
Week 6
-

The have lectures next week

Assessed coursework deadline

11 am next Monday



Last week
-
-
A ring is a detR

with + (addition

X (multiplication)

(R+O) FOaibeR , a+bER

(R+ 1) If a b .
2 ER ,

a + (b+ ) = (a +b) +c

(R+2) 50 ER sit . O + 9 = a +O = G

VatR

(R+3) VaER
,
there exists beR

sit . G+b = b+a = 0



(R+41 If a bER ,

a+b = b +a

(R+0 ) - (R+ 4) tells you that

(R .

H is an abelian group .

1 A ring , by definition , is an abelin

group)
(RXO) If a beR

.

axbER

ab
(Rx 1) If abiCER
tem a x (b x c) =(axb) x C



(RX+) If abiCER ,
a +(b + c) = axb + axC

(R + X)

(b + <) x a = bxa + (x9
.

Remark (R . X) is NOT a group!

because there is no identity element
Wikt , X .

Cf If FaibER
-

5 a b = ba ,
Hem R is called

a commutative ting ,



amples
- 303 with addition O +O = 0

multiplication OXO = 0

- 121
,
+

,
X) is a commutativ

rig .

~ (kn
,
+

,
x) - I -

I

< [O]
,
T1], - . . Tn-1]n3

- IS (4
,
*) is an abelian group,

Hen (G , *, X) is a ring
this is my choice if "+

"



where Wa
, b -G ,

axb = e

t identify element
if G .

(RX+ ) <x (b+c) = axb + ax
⑭ax(b +) = e
⑭axb = e

axc = b

axb + axc = ete

- C

because G* is agrap.



· [I] == [atbilaib

I= F1 Es

- M2(R) : = [ 194)) 4 ,
b

,
<id

-> R3

is amon-commutative ting .

- RIX) : the set if polynomials
inshe variable X with

creffs in R .

I'll come back to this example



more in details in Weeks

-
If (R

, +R , XR)

15 As ,
Xg

the Cartesian product if RSS
(i .e . the set it ordered pairsif

elements in R & 41,
Rx = (( +, ) / HER

5+ 43
id a ring with respect to

(T
, 5) + ( F

,
5) = (rt F , St



r
,
F + R

4 , 5t

( +, 4)x)F,) = (Uxp , x
E

R = [ 1 ,4) - , 4 -R3

· The set of all functions

R - R

tefices a ting
fig : R + R

(f +9) : R+ R



X H f(x) + g()

f9 : R + R

X + f(x) g()

The "O"
,
i c e . the identity element

Witti adition (R+2)

is R + R

x

I gave you a couple it

nm-exampled



Recall that (R
.
+ )

is an ablim group -

Erp5 Let (R . +,X
-

be a ting,
· The zeto element , i

. e . He identify
element witit , +

in (R+2),
is unique.

· Any element in R has

a unique inverse wititi +



If a ER
,
7 ! bER

there exists

&
&.7 a+b= b+a = 0

a unique
~

element
· If a+5= a+ C ,

Hen b= C
,

For every eleant a in R
.

AXO = 0 x a = 0

Hint : Use R+2 !
↓ 50 dit . 9 + 0 = 0 +&

A

Lettinga= 0 itself , FaeR

wo get 0 + O = 0



Multiplying both sicks by 9t, R

E+0 = .0

/(Rx + )
-"(R+2)

9 : 0 + G .O[a . o +O

( ( + 0 = 0 +(ad

Last assertion if Prop 15 says x

a . O

a . 0 = 0

Similar for 0 . a = 0

( Exercise)
.



eIRAPAd +O = 0
+
(9 .

0

z = (a

&--2
==Tiel



Up until now , we've only looked

at "additive" structured .

We'll now look at "multiplicative"
structures.

If Let (R .+Xbeatingit
sit . AX1 = 1xa = G

FaeR M
Hen we say thatR is a ting



with identify element

↑

By this "identity" , we mean
the multiplicative identity

& Father than the adklitive identify

"O" in R+2)
Examples
-

·
(2 ,
+

, X) is a commutate tis

With identity" 1"
.

· (Q
, +, X) -" -



· (R
,
+, X) - " -

· [03 is a ting with identity O

because it is *Refined* that

OXO = 0 .

a If R is ating with identity ,

He the set Me(R) of 2-by-2

mattices with entiles in R is a ting
↓ He identity element

with identy (fROR
prescribeit, the assumption



Theorem It
-

ifthe set if equivalence classes
[a]n

witit (E model
is a commutative) ting with identity

[1].
det

# [1TTa] = [1.a) = [a]

[a] T1] = [a. 1) = Ta] ,



Find tings without identify element
!

· The det 22 :=[2z/ze])
of even integerd

is a ting without identity.

(because 1 is i an ever

integer)

· R = f : R+R 1 Cotk,continuous



with additions multiplication
a defined earller -

I a ting without identify

because the identity function

#- R

H

(1 = c

d this fretim does NOT



belong to R.

Lef Let (R . +, X) be

a ting with identity. 1
,-

An element a in R is called

ait if 7 bER
-

sit , ab = ba = 1
.

In other words,

S units in R3 = (elementsine



inversed

Let RY denote the set

of Units in (R
.
+

.
X

with identity.

Exercise I'm locking for
-

M-
* un integer a + I

b=ba
=
1

↳ T&

1.7 . 3 b A

This says
· M2(R) asb are integers

that divide 1 .



·E[i]
<
= a +bi 13 .

i= 1 GbEE

M2(R
Y

M2(IR) a ting with identity

1 =(f)
The units are

A =14 -> M2(R)

sit . Be MaR



Si . AB = BA = 12

These mattled are called
invertible matrios' , i .e .

A with defAtO -

I I

jabi ab -b

In fact , is A = Kai with ab-b
Hen B = bla

*
o



works.

Need to check

AB = BA= 1

19. bla

-Kill
O

TFbc (albl -abtaad I



= (f) .

·ITik ?

I'm looking for

a +bl sit . 7 c + bi
abtl) xde2

1+0

(a +bi)(c+di) = 1

/



1 ++ sil =N*

↓
Taking the absolute values

on both5kles

(9+ 62)) <+d = 1 .

i . e. "+2 = 1 ,

=> lab) id either (1 . 0) , (0 , 1)

(1
, 01/0 .

- 1)



=> Therefore

ETiT = St R
Homework untll Frisky
-

Read up to Theorem21.

T& Ia* eDa

⑭


