


Last week
--

Cor30 F :
a field

I
d EF if(x)

Then the remainder if f - FTX)

when divided by X-d is flul

In particular ,

fIG) =0 X - ↓ divided

f(x).



Example F = Ex = 3 To] , T1), ..
-

- 1673
f(x= 4+ 3

in Fy[x)
claim
-

- X-[2) divided * + 137

1 = [27*
Need to check that

fliel) = [27,+ B3] n [0],
= [47

,
+ 53]

,
= [M

,



By Corollary 301

X-T2) divided

fix = F+ 137

Similarly X + Te] divides X+ T3]

In fact
x2+ 137 = (x - Tell (x +T27)
m

[3 = E 4) = - T47

x+ 13 = Y- T4



= - Tel
= (x + Te1)/X- 127)

· Let's consider F = #5
I

2 [0], ..., T43

fix) = <+ 2 is irreducible
,
i .e .

no non-trivial polynomial
in 15TX

divides fix) .



In this set-up , this means that

no polynomial if degree 1
divides fII

i . e. 42 is T of the form

(x + iai)/x + i b))

iaT
,

Tb] E #5

To do this , we use Car30 -

By Car30 , if f(d) #fol



for any d + #5 ,

Hen fix) is N dividibby

X-2 for any 6 .

-[17 T2) 137 14

IfIdl T27 T37

Ts) Tell To-2
Therefore fix) can not be

divided by a polynomial of the form

X - 2



Trem31 (The fundamental theorem
-

of Algebtal
If f = (nX"+ Cn+ X'F -

.. + C1X
↑ Co

CntO
(i < K .

Hen
If has a rout in K

,

i

.
e. - 2t K St . fId) = O

Theorem 32 -> as above
--



Then there exist 21 -" " , duEK

fM = Cn(X -21) .... (X-dn)

sie fldi) = 0 1siEn .

R some if the di's might

be equal ,

"Complex analysis"
Recall that X2+ 1 does not

have a tot in QIX



but it had a root in (TX) .

& We say that a polynomial
-

fl = (n X"+ (m+X* ... + Cr

- FTx)

id monic if the leading soeffical
-

Cn is 1 = If
(the identify with

X in (FitiX)



R The zer polynomid is defined to
be monic .

& The degree O monic polynomial
is 1

I NOT any element < -> F
*
I

Chef F : a field
Les . F=Q

= Ep
= Gl



Given + . g = FTX) ,
the gcbof f 89 is

a polynomial he FTX)

· h divided of

& h divides 9

· if h is a polynomial in FIX)

that divided bothf and 9

Her li divides h.



· h is Eni
=>

12 WithoutO this condition
,

h thatsatisfes the first two

and ch can both be gas it
Ce FX= F-40) . falg)

R Recall a b -> I

the gld if a & b is defined to

be an integer 9 - I



·G divideda
&
divides b

· if 5 divides a and b
,

tem 9 divided 9

·

920
-

Theorem 33 Let f , g + FIX)
-

· There is a god if fadg ·

in FTF)
.



· The gad if - and I can be

computed by Enclid's algorithm .

I based on Theorem 281

· There exist P mb 9 in FIX

f . P + g . G =g(fig) .

las in Bezont's identify in Week 1) .

Teram 28 feFF--
9 70



EgqTEF
where V =O

~

HeglH < deg (g)

Empl f(x) = XP+ 24+ ↑-4
glX = x3- 1

. in QTx
.

· x+ 24+ Y-4 = (-1)(x +2)
miq

+ 4+ X- 2



m
· P- 1 = ( - 1/2+ X -2)

m
+
BesteDf

· Y+X-2 =5(+el13X -3) + O
·

=> 3X-3 is a common divisor -

since this isat monic ,

He gab(f , 5) = X- 1 .



Exercise Find P . qt(f[X)
I
sit

(x
+
+2x3+Y- 4) · P

+ (4 - 1) . q = X- 1.

From thesecond lineif E
. As -

3x -3 = (4- 1) - (- 1)(Y+ X -2)
im

Substituing the relation PY+X-2 = f(x) - (+29)



from th1
-

3X -3 = (- 14 - (-1)(*x+rigix)
Wig

=-(x - 1) f(x) + (1 + ( - 1)(+2)
g(x

= = (X- 1)f(x) + (x2- x -1)9(X)
Thefire

X - 1 = - B(X - 1) f(x)



+ 5 -x - 19lX
·

Example f(x) =X4+ 1
-

g(x) = Y+ X

in Fe[X)

F2 = 107
, [17].

n
[17 + [1 = T27 = %7

e·E&is ....-1--~
1 /



Insteadif X4+ 1 ,

use (x+ 1)
4

4 6

because (X + 1)4= x*Q+
+x + 1

= XP+ 14+ TX H
+ T4X + T1]

= x4 + T1 because T4 = Tolz
I

T6) = To T2
I



· (N +174 =/*** + (+x+m
· x+ X = X(x+ 1) + 0

=> X+ 1 is the gld .

Funthomore ,

x + 1 = 1 . (x + 1)
4

=> ((X+1 P+ I+1) + 1) (****



Example
-

fix) = x
4
+ 1

Six = XtX in QTx

What is gid ? What are "p"s
"q"

· x4+ 1 = (x +1)(4 x + 1 -x + 1)
m m

F q q m
· x+ X = (X -2)(- X+ 1) + 2

-

·
- X + 1 =- X+ 1) 2 + O



Since 2 is N monic,

the gcb 1.

2 = (x+ x) - (-X -2)(-X+ 1)
m

↑

Substitute
- x +1 = (

4
+ 1)

- (4 X +11/XY X

= (X +2) f(x) + 1 - Y-Y+X
- 1)g(X)



Therefore
1 = g(d)f , 9)

= (+2)f + ( -Y-* + X
- 179-


