
Reminder

Coursework 2 deadline : Monday 18 March
9am

Recap quiz
How do we know when to stop

the

basic simplex algoritum ? (Week 5)

We stop the basic simplex algorithm
if in our current tableau , all

the
E

entries in the last row are
zero or negative

How do we know when phase1 ends in

the 2-phase simplex algorithm ?

We step phase I if
,
in our current

tableau, all the entries in the
w-row and zero or negative

·-

If the for right entry in W-raw is

O
we move on to phase 2 and

otherwise we conclude our LP is infeasible.



sofor-modelling real-life problem
- solving LPs using geomety
- extreme points/basic feasible

schtics
-

Simplex = Saving LPs algebraically

Duality
Every LP has a "twin" LP called the dual

The dual has several practical interpretations,
Later will see that saling three two <Ps together
models two people playing a game,

Motivating example
maximize 2x , + 3732 + Pe

subject to 64 + x2 + x < 10

Ex + x2 ES

ex + x2 - xy E 4

Da Pas 7 O

want a quick upper bond for the objective

using constraints.



Motivating example
maximize 2x

, + 3732 + Pe

subject to 64 + x2 +x < 10 C

Ex + x2 E8Cz

ex + x2 - xy E 4 Ca
Da Pas 7 O

want a quick upper bond for the objective

using constraints.

Consider 34 .
Gives

2x
, + 3x2 +xE324 + 3x2 + 34z =30

objective
4 ↑

34
,12

, 2237C

So
every feasible solution has objectivevalue x30.

Give better bound by taking linear
combination of constraints

,

Take C + 2C. Gives

(x + x + xy) + 2(Ex , + x2) E 10 + 2x8 = 26

=> 32 + x(y & 2
= objective .

Every feasible solution has objective value = 26.

Here
,
not allowed to consider e .g. 44 -6. Why ?

The minus sign reverses inequality in C.



What is the best possible upper band we
can get ?

maximize 2x
, + 3732 + Pe

subject to 24 + x2 + x E10

Ex + x2 ES iex + x2 - xy E 4

Da Pas 7 O

Consider 2 ,4 + 326 + Bely With 1
, 72 ,420

Gives y , (P , + 12 + 1(y) + 32(tx ,
+ (2) + 3y() ,

+>- (3)
* 10y ,

+ 832 + 4Y3
(k)i

.e
.( + 542 + 33(x) + (3) + 32+ 33)xn +( - 43)x

* 10y, + 842 + 443(*)
Then we have

want

2x + 3x2 +/3 E (3 , +tyz+ 33) / + (i ty2+Yu(x2
(* + )

+ (1 - Yz)ly
E 10y1 + 832 + 443

Best possible upper bound an objective given bysolving minimise 104) + 842 + 43
subject to 31tzn + 3342 c, constraints

y
, + 32 + 33 - 3C guarantee

P - Y3c / Cel 4 (+X)
Y , 2, 73 % O C guarantees (*) .

How would we modity
C' has to be equality constraint

silitac wasunrestrictedstraint .
" is unrestricte.



Defn Given CP in standard inequality form
witha variables and m constraints

max CT2 max C
,
P+ 20 +. - + (nPn

-

subto A& Ed i . e .
sub to app + appt ... t 9

,
nin < b

,

&T Q
92, + 9222+...+an E by
i

9m1P ,
+empt ...Amun * by

Da, ..., In 7 C

the dual LP hasm variables and n constraints
and is given by
min kT min b

, y+ bay2t ... baym
sub to ATIE Subto a ,y, + 92132t ... Hamim ? 4

2 ? & 9123 , + 9223ct ... fammym "I
i

and) + 9232+.. +AmnYm? In
P Y2 ..., Dm 7

2.

Example
What is dual of dual

may 100 , + 2012 min 34
, + 942

sub to
, + 2x =E subto y , + 4 Y2 710

464 + 502E9 2y , + 532720

? O Y, 142 ? O

Note : original LP is called the primal <P



Thm (weak duality theorem for (Ps)
Consider a LP in standard inequality form
i

. e. may [c] and its dual min bis
-

sub to AED sub to ATI ! <

IQ
·I Q

If I is a feasible solution for the primal P
and I is a tensible solution for the dual LP

then C Ek

Example
What is dual of dual

may 100 , + 2012 min 34
, + 942

subto <
, + 2x2 [3 subto Y / + 432710

464 + 502E9 2y , + 532720

? O Y, 142 ? O

Find
any feasible solution for primal and

any feasible solution for dual and verity that
the weak duality theorem holds.
e

.9. for primal (ii) = (i) is feasible
objective value li . e. IE) = 10X1 + 2011 = 30

e.g. fardual (2) = (5) is feasible
objective value i. e. #1 = 3x8 + 945= 45

Indeed [I <2 .



Thm (weak duality theorem for (Ps)
Consider a LP in standard inequality form
i . e. may [c2 and its dual min bis

-

sub to AED sub to ATI ! <

IQ
·IQ

If I is a feasible solution to the primal P
and I is a tensible solution for the dual LP

then C Ek

If Fact Suppose A ,
&, EIR" with 1 EL ,

20
.

The

(a) &kbT (b) T & E &T

Fact2 For matrices (AB)T = BTAT

(i)
Know ALLEL and 2220 Since 11 is feasible for primal
-

ATIIC and I IQ since I is feasible for dual

same as (ATIT> CT by fact 1(a)
(2)

same as T by fact 2

Multiply (1) by 35 on the left to give

DIAC I &Th by Fact (b) since 17

Multiply (2) by 2 on the right to give

ITACI CT22 by Fact 1(b) Since 27.

Combining gives [I EZTAC = G=k
= bTY

- I



Thm (strong duality theorem)

Suppose We have LP in standard inequality form

max [I2 and its dual min b?

sub to AID sub to AT??,C
IQ 10

If * is an optimal solution for the primal LP
is an optimal solution for the dual LP

then Ex = bTy *

i . e. both LPs have the same optimal objective
value.

Proct

Goal : find some feasible 1 for the dual

Sit E2 = CT2
*

If we can do this then

by
* <[T*

= bTy = bTy
-

↑weak quality
↑ because y * is optimal

theorem .

=> all inequalities above are equalities
=) bT2* = <T2* as required ,



Goal : find some feasible 1 for the dual

S .
t . B2 = <T2

*

We will achieve our goal by applying
simplex to primal LP .

Consider initial and final tableaux

x,z eCi
. Tn E

, S2 . . . Sm Intial tableau

Per ai , O !

im
A

92;

dI..... SmRm Ami O O

Rz C
, Cz Ci 400 ... 0 O

di Tn E
, S2 -.. Sm Final tableam

Ril

Rel ? ? 2 2.

Em I
R Pl P2 P; Pn 9

, 92
.. - Im 2

*

Overall
,
we know RE is obtained from Rz by adding

a linear combination of the other rows
We can read it off

R2 = Rz + q, R + 92P2+...+ 9mRm(*)

Choose &EIRM S .
t . Yi =

- q :

claim I is feasible for the dual

Pt of claim ??Q Since 9: E0 Ki since all entries
in last ro of
final tablean are

KO .



Examine column of Ci

using (A) we have that

ci + 9 , 9 , + 9eigat
... Amiqm = PikC

-Y ,
-Y2 - Im ↑

final
row at
final
tablec

,= Ci < 9 ,; Y ,
+ 92iY2 + ... AmiYm

This shows I satisfies ith constraint of
deal

. Works for all i = 1 ...
/

So1 is feasible --

Claim biy = C*

it ot claim Note that IT2* = - 2
*

Examining final column using (4)
gib

,
+ Geb2+ ... Gmbm + 0 = z

*

=> -Y
, 61 - Yabz - ...

-

Umbm = 2
*

= -T*

=) - bT2 = -C

= bl = G2*. X4



Remarks

1) In proct , we assumed b2E So that we
could apply standard simplex algorithm

,

Essentially the same argument works it
we

apply the 2-phase algorithm

2) When applying simplex to primal p the
last row also gives optimal solution for

dual (take Yi = -qi).



If (P is not in standard inequality form , how
do we find the dual ?

Assume LP is maximisation (something similar for
minimisation (see printed notes) .

1) Multiply constraint by -1 it necessary so that
each constraint locks like

9, + 9222 . - + anxn Eb

or apa tarzt ... anen =b

Replace each variable xi with ic, it necessary
so all sign restrictions are20 or unrestricted ,

2) Recall dual of standard inequality form :

Primal dual

max <
,
P+ (2 +... In In min b

, y+ bay2t ... baym
i

- l sub to a, + Appet .

+And Ebce
subto a, y , + 92132t ... Hamim ? 4 can 1

92+ 922t: it Eb2 Cont 9123 1 + 9223ct ...Hamaymi can 2l
: i

amp+ Amzezt ... Amn" nebe con m and + 92n32t ... Annym ? I conn
j

Da, ..., In 7 C P Y ..., Dm7 O

After step 1 our LP looks like primal LP above except
save constraints have equality and some variable are
unrestricted

,

It any constraint in primal LP, say can : is an
/

equality constraint then replace y : 20 with
Yi unrestricted in dual .

If any variable in primal , say ec ,
is unrestricted

then cans' with equality in dual



Example Find dual of following LP
Maximise x4 + 642 + 52

Sub to x - 3 EIC

xz +7x47 13
Tec , + (12 + q0y = 10C

3x - 502 + Ty E 20

34
, 73470 <62, The unrestricted.

Step /

Maximise x4 + 642 + 52

sub to x - 3 EIC 3r

- x
- 74 E-13 32

Tec , + (12 + q0y = 10C 73
3x - 502 + Ty E 20 34

x , 24 70 ec2, The unrestricted.

/

Step 2

minimize 104
, -1342 + 104y + 2074

sub to Y + 77 + 3447 xC

uy ,
- Y2 + /Y - 544

=6 unies

- 34, + 9% + 734 = 5 unies
-732 I C P47 O

Y
, Y2

, 44 ?0 , Do unies
.


