
Last Monday,

Def Let (R ,
+

,
X) be a ting .

I

If R has an element "1"

which satisfos to property :

1xa = ax1 = a VacR
Hen We say thatR has entity .

"O" th identity element Wit"t" in R2

is often called the additive identify

"I" is often called the multiplicate identity .



Example In
-

[1] id the identify

Def If (R .
+

,
X) is a ring with

identity 1

an element a in R id called a mit

in R
if JbER St

axb = bx G = 1
.

RX i=
the set it wits in R

.



Exampled # = < # 13.
-

#T :] = = [a +bi /a ,
b

if= 1 Es
[i]

*

= < 1 1
,

I ch

AL (R .
+, X) id a rig with

- identity.

(RX
,
x1 is a group



Positiml9 (R
,
+

,

X) a ting
- with identify 1 .

· The identity 1 is unique .

· If 1 is distinct from

He acklitive identify O
,

Her O is not a unit -

· 1 is a units its inveise

W
. Tit , X is 1 itself



If Look at Prop 14 for inspiration .

Suppose WSS are elements in R

(1) sit , +a = a r = a Va

5 a = aB = a VER
=
Letting a = & in the further ,

I get

W = S

similarly ,
a = + in the latter , I get

r = H

Combining these two , s =U



12) Suppose that O is a unit

CGAL : find contradiction /

By definition ,
there existsG+R

sit .

9 . 0 = 0 . a = 1 .

OTGH , Prop16 says

a . 0 = 0 . 4 = 0 Ya

Combining these two ·

R

wo get 0 = 1

This contradicts the assuptim OF1
.



13) Since 1 is the identity -

1 x a = a x 1 = a VacR
.

In particular
1x 1 = 1 .

This equality says that1 id

the inverse of 1 wilit
X.

20 (R .
+, X) is a tiny

with identify 1 .

· If a is a mit ,
then it's inverse is unique .



The inverse is written ad

q
- 1.

· If a is ahnit ,

Her so is at
.

The inverseif to inverse a it h

iB G .

(a+71 = a .

· If < &b are mits' , Hen

S is ab = axb & the inverse it

ab is btat.



# See note s .

They all follow from Prop 14 .

Theorem21 .

-

Ef (R
.
+, X) is a rig
with identity ,

Hen (RY
, X) is a group -

If
,
in particular , R is a commutatio tins,

Hem (RX
,
x) is an abelian grump ,



Exercise (21 ,
+

,

x)
--

is aring if integers! .

Define new addition

a+Ab = G +b+ 1
4 4

old acklition"+
"

alDb = a + b + ab
A 44 ↑

abt2 old additio
old X

1

"I

(I
,
A

, DD) is a commutative



ting with identity .

(R+O) atb - I

a b+1
(R+1) fa + (b + 2 + 1)

G(bAc)
a + (b +c+ H + 1---

? Il
->

Bb)BC "(a +b+ 1) **) c I
abi E 2)

II

#+ 1) + 2+ 1



(R+2) I need to look for

bit 4 b = a

↳ a+b+ 1 = a

E b = -1 .

- 1 is the ichutity element
witit. I .

Indeed,
a 1) = a + 1 - 1) + 1 = a
- -

[1 # 9 = + 1) + 1 + 1=
-- ->



(R+3) Given a in
I need to find b in 2/

Sit . 9Ab = -1
.

M

This is the

identify Wit it -

#
sie .

a+ b + 1 = - 1

↳ b = - G -2

Need to check

4B( -a-2) = (1)



1-a -2) a = ( 1) .

(RXO

BbD
4⑳ a(b + c + bd)

I

↓b) C a + (b+ +b

⑧(a+5+ab)
+ a(b+ 2 +b)

I



(a+b + ab) + C

+ (a+b+ab))))
The multiplicate icutity WitA

is.


