
$10 Power Series

& 10 . 1 Power series

Given a sequence Sango of real numbers ,the series
D

f(x =& anxer is called a power series - in the

n=0
&

veniable x-R
,

Every power series converges for x =0 , f (0) -G
"

-

Convergence for other
values ofa depends on the

the nature of thesequence [an?n=o



Def"10 . 1 . 1 (Radius of convergence
-

-

The radius of convergence E of the power
X

Series Fiance" is given by
n= 0 ↑

R = Sup3/x/ance converges]
n=0

Note R30 as the service always converge for
-

x=0. If the series converges for all xE,
we often write "M=x"intmite radius ofI

convergence.
&

-



MINDER!
Cauchy

Series : Ratio Test & Root Test :: an Conv /Diverg . )
n=0- -

N &

1Ratio Test lim IanI < I Ean (C)
4 ->X an jS

->

n= 1

Root Test B = limsupland 71an(D)
UEIN n= 1

· Recall Ratio Test for Series &an

If kin Ionly exists then it is B = Lim lan/C

n=> 0 an n+&

· The RatioTest is usually easier to use than
the Root Test

· Investigati of convergence for
Kel =R hason

to be treated - bot R and =-Rseparateleg for t x= x

interEs 'ansch -

u anx" .Move kom an to E -n+



Theorem 16
.
1
.

2 Let &and be a power series and
- n=0 &

define B = limsup land", and R =
B
:

neIN

(If B =0 ,we say R= G · and if B=0 , R=0).
Then we have :

the power series converg for all (x) < R
&

Ll diverges for all ke) >R ·
Note - no conclusion about 64=R , <R , x=

-R

Proof We apply the root test" to the series Sanse".

For each EM
, consider

Ex= limsup lanzen
n->*

(B-limsep a
limsup lan ! "k) = B(x) neIN
n-> 0



For comparison ,

him Iantocht -lin/Ant1/k/=l en=&

where limplant ↳

-

(i) Suppose OCRCO , then <x =KIB => lock
-

R

If (c) < R ,
then <x>1 and series converges by RookTest

similarly , if lickR< (x>1 and series diverges
-

(ii) Suppose R = 0 , then B =0 & <x= 0 < 1 and
I -

, sch
series converges for all

ze T e
.g. expl =!

(iii) Suppose that R=0 , B =+0 , Ex=+0
x
,

R

~ E n'Cpower series diverges for all x + 0. 2 .9
n-0



Comment
-

f(x) =Tin,a f(x) + RG
,
/ f(x)

* H

& f(b) xk+)()xht-C -

k=0 E! #+ 17 !

Note the necessary "balance" in this

equation when i->0 is considered

f(x)= /im Col => Iim<

&Ra
-(b) = 0

n=>xk=0 n -x

= fercos
E

R=0 R



Example10
. 1 . 3 Consider the series thee

n= 0

an= 1 , and using the ratio test <

n !
I

lim Entim Fin
-

=0 : Ri
M+1

· power series converges
for all xetle.

in fact exe
L

Example10
. 1 .4 Consider the series [ sch

n =0

an = 1 , kn -> B = 1 , R= t . =
converge for

(c) /

Note for Ic = R = 1
,
x=+- 1

,
[ C)" & Eit1)" bothdiverge

ll) - partial sums diverge to to.
n=0
o

2 Ell" - partial sums alternatio
between 1 and O.

n= 0



Harm'c
&

#armonicseries diverges
-

↑
-I

·

I z

t 1#(For = 1 : E = 1 ** ****** t -#+
q-z - 1
Z+ - . +5) +H+... 52) + ...17

B
#

Wesee & 1+ k(E). which tends ->* as +0.
n=1

2k
· .. lim E ↓ = NE

R=>8 4=

(ii) For x= -1

'C)" is an alternating series and I ""
as 1 ->8= Convergence



ample10. 1 . 7 nin Bed, REG
n=0

a

Converges at 2 =0 , diverges x+0 .

These examples show that all 4 types of interval of
convergence can occurs

e.g. (R ,R) , ER,R] , <R ,P) , f-R ,R]

If we consider power series of the formX

& & an (x-26)
n=0

with oco fixed,then we can get (correspondingly) all 4 types
centred on x=00 , 1 . 0.

(20-R ,x0+R) , [Ko-R,xo
+R]
,
etc .


