
Week&
-

Last Friday , we started the how section

about polynomiald .

# (R .
+. X) a ting .

RIX) the set if polynomials
in one variable X

f = f(x) = <DX* + (1X** ...

+ C1X + C

where Ci's are elements if R
.



desif) = the largeston for which

the coefficit In of X

is Mun-Ze-

f(M = 5 Cn() X"
n =U

CnH =0 On > desHl

CapHi (f) EO at M= deglf)

Theorem 25
FRIX) is a ting



With addition
maxdsHl , deg 151)

f + G = E ( <nl) +Cn(
destl+deb(9)
1f9 = 2 Culfg) XY
n=U

where (21fg) =
*
Crf) (n - + (5)

TO

CoHg) = Colf) (ol9)

(1(fg)= (+ (f) (n e

= (o() (1(9) + C1(f)(o(g)



(21fg) = CoH)(elg) + (1H) <119)

i + (eff) (19)

If R is a ting with identity -

than s is RIX) .

If R is commative
,
ten so id

R(x)
.

To check that

(R +d)



Let f . 9 - RR) .

(GAL f+g + R(x))

For any M =0 , we know that

(n() <R

<n(b)tR

Then by (R+ 8) for (R
, +, X) ,

<n( + (n(9) = R

Therefore
I ( <ult + (n(b)) y

< RTx] ,



IR+ 1)
I need to show

if f , g .
h - RTX) .

th
f + (4th) = (f +g)+h

For any MI0
,

We know

<n(f) + ((n(9) + (n(k))
m

= ((n() + (n(b) + (n(h)

by (R+ 1) for (R .+ , X) .

Therefore
,



12 <n(iX") + ) & (n (3) x
- m

/

Ekn1g7 + (n(47)x
+ &Cu(h)x)
-

= (2(ult)Y + 2 (n(b)x
mem

EnKuClCasllx" + ECaChIX .

(R+2) asks for the identity element

with (RT)
,
+ )

In fact,
"O =.. O X" + OpX"
=

... + Op X + Op



Or on the RHS are

He identity element visit -

(Rit

would do
,
i .c .

* f > RTX) .

f + 0 = O +f = f .

+ + 0 = &(<n() + Cu(0)) x
= (nH + Or) X

(R+2)
frcRtixT = In Cu(f) X" = f



similarly

Off = &( <u(0) + CnHl) x
= & 10 + (nH)lX

= In Cullx

Combining those two ,

f + 0 = O +f =f .

(R+3) asks for the inverse at f
witit , "+" .



Given f = & Cn(flX" ,
He inverse is

g = I (- (n()) X" .

I need to check that

- +9 = 9 + = 0

In fact f+g

= I CnHlX" + 21-CnHllX"

= (Cul + ( -Cull)) xY



EOR
slimilarly for 9+f = 0

(R+4) asks for f+ 9 = g+f -

This follows from

(n(f) + (n(g) = (n(g) +CnH)

given by (R+4) for (R
.
+

,
X)

,

IRXO) (RX1)
,
(Rx+ /R+X



are left as exercised.

Propes If R is a ting--
with identity ,

tem RT) is not a division ting.

If Lock at the motes for the proof .

& Given +
, 9 + RTX) ,

-

deg (f9) <deg H1 + deg (9)



f9 = ((f)((g)
+

(()(1(b) + (1(f)(9) Xt

t
t

CckgH) : <cs15) X
testl+deg 19)

=>

when
f = I (ulfix"

9 = 2(n(g) x

* degHg) = deg (f) + deg (9)



only if (1gH) · <degig) #O

in R.

R = 26

f = T27X + [1) of agree I

9 = T37X + T2] of degree 1 .

f9 = (TeX + [11)/137 X + T27)
= [3] 17 X

2

+ T2TT2lX
+ T1]TBlX + T1]T2]



=16] 42 + (T4) + T37) X

+ [27

= [0] X2 + T17X + T2) .
The degree if fg is just
i

.e. desifg) < deglf) + des19)
.

This happend because

even it a , b ER
are both mon-zero ,



its product ab might be Or

#on- examinable remark

A commutative ring (R .
+, X)

whichsatisfies the property :

if a -btR

S GFOR .
bIOR

Her ab FOR

is called an intestal domain.



Example I , any field-

If R is an intestal domain

deg If9) =des1) + des19)

always holds
.

If id for this reason we will

focus on F[X]

the sing if polynomials in X
with coefficients in a field F

.



2 Let /F
,
+
,
x

- be a field-

The units Fix]
*

:
6 F[x]

are F = F - (o)

If f id a unit in FTX)
,

ten F ge F[x)

sit -

f9 = gf = It
4

He identity element



if (F-203 , X)

where IF = OX + Ox ... + O . X

+ If

# Let f be a unit in FIX
.

By definition. - g - Fix)
dit . fg = gf = 1 -

des19) = dog (1) = 0

11 E by the remark above .

destl + deg19)



=> dest) = deg19) =0

te .

f = C for some

(tF = (0)

by Ptop16 .

More precisely
if f = <= 0 , Her

f .g = 0 F 1

in F
. Hence <FO

↳



Theorem28
--
Division algorithm in Fix)

.

Recall from Week 1
,

given at 2
( spe b70 ,

We saw that there exist

9 . Vt2

or < b

sit . G = b q + r



Let F be a field

& f , 9 + F[x]
H

O

Then them exist q , + - FIX]
it f = g . q + N

where either W = O

a deg (+ ) < deg(g)
runnliges+ < b)



abona -

Example
-

-= X4+ 24+ Y-4
D

9 = 4 - 1 .

in Q[X.
What are A & U ? E = X + 2

r = x+ X -2
& f = 4+ x -2

= /+ 1(X-

9 = 3X -3 in QTX) ·
what areq BU ?



X. + 2 Eq

4- 12+ X- 4
x4- X
--

2x3 + 4+ X- 4
3-22x
-

&
↓

>
42+x - 2

degl = 2

< deg (9) = deg(4-1)
= 3 .



-X +4
I

3X- 3 TX- 2 q
-
- F- X
-

2X-2

2x-2
-

O

+.
T

If you remembered that

the dividian alportth for I

was the key ingredient for



Endid's alsorith for 21
,

it's possible to imagine that Theorem 28

can be used to do Enclid's algorithm

for Fix]

R f , g = F(x)
We say that9 divides f

Cot 9 is a factor
8 f (



id 7 q t F(X)

St . f = g . q

1 = q .9)

& <+ 1 . in &T
There is no polynomid that divides

this poly.

IfIf was a polynomial dividing



x+ 1
,

ten + = ax +b

8 - g = <x+
d st.

(ax+b)((x+d)

I

x+ 1 .

Just check that there are no

a bic
, de Q

thatsatisfy
↑

On the other hand.



4+ 1 in KTX)

had two factors.

4+ 1 = (X + (1)(X - (2)

so there are polynomials if degree I

that divide X+ 1
.

Division of polynomials depend
on the coefficient field .



# In this example ,

-

Ex +Fl

1010(X+ F1)
i

all divide X+ 1 .

because

E(X + (1) · 2(X - Fl
"

M

Ex + E C 42
2



For that matter , for any

CE D-[o),

CIX + F1) divides <+ 1
.

becumbe

c(X + F1) · EXX-F1

= x+ 1 .

The units Fix) = F*
come into the picture



more prominently
than before.


