Roto + Roro + RPopo
-

2B)einO=

- rB A + raBB'+e
= e2B[r(B) -Al - 11 + 1

RPH = sin2O Roo by spherical symmetry.


