
WEEK 9
-



Previous lecture
-

/ Sinstein equations :Wab = 846 Tab

In vacuum : Tab = 0 => Rab = 0

sphaically synometric and static spacetime

dis = -

Al
&E +
B
dr2 + r/dO2+ sinodPY

· Solve the Einstein vacuum equ

Step -1 : Compute Nabc -> us Eule-Lagrange
eas for the geodesis
↓ = gabx9yb = - e2AHE2+ <BM 2

+ r)82+Sino

(a) - - = 0 (i + N"b * * = O



· Step 2 : compute the Ricci tenson

Rab = AcN'ab - GaObIrTgl + PabSchrg) -NdN"

cutg = - p2AA+B)
rYsinO -> Ugl = eAtB r2sinO

-> higl = A+B + 2hr + In sin8

oRet = 0c N'tt-PEMrTg) + N'ttCrcfrg) -NEdMt
= Or NEt + PYttOrINgl -MErNet - NetNttr

= ) ((A
-B)Al) +

(A-B) (A +B'+ 2)
- 2(A')2 22(A

-B)

= e2(A-B) [ A" + A'(A -B' + E)]
Ror =PNir-22Grg) + NirAchrgl-NaNore

= ENTr + 82MrigI + PrErfNg
- Ntr+ Ntre-NYrNrr-NOroNOro -POrg Nord

= BY- (A" + BY-↑) + B'(A + + 2)
/- (A')2 - (BY* -

ra
=

- A"-(A') + A'B' + B



Similarly we compute
-2 B

Rop = e [r(B' -A') - 11 + 1

Rob = SinO Roo by ephnical symmetry.

Step 3 : Solve the Einstein equations Rab = 0

Rtt = 221A-B) (A" + A -A' B' + 2 A')
T

Rr = - A" -A + A'B' + EB
Roo = e2B[r(B' -Al - 11 + 1

Since all components of Ricci have to vanish

independently we can consider linear combinations :

0 = e2(B-A) R+t + Rur= (A + BI)

=> Al) = - B(r) + C
,

2 = const

We can ectc = 0 by uscaling ++- so

A(r) = - B(u)

O = Roo = eaAN - 2rA' - 1) + 1

- 22Al (2rA + 1) = 1

=> (re2a(n) = 1 = 22A(n
=
1 -
Rs
T

Rs : constant



With there mults the line element become :

ds = - (1 - B) dt + 2 +
r dee

We can fix Rs by requiring
that in the weak

field ugime ,
rRs

, we recover the
previous results :

gtt = - (1 -B) = - (1+ 24) = - (1 -2)
=> Rs = 2GM

We can finally write down the final form
of a static

, spherically symmetric vacuum spacetime :

2

ds = - (1-2 M) dE+dram + vdehe

-> Schwargschild metrio
M : mane of the spacetime. For M-0 we recover

Minkowski
space

· Thisepacetime describes the exterior of a star

It also describes a bade hole

· Brkhoffsthm : a sphnically symmetric solution

of the Sinstein egs in vacuum is necessarily static.



· singularitio--

The metric coefficients in the Schw spacetime become

O or infinity at r = 0 and w = GGM
,
which

suggests that something wrong may
be

going
on

there
. As we shall ece -= 26M is a

coordinate singularity , meaning that
the coordinates

breakdown there. This is similar to r = 0 in flat
space in polo coordinates : as = dr2 + VidO

->

goo = 0 and goo = 0 r= 0. But than is

nothing wrong at r = 0 : this point is equivalent
to
any

other point and we can find coordinates,

e.g., Cartesian x =rce& ,y = rsin8 - ds2 = dX+dy
sit . the metric and its inverse are perfectly smooth
at x = y = 0 (er= 0).

Thesingularity at r = 0 is of a different natur
because currature scalars

,
which as such one

coordinate invariant
,
blow

up
at r= 0. This

shows that r = 0 is a physical singularity since



spacetime currature becomes infinite there . To see

this one can compute the no called Kretschman

scalar :

Rabad Rabad = M
r6

Rabed Rabed- at ~= 0. On the other hand

this invariant is perfectly smooth and finite at r= 26M

Symmetricand killing does

suppose that a

given
metric is independent of

a coordinate x: 8
*Gab = 0 => *** -> x** + a

**

is asymmetry. Then type of synometrics have
a direct consequence for the motion of test

particles in gab ,
which follow geodesia .

Coneida the geodesic quation written in terms of
the 4-momentu of the test particle : p =ml"=m x

->PaTapP = O t paPaPB = O

=> pa8aPs-N'abP" Pc = O



p"OaPb = my Daps = MAS
↑

a b paPc = 1 g'd(8agbd + 83 gad - Edgab) p P
=> (8aGbd + 8bGad -Ed Gab) pa pd
= (869cd) pape

=> mdPb = (8bgad) pad

-> If gab is independent of x** the Pc is conserved

along the geodesic :

8 Gab =0 4 = 0 - P = coust

Conside the rector K = G
*

associated to the

coordinate x that
gab is independent of

In components ,
K = (80) " = S**

Wesay
that Kagenuates a symmetry ; this

means that the transformation mode which the

geometry is invariant is aspased as a motion in the

direction of Ka. . We have

Pc = K Pa = Kapa



On the other hand,

&Pc = 0

&T

->
o

by geodesic equation

=> 0 = paPa(Kopb) = p Kx Pap + papMaK
I papb Makb)

So
, if a vector Ka satisfie Mako = 0

then Kopb is conserved along the geodesics :

pPa)kbpb) = 0

-> A rector Ka that satisfics PaKs) = 0 is

called "Killing rector" .

-> We have san how this works for translations
bat it is more geneal

·

Georgia of wargschild
The classical experimental tests of GR (i. e, before LiG0)

are based on the trajectories of freely falling particles
(the planets) and light says in the gavitational
field of a central body (the Sun) -> timelite

and null geodesia



↓
G = 1

↓ = gab ****
= -(1-2M)+M

+ r2(62+ sinofe

L = - 1 for timelita geodesics and L = 0 for null goods.

Eule-Lagrange eq : (x) - ** = 0

a =t : + Er = 0

r(r-2M)
a = r : F +M /r-CMSE-

:2
-
(r-2M) (02+sinO) = O

r(r-2M)
a = 0 :

+
Or - sinOCO =O

2

aid : + + 20 % = 0

· Because the Schw spacetime is spherically symmetric
there is no loss of generality in estricting the

motion to the equatorial plane and so we choose

O =T

I

Since gab is independent of t than (8t)a ** is

constant along the geodesics -> conservation of the

sungy .

& = 0 = & = coust



equivalent to Ta = (81)"- Ta = gab(8z) " = - (1-2) (dt)a
=> Tax =

- (1- 2) E = - E = cust

·

gab is independent of $E (Op)aX = coust

-> conservation of the angular momentum
Equivalent to : E =0 C = cost

↓
0 =T2

R = (84)" - Ra = GabM" = gab(8p)" = gab = 22(db)a

- Rax = 22 = L = const

Therefore ,
we have

t = E

Fami , = 2
*- L = - Mt M +

= - 3 (

with 2 = 1 , 0 , -1 for timelite, will and spacelite

geodesia .

Multiply (*) by11-2) to get
Ev + V(r) = E (**)

v(v = (1-2)( + 2) = 3
-3+ - Me

E = E



(** is the equation of motion for a classical

particle of emit many moving in a potential VIr)
with

magy
3.

We want to get the full trajectory r(d) ,
t(x)

, P(x)

but understanding the radial motion provides very

good intuition about the possible trajectories.

· VIr) is called "effective potential"
· In Newtonian gravity one gets a similar equation

for the radial motion but with a different V(r) :

the last tan (-1/r3) is missing ,
which implice

that the motion for smallis different.
· The possible orbits can be obtained by comparing
I to VIr) for different values ofL
Null geodesia : V(r) = # (1-2)E= -A ne



A

C E Vmax

& = Umax
·

. . . . make

>

Note that when E =V()

- = O - turning point

To find Umax
,

VI(r) = 0 => - Eri + 3ME = 0 - K = BM

Since : = 0 - the radius is constant so this

comsponds to an "entable) cicular orbit.

Massive particles :

E MEv(v = (1-2)( +1) = - t T2- T32

-> The shape of VIr) depends on L : extrama only
exist for L > T2M

V'(n) = 0 => r = Re

=>) En L>TM that must two circular orbits



and for L<FM than are no circular

orbits
V(r) L > T2M

L RV(r)a rM N

*

* ·

Y ........... M *

-

#

~ n⑳

am Pr

Fall to r = 0 SnallE . Fall to r = 0

Circular orbits at Us : unstable
and stable

· Hyperbolic onbits

· Closed orbits Cellipses

For L = TLM the two cinculan orbits come togethe at
rc = 6 M and they disappear for L<M . 50 & = GM

stable
is the smallest possible radius for a circular orbit

for a massive particle in Scha .
So in Sche

. the



are stable sincular orbits for Us GM and

instable cinculan orbits for 3MCr< GM. This

is for fee particles. Acceluating particles can dip below

r = 3 M and crape
to infinity as long as they don't

get below v= 2 M
.

· Contrast with Newtonian potential
V(r) = - +

>"
↳ >

-->

-> It's impossible to reach r = 0 !



· Experimental
-

Intof
ilationpression
· Perihelion : point ofclosest approach to the

centre of an ellipe

periheliot
...

d

r

a

-> Want to calculate (d) for doec orbits of
manive particles

Consider the radial motion of a marine particle
in Schwi

Ev + V(r) = E (*)

v(v = (1-2)( + 1) = - + - Mee
E = E

Alo
,
wall that rip =1- = I

To get an equation for d ,
consider



=d = /
Multiplying (*) by A=

(r)" + # -GM r3 +
r-aMr =&

Define the new dimensionles radial variable

U= -du =
-* dr = -UM

oi
- = -2 o

4

u (a) + -Wh + - =2-43

)* + -24 +-2 =&
Diffamlating again

with respect to 6 :

2 (h)-2 + Such -GM I do
p

= O

- &N -
1 + u = Be a

m

GR tenm



We will solve this equation treating the GR

term patentatively :

U = Ho + 3 M
, 21

3M - 0(3)
E

Taylor expanding and collecting the various once

in a we find :

0130) : Ho - 1+ Ho O

- no = 1+ ecob -r=ecd
~ That's the equation for an ellige with eccentricity e.

O (3) :

M + 4 = 3M 48 = 3M (1 + eco e
E

- (1+12) + 22c4 +H ew (20)
- m = 32 (1+ 2) + edsind - 122ca(2d)
The first term is a shift ina and the last

term oscillates around 0. The second term in

a secular tenn and alters the period of the orbits.



To see this
,
combine this term with the Oth order

solution :

n = 1 + e casto +3epsin
= 1+ ecos[(1- x)11 ,

a = 3M2
E

Indeed
, Taylor-repand in x :

cos[(1-2) !] = 200 +6 cos[1-x)43/
= 0

+ Ok

= 2006 + < Osinb + 0(4

-> This implies that the periodicity of a is no

longer 2π but

(1- 6) Ab = 2π = Ap= 2π(1

=> for each obit the perihelion advance

Sp = 2π2=M
&

I can be related to the parameters of the OR

odn ellipse : The equation for an ellipse with

semi-major areis a is



==ecp = L = Mak-e

= SO = GMa

For Many this is 80 = 43"/century and

for the Earth 84 = 3 .8"/ century.
·ding of light
· Repeating the mast same computation as

before but now for mull geocsics (3= 0)

and defining u = 1/r we get the following
equation for u :

d'U
-p

+ U =
3 M

-

small GR conection

8 =Gu

As before , we expand the solution in

pertentation theory : U = Not us
,
Urb



Oth order : Ho+

- Uo = ↓ sind - Using = b

-> straight line with impact parameter b : light
sent from v= 0 (4=0) etums to r =x (b =5)

-using X *
b

Pl V

-> Change of the angle & along the trajectory : Ab :T

The equation for the putitation is

d'U + U = 35 48 = 3 sinodo2

=> M = (1 + <cust + (520) ;
C : integration constant

So the full solution including the first order
conctions is

u = 1sinb + #(1 + 2and + cost



We want to calculate the deflection angle 50 .

Fo
away from the source

,
-x and have us o

and we take the angle & to be - 3, and

i+ E2 for - x
,
with 3,

and 32 O(d)

- > + (2 + 2) = 0
;

-

= + -(2 - c) = 0

=> St = 31 + E = H = HM
For a lightray grazing the sun this give

88 = 1 . 75 "
-

x

& so
-P

+Ean ↓ E
,

W -



· Gravitational-Redshift

Conside a stationary observe in the Schw.

geometry : the for-velocity is 1" with U = 0

- Hal = gab Us = - 1
- 12

- Ho = (1-2)
The frequency of a photon (e null geodesic x (X)

measured by such an observes is

w = - gabU
"

xb
/
x = dx : tangent rectora

= (1-2) 2
the geodesic

= (1-2M) YE since (1-2) E = E = com

along the geocsia
Since E is constant

,
then w will take different

values when measured at different values of r : For a

photon emitted at m and observed at ra ,
the

corresponding measured frequencies are

E = ) Mr



In the limit K ,
R2CL2M

, we have

= 1- + A =HE I

where E = - A (G =1) is the Newtoniam potential.


