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:symetricsofRiemann tenson

Consider

Mabed = GaeMbad =

= Gue (8cP'bd-OdNex) + NaecNbd-Naed Pes

whne Wabd = GagN8bd = (839da + Edgba - Dagbd)

Since Rabed is a tenson
,
it has the same

symmetrics in all cooncinate frames .
Conside a

locally instal fame ,
i . e., gab = diag (-1, 1 ... 1)

and figab)= 0 - Pri = 0,

=> Rabin = Gag(b: Non- bgNgi)

=/Ostegan
+ &Fagic - Eating - Filing

We can now easily read off the symmetrics :

Rabed = -Rbacd
,
Rabad = - Rabdc

,
Rabed = Redab

Rabed + Radbc + Racdb = Raidbc] = O

21st Bianchi identity)
=> In 4d

,
teabed has 20 independent

components



Bianchiidentity
Recall that in a locally insential fame,
Rinas
=1 fafagi5-Fabi9-Eplagi + 858Gad

ally
- Citinib= bi)fafagi5 - Fab:9-Epfagic + 838Gad

Now conside the sum of the cycla permutations of
the first three indices :

OfRedab + byRaca +ORsib =

= 1) befatag-Cefabig-beffage + fififig

↑ bibabigb-bibebagb-bubbbeg bit lge
+Palatigib-babbg-Gabbigt babbegai)

= O

This is a tenson equation and hence it should

be tuse in any coordinate system :

Te Rodab + PdRecab + PcRdecb = NieRcdJab = O

->2nd Branchi identity



heRicci tensor

Rab = g'd Readb = 8 cPab-baPYb + NabP'cd-NOaN'as

Rk : Rab = Rba

Note that Mas = Oblig where
g = detgab. Then

Mab = bcP'ab-fabblu gl + NabbelnVTg)-NOaN'ab

· I Ricci Scalar : M = gabRab = gas gbd Rabed

Einsteintensor : Gab = Rab-f R Gab

↑"Gab = O

Proof : Contract twice the 2nd Bianchi identity
0 = gbd gae)PeRcdab + DcRdeab + DeRecabl

= D9Rca + DcR + MoRcb

= 2 (P Rac + #DM) =
2 MGo

-> The fact thatGab is divagance fre in

a geometric property !



· I Wageson
The Ricci tensor and the Ricci scalar contain

all the information about the contractions of
the Riemann tensor. The Weyl tenson is the

trace-fee part of the Riemann :

Cabed = Rabed
- Ea(gaicMd3b -qbTcRaa
#

2Cn-T
Th gats Gabb

· C"bac = O

· The Weyl tensor has the same symmetrics as

the Riemann :

Cabel = Ciabicd]
,
Cabed = Cadab

,
Calbad] = O

· The Weyl temor is invariant under conformal
transformations of the metric : Gabe2(x)" Gab



GENERALRELATIVITY

Towardsthe Einstein equation
-

Recall the Equirence Principle : in gravitational fields ,

there exist inertial fames in which Special Relativity
applic. The equation of motion of a free particle
in such frames is :

-X = O

Relative to an accelerating fame x = x'a(x b)

dX = Exa As

=-Ab-A e
·

= dx + UYbdx Ax O

296c : "fictitions" force tens that aise due to

the non-inertial nature of fame
Equivalence Ppl : locally gravity = acceleration



and acceleration
gives rise to non-inertial fames

GR : gravity and acceluation are described by
appropriate U's

.

The problem with the equation of motion for a

fee particle above is that it's not tensorial :

Exa = x 83)Ac
To get a tensorial equation we replace -b - Pb :

-> Pb)Ax) = dx 26(x2) + Ndbd
= dexa + pabd A co

=> The geodesic equation
Conclusion : The geodesic equation describes the
-

motion of test particles in gavitational field
· Newtonian limit
-

:

- Small velocities compared to the speed of light
- Weak gravitational fields
- Static gravitational field



If I is the affine parameter along the geodic,

moving slowly means

* AdI
= Aca + Padd A + Not = O

· static gravitational field :Otgab = 0

=> Natt = 1gab(f+ gtb + 2+ gtb
- 03gtt) =- gab8bgt

=- gai bigt
· Weak gravitational field : gab = yab + hab

,
Ihab) 1

=> Since gargeb =8"-> gab = yab-ha + O/h
where had = yac ybd had

=> Patt = -gacfchte
Therefore ,

in this limit the geodesic equation
becomes :

e = 0 => At = constant

x = (fihtt) (A



Note : Axi = Aid Edi = dexit)+ d i
=> i = d)~= Bihtt))

=>a = (Giht)

The Newtonian equation for a particle moving in a

gravitation field is

: = -Gid with 0 = -Mdt2

4 : gravitational potential for a central body
of mas M at a distance t from the

particle

Companing we find : Het = -24 + constant

at large distances from the man M
, 020

and gavity should become negligible : gab
-> had

=> htt = - 20
=> gtt = - (1 + 26)



4 of the surface of the Earth-10-9

↓
" L

Sun~10-6

d
( 2 white dwarf w 104

↓
" I neutron star - 10-2

↓ " 2 black hole-t

To motivate the equation for the metric

wall that in Nawl- nicm gravity is given by
-20 = 4T169 9 : man density

-> Therlativistic analogue of this equation should
be tensorial and involve 2nd daivatives of
the metric since gab-o
Conside the motion of two neighbouring particles
located atxilt) and xi (t) + 3It) in a Newtonian

gravitation field 4 :

&xi = -
0:0)

X(x" (t)+ 3"(t)) = dxi +d = - Gid(x+3) = - Gif - 3"fifie
+ 0/32



=> d = - 3"wifi:

Compare with the geodesic deviation equation :

PrDv3" = R"cdb V'Vd 3b

=> Sibj0vR" cdb
This identification should make clear the ulation

between gravity and geometry.
· Principles ofenalRelativity

1) Equivalence principle : in small enough regions of
spacetime ,

the Laws of Physics reduce to those of
Special Relativity. It is impossible to detect a

gravitational field by means of local experiments

2) General Covariance : The Laws of Nature should
have the same mathematical form in any

reference fame -> tensorial equations
3) Minimal coupling : the coupling to garity is

done byeeplacing Co-> D
, Yab -> Gab



Example : perfect flaid in Special Relativity
Tab = (g+p)V V -

p yab
faT" = D

Perfect fluid in a gravitational field :

Tab = (f + p)Vv - p gab
Payab = 8

4) Correspondence principle : GR should reduce to

Si2 in absence of gravity and should
agees with

the Newtonian theory of quavity in the care of
weak gavitational fields and in the non-relativistic

limit (small velocities compared to c)

insteinequonoinwomen
a

potential in aboua
matter somas :

↓ gab
-=20 = 0

V

By analogy the equations for the gravitational field
should involve a geometric object build from the



Riemann terson (-> 2nd derivatives of gab) and
have the same number of components as gab
One

guesses
:

Rab = O

-> Einstein equations in vacuum

-> Non-linea 2nd orde PDEs for gab
Rank : For Minkowski space in Cartesian coordinates,

os = - dt+ dx + dy
2 + dz

->

gab = diag)-1 ,
1

, 1, 1) - Nb = 0 GRN's = 0

-> Rab = 0

RnK : One can add a cosmological constant to

the Einstein vacuum equations :

Rab + -Agab = 0

-D

· The fullinte in equarom of R
Matta in relativity is described by a 10 , 2) tensor,

Tab
,
the stre-enagy tenson that describes the

distribution of matter/energy .



One would be tempted to genualize the Einstein

equation as

Rab = ↓ Tab

for some coupling constant t that determines

the strength of gravity. However ,
this equation

is inconsistent since man-eagy is conserved

↑"Tab = 0 but DRcb + &

-> both sid of the Einstein quation must be

covariantly conserved
, therefore the only10,2)

tensor constructed from this Ricci that has this

property is the Einstein teeon :

Gab = ↓ Tab

Since D*

Gab = 0 follows from the Bianchi id.

Note that Dagab = 0 I from metric compatibility (
so we can generalize the equation above a

Gab + -A Gab = ↓ Tab

with K = 8TG to repoduce the Newtonian limit
.



Schwarzsildsolution ach static
-> Unique sphaically symmetric solution of the
Einstein equations in vacuum :

Rab = O

staticity : than exists a Killing recta field
each that for away from any sources reduces to

Ot
,
which is the canomical timelike Killing vector

field in Minkowski
space .

Furthamou
,
the

metric must be invariant under +e-t .

·Sphalsymmetry : one can find coordinates

ench that the line element has an explicit round

spher : d-2 = CO2 + sinOd

The most geneallime element compatible
with that symmetrics in :

ds = -

RANdt + eCBI) dr2 + 22 (dO*+sintdf



We can furthe simplify this metric by using
the freedom to redefine theradial coordinate :

T = rec -> di = e(1 + r&C) dr

- ds = -
Adt + (1 + rC')e 2(B-)di* + detes

where now w = r(r). Relabelling
Fer

, (1+ r('(B(
-(()

-> 22B(t)

= as = - eRAI ot2 + 22Bl dr2 + 22 d-Ys (*)

That's the most general static and spherically

symmetric spacetime .

Now we solve the Sinstan vacuum eas far (*)
Rab = O

· Step 1 :Compute the Christoffels
-> the the Sula-Zagrange cas :

(a) -E = 0 Ex + Nb* x = O

L = - eRAIr) [ 2+ eRBN) + 2
+ 22/02 + sinDP



-

:E
=

A
E ,(2) =

-2A(t + 2A'it

#(e) - - = -2A( + 2A'iE) = O

=>E + 2A'rE = 0 = Ntr = Ntrt = Al

r E = 2[-
*
Af + 2 BB'i + r(G + sinO 82)

= 24Br ,(2) =
22B ( +25'

o = #(b) - 2 =
222B (5 + 25's e

- 2[ -e
*
A't + e

*
B' 2 + (6 + sint &2)]

=> i +
(A - )Alf+B'i2-refB(8+ sinOP2) = O

=> MYtt =

<(A-B) Al
,
NVr = B

No = - re
-B

; NYD1-UsinO
&B

Similarly we compute :

po Noor = 1 ; NO 40 = - sinOcO
ro

=

Nord = Noor = 1 ; MP00 = cotO



· Step 2 : compute the Ricci tenson

Rab = AcN'ab - GaObIrTgl + PabSchrg) -NdN"

cutg = - p2AA+B)
rYsinO -> Ugl = eAtB r2sinO

-> higl = A+B + 2hr + In sin8

oRet = 0c N'tt-PEMrTg) + N'ttCrcfrg) -NEdMt
= Or NEt + PYttOrINgl -MErNet - NetNttr

= ) ((A
-B)Al) +

(A-B) (A +B'+ 2)
- 2(A')2 22(A

-B)

= e2(A-B) [ A" + A'(A -B' + E)]
Ror =PNir-22Grg) + NirAchrgl-NaNore

= ENTr + 82MrigI + PrErfNg
- Ntr+ Ntre-NYrNrr-NOroNOro -POrg Nord

= BY- (A" + BY-↑) + B'(A + + 2)
/- (A')2 - (BY* -

ra
=

- A"-(A') + A'B' + B



Similarly we compute
-2 B

Rop = e [r(B' -A') - 11 + 1

Rob = SinO Roo by ephnical symmetry.

Step 3 : Solve the Einstein equations Rab = 0

Rtt = 221A-B) (A" + A -A' B' + 2 A')
T

Rr = - A" -A + A'B' + EB
Roo = e2B[r(B' -Al - 11 + 1

Since all components of Ricci have to vanish

independently we can consider linear combinations :

0 = e2(B-A) R+t + Rur= (A + BI)

=> Al) = - B(r) + C
,

2 = const

We can ectc = 0 by uscaling ++- so

A(r) = - B(u)

O = Roo = eaAN - 2rA' - 1) + 1

- 22Al (2rA + 1) = 1

=> (re2a(n) = 1 = 22A(n
=
1 -
Rs
T

Rs : constant



With there mults the line element become :

ds = - (1 - B) dt + 2 +
r dee

We can fix Rs by requiring
that in the weak

field ugime ,
rRs

, we recover the
previous results :

gtt = - (1 -B) = - (1+ 24) = - (1 -2)
=> Rs = 2GM

We can finally write down the final form
of a static

, spherically symmetric vacuum spacetime :

2

ds = - (1-2 M) dE+dram + vdehe

-> Schwargschild metrio
M : mane of the spacetime. For M-0 we recover

Minkowski
space

· Thisepacetime describes the exterior of a star

It also describes a bade hole

· Brkhoffsthm : a sphnically symmetric solution

of the Sinstein egs in vacuum is necessarily static.


