
①
Let the coordinates be :

I = In ,r, 0, 4)

Then
,

we have :

gun = If e4 - game
"

far = E2B

gno = grae
"

goo =
- re e
"

gqy = - r2 e-
"

simo

The
remaining components vanish

.

In matrix form:

ftp.graeepgrae
"
0

EP 0 0 0

* fire. oo
-"

%!:o)
0



② Line element of IR3 in spherical coordinates :
ds' = drat ra dat ra simo D42

The metric gab and the inverse metric gab are :

a %:o) .si "%:*
•) X

"
= It, r , r

' )

→ Xa = gab
Xb

= gar t r gao tr
'

gag
⇒ Xr = grr = 1

Xo = r goo
=P } Xa = It , rs, r4simO)

Xy = foggy = r4 sin0

b) Ya = I 0, - ra , rawio )

ya = gab yb
yr = of Yr = 0

yo = goo Yo = tra tra ) = - I
Y4 = got Ya = trust) = WHO



③ Tab is communed : D
"
Tab = 0 and Tab=Tcab)

X
"

satisfies : RaXb) = 0

Va = Tab Xb

Then ,

Va = DYTabXb ) =
= (RTs) Xb + Tab Xb

= 0 t Tab pkxb)

= 0

To go from the first time to the second we

have used the heibmy rule, and in the third

time we have med that Tab is conserved

and Tab DaXb = Tab, DKX" became Tab

is symmetric .
In the fourth time we un that

Tha Xb) = 0 in a tenser equation and we

can rain the indices with gab .



④ Ss
'

a 4,11 tensor

a) It follows from the general formula
given in the lectures :

pass ' = sasi + Mda Sbd - Tia Si

b) Using the
previous formula ,

Pasi = 255 + Maas ! - rdba SL

= Mba - Mba = 0

when we have used that basi = 0 *ma

the components of fab one constants .

Notice that for a metric compatible connection ,I:÷÷¥%%:* . I
c) si = sin = 1=4



⑤ starting from , gab g
"
= sac and

applying Rd
,
we get

0

The lgabgk ) = ( Rajab) gkt gab Pag
"
=

= Dd si = 0

⇒ gab 8dg
"
= 0

Multiplying by gea we get
gae gab Dd g

"
= Seb Dd gb' = Ddg" = 0

which is the desired result

⑥ Given the line element,

dsa = esdit et dy
'

we have :

a) gab
-

- I ) , gab = II )
b) Recall the general formula :
Fbi = £ gad ( rdbgcdt 2 gbd - 2dgbc)

thing the identification Lxix) = lay) , we have



Mm =L g
'd

longed t aged - saga )
= I g" age, = 0

Me = £ g
'd ( aged fanged - Dragna )

= I g
"

saga = £ ES es = £
r: = I 8D ( 2 aged - high )

= - I g
"

sign = -g es
-×

⑦ Since X
"

is the tangent vector to a

geodesic ,
it satisfies
Xb pbX' = 0

( wlog here we assume that the geodesic is

affinity parameterised ) .

Then
,
we have

Xapallxt ) = Xapalgbcxbx
'

)
= Xaf (Rgb.)XbX

'

+ gbclRXb)X't gbcXbfRX4 ]



= 2 Xb Xapaxb

= 0

To go from the 2nd to the 3rd time

we have used that

Dagbc = 0 ( metre compatible connection)

gbc4DaXb)X't XbpaX
' ) = 2 gbc Xbpax

'

= 2 XbpaXb

since gbc is symmetric

⑧ V
"

a killing vector : Rah = 0

X" tangent raton to a geodesic :X
" RaXb=0

E a scalar : E = Va X
"

Then
,

X. DAE = Xarlalvbxb )

yo ×¥jfhI= Xaxbpavb + Vs Xapaxb

= XaXb Thatb)

= 0



Im
going from the 2nd to the 3rd line

we have med that Xa is tangent to a

geodesic and hence it satisfies XaRXb=0
.

In addition
,
note that Xaxb is symmetric

under a ← b
.
Hence

,
in the turn

Xaxb Davis only the symmetric part of
Davis contributes :

Xa Xbpavb = XaXbP¢aVb)

In the last time we have used killing 's

equation : peak = 0

⑨ ds2 = - ear dttdra
,

A : constant

gas
-

- f- %
"

;) . of'=f%
"

?)
General formula for the Christoffel symbols :

Fbi = Igad ( Db glad t 2gbd - rddghbc)



Mm = I g
" or grr = 0

Mtr = Fit = I grt lot grrtrdrgtr
- rdrftr ) = 0

Met = £542 At gtr - Or get )= A e'
At

Pttt = £ gtt At gtt =0

PER =pIt = £ gttlotgfrtsrgtt-h.fr ) = A

Ptr = I gtt (2 Or grt - It grr ) = 0

⑧ The calculation was done in the lectures

with the result :

( r
,
O ) = Ix ' , xD

M22 = p too = - r

ma = Man = Toro = poor = In
The

remaining components of the Christoffel
vanish

.



The geodesic equation is

%¥t r%dbd=o
Denote ir = off , in data ,

it = off , E=d¥.
Then

,
the components of the geodesic equation are :

I + Noo 8 = F- rid = 0

it + Prairie road i = Et foi i = 0
Notice that the second equation can be written as

it + for = f. of, frat ) = 0

Hence
,
to =L = constant

⇒ a =L
✓
2

Plugging this result into the first equation,
i - r E = it - rf %) = E- I. = 0

rsii = E ⇒ rW=fEtc
047 = anatomya)

where 4 and as an



where ↳ and ca an integration contorts and we

have set to 0 the integration content in the
equation fn 0 .

Recalling that cos ( and-and =

sin fondant)) =×ttxF
the Cartesian coordinates along the geodesics one :

× = rWho =H'

f- =

4 µ+cit
= I
ra

y = Hd) sina.D-fttc.tt#
"

-

=.

↳ facility
= Feldt 4)

There are straight lines .



⑭
a ds = - d + a(t)"(dx + dy + dz2)

2 = - + a(t)(x + j2 + 22)

Use the Eula-Lagrange equations :

(* ) - E = 0

-- component :

22 = 2a(x +j +2

=
- 2 ; (& ) = -

2t

= + aa(x + y + 24) = 0

-> N
+

xx
= Ntyy = Ntzz = aa



x - component :

22 = 0

ce = 2a(t)
*
x #(e) = 2a(t) x + 4a(t)a(t)t

=> + 2Ex = 0

=> NY ex = NYx =
and byeymmetry N = Nyt = N

*

+z = M
*

zx
= a
C

b) We have to check whether a

satisfies
The geodesic equation : VPDbVa = O

t) : VPMsU = VP/8bVt + N+b VY

= VGzV+ + VE pto

+V + V M
+

-
V

= - a V
* NY

xx =
a
+
(a)(

= O



x) US &bUx = VCObVY + NY V4

= Vt(8+V + NY+ x VY)

+ V(q + Nxx+ Vt)
= vt) - 2ta +2(t) =

0

-3) VODVs = v 8bV' + N s. VY) = O

V PoVE = O

2) Ha = gabUb = gat = - Sta

Thus,

Kab VOVP = alt" (VaV + (vt)))

= a(t)2) - (ty + a(t)Y(2) + (*)
=
K

which in a constant
.
Hence

VaMa(KbcVPV) = V Pa)k4) = 0


