
Fields
-
-
Recall from the last lecture

Theonamel IS (R
. +, x

-
-

is a ting with identify ,

then (RY
,
X) is a group .

Let A field is a commutative ting
m

/F
,
+, x

satisfying the axioms



1 . IF ,
H is an abelian group

with identify element

"O"
· (F-403

,
X) is an abelian
=-

group
because

with identify element Fid

"1" a commutative
·OF 1 .

ting ,

It might be useful to stell out
the field axioms' explicitly

as follows



A field (F, +, x)

is a set with addition+
s multiplication X

dit

· (R+ 0) - (R+4)
=> (F

,
H is an abelim

group ,

· (Rx0)(RX1)(RXH (R+X)
-> (F , + ,

X
is a ting



· fa
,btF ab = ba

↑

axb

=> (F
,
+
,

x)

is a commutative

ting
· There exists an element"1" in F

sit . FafF

a . 1 = 1 - a = A

↑ = (F ,
t
,
X)

is a commutative ting
with identify



· for Va + F-(0) .

there exists an element be F
↑ sit. ab = ba = 1 -

· 170 O
,
the4

O is not a mit

F-C03 = FX

IE (F-Sob
,
X) is an abeliantoup)



Examples If E + &- 20)
,

-
Q* the SEO , TO

E Es has the multiplicative

inverse -

· R If +ER-Sub ,

=>A is the multiplicitie
inverde

if T .

· I is not a field .



It is a commutative ting

but not all non-zero elements

have multiplicative inverse !

For example .
2 does NOT have

multiplicatio inverse

E is i an integer

Recall from earlier -

If P is a prime number
/



1Ep ,
+

,
X) = [a7 + TbT = Tatbl

TaTTbT = Tab]
a commutative ting :

with identity (1)

<im (Ip ,
+

,
X) is a field .

te
Need to check · [O] # [1]

· (Ip - [Tol) , X

is an abelian group

Firstly To] #T1) .



If they were equal , the

[alp = Tblp [o] = [11
# pl(a-b)

= p would have to divide 1 .

=> This can NI happen

since prime numbers' areI2.

The hardest thing to check :

let [al - [p-ST07] .
Since [a] T6]

, P does not
divile A .



=> g(d)9 , p) = 1 -

From
,

[a) has multiplicatio inverse e

· Ki= the set it complex number!

= (a +bfla )
beRd

M e
↑

the imaginary
the reait part

Define" +
"

(a +bf1) + )c + bf1)



= (a +c) + (b +b) I1 .

B "Y"

itnee- ba



C4
, +,
X) is a commutatio

ting with identify

1

1 oft .

Exercise Check that
I

& D-903 , X) id a group .

(GO) Given a+bl1E
(a ,

b) F10 .0

m E G- [u)
,

F => ( ,d) + (0 , 6)

(a - bd) + (ad +b) f1 E &



Is this really mon-zero ??

Exercise : Why ?

(G1)

(a+bf)((+bf) -(e+feel)
-v mmm+ defin

1
m-

b((a+bf)( +(1))(e +ff)
L

1a(ce-dl - b) <) + dell F
+ (alct + del + ble-kfe)



(G2) 1 = 1 +OF1
is the identify element wit

X.

Indeed,

(a+bf) . (1 + Of1)

= (a . 1 - b -) + a . 0

- +b)F
= a +bF1 .

similarly
11 + 0f1)) a+bf)= a+bf1 .



(G3) The inverse is a+bf1 is
A
atb2
+I F1 .

-

Indeed,

(a+bFl) >+ F
= (formula)

=

+ F1)/a+b
= 1

It is MONG to compute



Faire
abtQ)

latbrel+ /c +brel
-

= (a+2 + (b+dr2



- latbrel/c + diel

= (ac + 26d) + (ad+ba)f2 .

In terms is addition & multiplication
defined as absue , Q(82)

is a fold .

· (non-examinable

A complex number 2 -> K

is an algebraic number if it is



a fort 18 f t QTx)
I

Cnx" + (n + x *+ ... + CX

A + Co

CitA
.

Example &2 is a rout if
-

X-2

f1 -1-
x+ 1

The set if a algebraic numbers



defines a field -

I checking the field axioms
for these is really hard !)

ing) that areNI
-

fields' - tings' E groups'

This means) that
there are tings that are



not fields! 1 .

If A +ing (R . +, x)

j . iscalledo ision tinis
except the commutativity Wi tit . X .

Pp24 Let (R ,
+

,x) be

a division ting
If ab = ac ,

then b = C .



# By definition , a has inverse
c

1/

with respect to X

Let at be the inverse -

Multiplying aboas by at on bothites
a'ab = aac

=> 1 . b = 1 : C

- b = C D

& Recall that
-

if IF ,
+, x) is a field ,

I



(FT ,
X) is an abelian

I F- 40)
group Wilit ,

X ,

is (R . + .
X) is a divisio ting

(RX
,
X) is a group

but not abelian .

Example
--

Let 1 , P , q , U be

symbols



satisfying the following (multiplicatio
telutions

,

· 1 . P = P - 1 = P

1.q = G - 1 = q

1
.

V = V : 1 = N

· P= - 1
-

q= - 1
--

f= - 1
-

· Pq = V qP = - P



qu = P rq = - P

rp = q Pr = -q .

Let H be the set if elements

if the form

C . 1 + ((p) . P + ((AMCCH - V

4 ((P) , ((q) ,
CCH =R

with natural additions multiplication .



k : 1 + <(pP + ((A1q + (MU)

t

(5 . 1 + < /PP + Aq

+ <int

= (c+i) . 1 + > < (p)+<(p)) P + ....

Example (2 .9 + H(2P + 1)

= 499 + 29.
.

+

2-

#
- n



= (4) . V + 29 + 27 + N
-II

49-

This is a division ting !

Exercise a = C+(IPP + A-

TH

b = C - <P - ((4)q-CHU

What is ab ?



The answer is

C2+ <(P)+ (ET + <H
ER

.

This is an analogue if

z = a +bF
complex

z = a- bft conjugation

z .z = (a+b f1)(a-bV1
=a+b



Using this , the multiplicatio

inverseis a

is b =

b
. C . #C(p)P
- ab((q)q

- HV
This is referred to as

Hamiton's quatanimd.


