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Recap quiz

An LP max CIR

Sub to A = k
,
27Q

is called unbonded it
,
for every 70

there exists a feasible solution I such

Ctthat - = k

Suppose we apply simplex to aboveLP
and final tablean is

x S
, 52

5
,

1 -310 3
-

520-82/ 10-

0 (l -30
-

9

What is the next step ?
We conclude (p is unbanded since no

positive entries in highlighted column



Outline for today ,

- Simplex method and unbanded <Ps.
- So far can use simplex to solve

max CTx
-

Sub to A =64Q

#20
- What to do when some entries of b
are less than 0.

- complications that arise with simplex



simplex algoritum and unbonded LPS

Recall Step 3(b) in simplex, if all entries
of highlighted column are EO lignoring

L

final row) then LP is unbounded.

Explanation by example

Given LP max 30 , + 202

sub to x - 372 E3
- 2x, - 27 k 4

ec / 27O

If we use simplex max 33s , +20

subto ex - 3x + 51 = 3
- 2x - 22 - S =4

x, TC

Initial tableau Da S i S2

1 -31033/ = 3

·
-2 -2014 -

③ 200 C

Da S i S2

R, R / 1 -31033/ = 3

Ra = R2+CR, 0 -82/10-

RF = Rf-3Rp 0 1) -30 -

9

Since all entries in highlighted columnone negative
we know LP is bonded.

let's try to see why



Da S i S2

291 -310 33/ = 3

320-82/10 -

01 -30 -

9

Final tableau tells us our original LP is

equivalent to

maximize 1102 - 35
, + 9

Sub to x
- 3x2 + 5) = 3

- 8x2 + 25 , +S2 = 10

e4 , 2
,
3
, 32 70.

It also gives us a BFS

(iii) = fore
I

with objective value 9
.

We can increase x as much as we like
and keep the constraints satisfied byalso increasing the basic variables
(7)

,
and 32). This will increase the objective.

find feasible solution whose objective value is
< 100 by modifying feasible solution above.

ans : keep E
,
= 0 Want 162-35 , + 9 7100

Take e .g. Cle= 10. Now use constraints to find
x

, and 32.
. 24-326 + 3 = 4

=> x = 34

Also -8x2 + 25 , +52 = 10

=> S2 = 90
.



is feasible with
objective value

so

(iii) = (10) 11
2

- 35, +9 . .

=> (ii) = (10) is feasible withobj value 119
in original <P

(check) .



2
- phase simplex algorithm

Given (p in standard inequality form

max(I2L

subto AEb
,
RIO

2 = (ii) A
ism x

If 620
,

can implement simplex by first

changing to standard equation form

starting with Bis (ii) = (in
This is feasible if bi >0 Ki and then we apply

algorithm from last time.

If bix O for some : then can't use this (Pfusible)
Have to do some work to find a starting
feasible solutical

.

The problemaf finding a feasible schitian
of an LP can itself be cast as a

(different) LP .



Example maximise 100 , + 150 + 8263
sub to 82 + 6x + 1273424

4x, + 6222 + 603 -6
6x + 402 + 843 = 12

e ,
Ka

, Ky 40 .

Transform to standard egun form

⑰ maximize 100 + 1506 + 806

sub to 80, + 632 + (2013 + 5
,

= 24
-

4x - 6722 - 67 + S2 =

- 6 probum
6x + 402 + 846 = 12 problem
2
, 2

, 3
,

3
1, 32 ?O

No
easy starting feasible solution because of constraints

2 and 3
,

Introduce artificial variables into constraints to

artificially createon easy starting feasible solution,

⑬ min a , +92 max-a , -az

Sub to 8x, + 642 + (2013 + 5
,

= 24
-

4x - 6722 - 67 + 52- 9)
=

- 6 problem
6x + 402 + 846 +Az = 12 problem
De, 3

,
E
, 32

,
a

, 2927

A feasible solution to Where 9
,

= 92 = 0 gives
a feasible solution to

①write a goal for that would give a
feasible solution for
④Give easy feasible solution for



⑬ max-41-92

Sub to 8x, + 642 + (2013 + 5
,

= 24
-

4x - 6722 - 67 + 52- 9)
=

- 6 problem
6x + 402 + 846 +Az = 12 problem
De, 3

,
E
, 32

,
a

, 2927

A feasible solution to Where 9
,

= 92 = 0 gives
a feasible solution to
so we try to minimize a, + 92

i . e. Maximize -

a -92 .

Have easy startingfeasible solution for
(e , Da , Ku , S, /32,

a , 92
I (0 ,

0
,
0
,
24
,
0
,
6
, 12)

Now apply simplex.

Apply simplex .

Write initial tableau

C de S
, 52 a

, an

86 12/ O 0024
- 4- 6-60/

- I O-6· G 48000/12
X -w00000 -1-1 O

- z 10 1580 000 O->

We carry along original objective so that tableau is
in correct form once we've found our starting feasible
solution (in second phase)

- This is objective function-a . -92 that we
want to maximize in the first phase



C de S
, 52 a

, an

Ri S 6 12 / O 0024
Rz - 4- 6-60/

- I O-6

R3
· G 48000/12

Rw-wo 0000 - - 1 O

Rz - E IC 1580000 O

Tablea not yet in valid form
Need to clear columns corresponding to basic
variables (columns highlighted above)
clear them in one step-

C de S
, 52 a

, an

R= R
,

86 12 I oo 024
Ri =

- R2 · 4660 + 106
Ro = Ry G 48000 112

Ru = Ru + R3-R2-W10 1014 0-100 18
R = Rz

-z10 1580 000 0

Above tablean in valid form .

Now we apply simplex (from last week) remembering
Rw is our objective van

Re carried along for convenience



C de S
, 52 a

, an

86 12/ oo 024 24/12 = 3

· 4 6 O + 106 616 = 1

64 8 0 0 0 / 12 12/8 = 3/2
-~10 100-100 18
-z10 1580 000 0

C de S
, 52 a

, an

Ri= R ,
- 12R2's

,
O - 6 0 1 2 -2012

R2' = jR2 x34/2 1 1 0 - % % 0 I

R = R3 - 8R) 92 4/3 -40 O 4/3 -4/14
RW = Po -14R! -W 4/ -40 C 4/ -7/304
RE = Rz - 84

- E 14/3 O 04/3 -4/0 -8



C de S
, 52 a

, an

5/ 0-6 0 1 2 -2012 12/ = 6

x34/3/ 10 - "G o I

922/3 -4004/3 -414 = 3O
-W 4/ -40 C 4/3 -7/304
- z 44(37004(3 -4/0 -8

C de S
, 52 a

, an

R = R
,
- 2 R's

5/ - 1 C O 100 - " 6

RL = Rz +-Ry 3/4/1000 83/

Ra = &R3 e 2 -3001 -1343
Ri = Rw-TR -WO 0000 - -10

Rz = Rz - 4k
- E 4 10000 - - 12

Here phase ) ends· No positive values in Rw

Optimal solution for given by S,6,P
= 3/2
,
S2 = 3

and all other variables a

(including 9 , and 92)

This gives us a feasible solution forA namely

(i) =(
scheck)

Can now apply normal simplex to solve
Because we carried Rz our tableau is immediately
ready to apply simpley .

simply remove Rw and columns corresponding to
a

,
and 92 and apply pivot operations as usual.



Phase 2

xe He S
, 52

5/ - 1 C O I G 6

3 C344 O 3/2

-300 I 3

- z 410 0 O - 12

-T2' = 3

Pivot
.

Ri
= R ,

R2 = 2Rz

Ris = R3 + 3 Ry
RE = Rz - IIR2

( ↑

all entries EO
sc Step

optimal solution to A is (3) = ( )
=> (i)= (2) Patinae

original LP

with objective value 45.



Q : We found optimal solution for with objective value O.
(in Phase 1) .

what would it mean for it instead

(i) had optimal solution whose objective was not zero

meansA is infeasible

(ii) ③ was infeasible (not possible (saw that has
an easy stating

(iii) ⑬ was unbounded feasible solution) .

not possible. Objective = -a
, -92 O

④
because a a2? 0 .

maximize 10x ,
+ 1502 + 8062

sub to 8x + 672 + 12x3 + S
,

= 24
-

424 - 692 - Gel + S2 = - 6

629 , + 402 + 843 = 12

es ,
Ka

, Ka Si , 3270 .

⑬ max-a-92
sub to 824

, +602 + 1276 + 5 = 24
- 43 - 6992 - 67 + 52 - 9 = - 6

624 + 402 + 802 + 92 = 12

e,Si se9 927O



Formal description of 2-phase simplex

① Given LP transform into standard equation form

with slack variables just as before

② - If there is constraint with a slack variable s and bo

say 4
,
ec

, +Ge +... tanPn + S = b

then replace with 9 , 04 + Go ... tandn + S - a = b

- If there is constraint with no slack variable

say 9,22 + Get ... Anku = b
then replace with 9 , 04 +G ... tandn a' = b

Here a,
a' are artificial variables with sign restriction a O

Each replaced constraint gets a different artificial variable.

③ Form initial tableau as before except
-- variables on the left

If a constraint has an artificial variable
,
put it an

the left

It a constraint has no artificial variable, put its
slack variable on the left

(Recall variables listed on the left are the basic variables

in our current basic feasible solution)
- Twovows below the line

We have a row Rw for our phase / objective
which has a - 1 for each artificial variable
and zeros everywhere else

We have a row R2 for our LP objective just
as before

.



④ Bring tableau into form so that

each artificial variable has a single 1 and all

other zeros in its column

Do this as follows :

(a) Ignoring Rz and Rw

multiply rows by -1 where necessary so that

each artificial variable has in its column

labove the line) a single / (rather than -)
(b) Every row with an artificial variable on the left
is added to Ro Its remove -1's in columns

of artificial variables).

x, C ... S
, S

... a
, 92 - A;...

:
multiply

row by -1
= Aj o

Ru > - I - ... . . .

Rz C g O ... 0 ....

adding rows in 5(b)
turns these into zeros

⑤ Now apply standard simplex treating Rw as

our objective .

(When clearing a column in a pivot, we also make
sure we clear the column entry in R2).

⑥
(a) If far right entry of Rw is o then have found
our starting basic feasible solution.
Delete Rw and columns of artificial variables.

Apply Standard simplex to this tableau with R2 as objective
.

(We call this phase 2) .



O (a) If far right entry of Rw is o then have found
our starting basic feasible solution.
Delete Rw and columns of artificial variables.

Apply Standard simplex to this tableau with R2 as objective
.

(We call this phase 2) .

(b) It for right entry of Rw is = 0 then our

original LP Is infeasible.

Note It could happen in 6(a) that for right
entry of Rw is zero

,
but some artificial

variable is basicli . e. appears on lett).

Then we cannot immediately proceed to apply
standard simplex .

small
, relatively easy step to deal with this

butsmitted here land non-examinable).

Want you to get the main ideas and not be
distracted by pathological situations.



Does simplex algorithm always terminate ?
- Sometimes a pivot operation does
not change far right column .i . e .

sometimes BFS stays unchanged and objective
does not improve .

Example on next page.

- when we apply the rulesat simplex
it can happen that we end up with

exactly the same tablean we saw
earlier !

This is called cycling. (example next page)
-

By adjusting the "tie-break
rules

,
we

can avoid this and ensure simplex always

terminates. Weamit the details here .






