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Estimating Parameters

So far in this module we have used Least Squares estimation to estimate
model parameters β0 and β1.

You can check back to your week 1 notes for how we did this
1 in summary we minimised the sum of squares of errors
2 this involved differentiation and simultaneous equations

There are other methods for estimating parameters. We will now consider one called
Maximum Likelihood Estimation.



What is a MLE?



Likelihood function

Definition: Let Y1,Y2,Y3, · · · ,Yn be a random sample from a distribution with a parameter
θ. In general, θ can be a vector,θ = (θ1, θ2, · · · , θk).

Suppose that y1, y2, · · · , yn are the observed values of Y1,Y2, · · · ,Yn. If Yi ’s are discrete
random variables, we define the likelihood function as the probability of the observed sample as
a function of θ

L(y1, y2, · · · , yn; θ) = P(Y1 = y1,Y2 = y2, · · · ,Yn = yn; θ) = PY1Y2···YN
(y1, y2, · · · , yn; θ).

If Yi ’s are jointly continuous, then the likelihood function is defined as

L(y1, · · · , yn; θ) =

In most of the cases, its easier to work with the log Likelihood function given by

log L(y1, y2, · · · , yn; θ)



Likelihood function

Example:



Likelihood Estimator

Example:



Maximising the Likelihood function



Maximising the Likelihood function

Process of Maximising the Likelihood function



Maximising the Likelihood function

Exponential Example

For the following observations, find the maximum likelihood estimator (MLE) of θ.

Xi ∼ Exponential(m, θ) and we have observed X1,X2,X3, · · · ,Xn

L(x1, x2, · · · , xn; θ) =



Maximising the Likelihood function
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Maximising the Likelihood function



Maximising the Likelihood function

Exams Style Questions

Question (2022)
Let X1,X2, · · · ,XN be random variables from a normal distribution with unknown
mean µ and unknown variance σ2. We are interested in finding the maximum
likelihood estimates of µ and σ2. Let µ̂ and σ̂2 be the maximum likelihood estimates
for µ and σ2. The probability density function of xi is given by

f (xi ;µ, σ
2) =

1√
2πσ2

e
−1
2σ2 (xi−µ)2

for −∞ < µ <∞, 0 < σ2 <∞ and i = 1, 2, · · · n.
Prove that

µ̂ =

∑n
i=1 xi
n

and σ̂2 =

∑n
i=1(xi − µ̂)2

n



Maximising the Likelihood function

Solution:
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