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alleltransportand ge
In feat space , parallel transport of a vector Va

along aaure x(X) means to "keep the
vector constant along the cure".

-> tangent restoc to ane x(X) : X* = da
b

= Va = ***V = X& = O

-
a

a

va

1
vx
p x(x)

Fox
· Two insues with the above in curved

spaces :

- The parallel transport depends on the

path taken

·
#
44 *



- The expression above for the parallel
transport is not covariant - it is NOT

tensorial

· Ref : In a geneal and smooth manifold,
a vitor 19 is said to be parallely transported

along another rector Wa if
W"ToVa = 8

This concept can be ganalized to tensors

of arbitrary rank : a (K , 2) tenson T is said

to be parallely transported along a retre Waif
↓ M Tas

- an
b .. be = 0

:Gei
· straight lines in flat space one characterised

by the fact that their tangent rector is parallely
transported at every point :

-> - -



· Hef : affine geodesia : cures along which
the tangent rector is propagated parallely
to itself :

WPPW"
= 0

,
Wa : tangent rator

suplicitly : Wa = x

dx

I PsWa = WSOgN + Nas , NOW

= )dx) + Nab. dyd
= dax + Nbe O

where we have used that = dx
-> that's the famous geodesic equation
· From the existence and uniquenes of solutions to

ODES
,

to
evay direction at a point there

exists a unique geodesic passing through that

point. The initial conditions are

x = 0
,

x (0) = x%
, &x = W



Example : reparametrication of a geodeix : x -> 2(X)

- The geodesic equation above only keeps the same

form iff = attb
,

a
,
bet

To see this
,
conside

&x = &x A

Ax = )A ) = Ax (d)+ dx do t

Substituting in the geodesic eq give

Jaxa + Mabcdx d) (d)+ Ax do = 0

This has the same form as before iff
- = 0 - w = ax + b

· a panauter i for which the geodesic equation
has the form
dax + Nbed O

is called affine parameter and the geodesic is

said to be affinely parametrized.



The non-affinely parametrized geodesic equation is
WDI = f(x) Wa -

: it is always

geodesic so that<** + Usd = f() AKreideteParami
e

it is affinely
8(x) : arbitrary funcion on the are I

Note

·Metric gedies
-> We will show that on a manifold M with

a metric
, gocksics atremise the distance

between two points.
Conside the functional (i . e

. function of functions (
2 = (aL(x ,

x
, x) when x =x(x)

,
x = *

We want to consider variations of the unex=x() Keeping
endpoints fixed :

ansumethat & and it
X2

62 = (d+ SL(x ,x, x) = ( Sx + *&x
= jx)&L 6 x +&#Ex) = / integrate by parton
=ft) - 8x+A -x) - (e) e)



= jje - (2)]8x + x
because Sx = 0 at
the endpoints

-> I is stationary ,
i.e

,
S2 = 0

, for arbitrary
variations -x of the are x(x) if

)- E = 0) Gula-Zagrange se
for L

T
x

Length of acuve : 2 = Jas = ** ise
X

1 x1

--but d = gabdxadx => d = gabdx dx

for a nure : x = ** /)

·Fad=
asite



bane type of functional as before with

↳=(x(x)xx

-> Want to find the entrema of I
-> The astrema of I a the same as the

extrema of 2

zu = (d) gab(X(X) xx
-> L = gab(x(x)) <+x

·

E-L: a) - = 0

* =
2 gab x

(2-  x) = 2gab + 2(b- gab) xx

a = (wagb) xx

E-L : 2 Gab + 2 (b- gab) *x b - (bagbc) xx = 0

+ gad(2gab x + 2 (b- gab) xx
b

- (Wayb) < xY = O



=> <

+
gad(8- gab + 2bgac - Gagbe) x x=

pdb

->xd + M** x = 0

Rak : in flat space and in Cartesian coordinates

↑ = 0 so the geocic equation becomes

xa = 0 - x = a+ + b : straight line

K : For gab Riemannian
, geodesia minimise

the length while for gab Zonengian geodesis
maximise the length .

· Example : geodesics on the unit S2

dis = d82 + sinOd

L = (4)2 = gabx-xb = O + sinO

E-L: ) - C = 0 with x= 10,4)

a = 0 : C =
2 sinOcOF

--



* =
20 , (0) =

20

=> 20 - 2 sinOcO = O

Divide by 2 : E-sinOcasOP = O

-> That's the a= 0 component of the geodesic eq :

xO
+ NOb x

*
x = D

- NOpp = -sinOcO
,
NO00 = N

O

op = NO0 = 0

-P: = O

4 = Isivi0P ,(2) = 2[sinO % + 2sinO coOO

E-:/) - = Csino[ + ScotO0P]

=>i + 26t00 =0x + NPbxx = 0

- NPop = NP40 = cot0
,
Noo = NP1 = O

Note that becauseE = O the a= $ component
Of

of the E-L equation (and hence the geodesic equation
reduces to

( = /2 sino %) = 0 = sin2O = cost



a solution to this equation is 8 = 0 - & = const

Then the a O component of the geodesic equation
reduce to 8 = 0 = O = X by choosing the

integration constants appropriately.
-> That's a maidian .

*

O

al

↑

*



erraturlarge of a motor after parallel transport
around a closed loop is measured by the

unvature
An 7A

a Bu
SV

" R'dab V"A"Bt
Ba *

*

R dab : Riemann tensor
Ac

R'dab = -R'dba since interchanging the rators

A and Ba corresponds to traveling the loop
in the opposite direction.

This definition is equivalent to considering the

difference between parallel transport a given tenson

in one direction and then the other
,

versus the

opposite adding :

1

T Ma
Do

Da
>

Da



This is measured by the commutator of two

covariant derivatives. Consider an subitrary rector field Va :

[Ma
,
Mb] V = R' dab V

We can expand the Pa on the LAS to find a

formula for the Riemann tenson :

[Ma
,
Ds] V = PaDsV-MsDaVC

= 0a(PbU') - POasPaV' + NdDjV -(ab)
-

asV + N sa Va

= OatsU" + (EaN" d) V" + N's PaVd

- NPabfaV - NOab NdeVe

+ NadObU' + Pad Nbe Ve

- (a +> b)

= (OaP"d-8sNad + NaeP'sd-TsePad) Va

Since Wa is arbitrary ,
we find

R dab = PaP"bd-EgNad + NaePbd-M
Y

ePad



Note that for aecalar [Ma
,Ds] 0 = 0

=> 0 = [Pa
,
Ds] (WoVY) =

= PaDs(WcVY - (a+ b)

= PaCV'DbWc + WeMbVY - (a-b)

I Va PaDsWc + WsPaPbV

+ (PaV' DsWc + (MaWc) PsV - (a => b)

= V IMa
,
Ds] Wa + W. [Na

,
DsTV

= V IPa
,
Ds]Wc + M dab UP We

=> [Ma
,
Ds]W, = - RY cab Wa

Proceeding by induction we can compute
[T

,
Md] Xanak b... be = R

*

ecd Year-aK by be +-
-

+ Rakecd Xa--akte be..be

~ Re becd Xan--aneba-- - be

- R bed Xar--a4 bn--buye



-

n· Geodesic deviatio
--

In flat Euclidean space
two straight lines that

one initially parallel remain parallel (one of
Euclid's axioms (

· That's NOT true in curred spaces. Curvature

Ci. e., Riemann tensors measures the failine
of two geocksics that are initially parallel to

remain parallel

it



Conside a one parameter family of geoclsia UsIH
so that for each set ,

Us is a geodesic with

affine parameter t. The parameters (sit) can be

chosc as cordinates on this surface :

UsIt)

Ta
n

t
↑

sa To-ex : tangent reco
to the geodesia

S = Exa : deviation recoon
- S

Define the "relative velocity" of the geodesics :

Va = (T4S)" = TPMS

Relative acceleration of the geodesics :

A = (DTV)
"

= TPDDV

Since S and T are basis vectors adapted to

a coordinate system ,
their commutator vanishes :

[S ,
T] = 0 => SPAsT" = T MoS

*

10 = [S ,T] " = SPAsT" - Tess" w/T = zY ,
S = 0; (



We compute :

A = TPDsV" = TPMb/T<MSY)
= TPMb)S'McTa)
= (TPMsS' McT" + TPS'DsMcTa

= IT MoS'] McT" + TSY/McDsT" +R
*dbcTa

O

= SY D,
T" + S'McDsta) - (3 D,T 3)No-

+ Radbc T"T3 T is the tangent rector
to un

good.
Offinely parametrized

= Ra dbc T TbgY

-> Physically the acceleration of neighbouring geodia
is interpreted as a manifestation of the
gravitational tidal forces .



:symetricsofRiemann tenson

Consider

Mabed = GaeMbad =

= Gue (8cP'bd-OdNex) + NaecNbd-Naed Pes

whne Wabd = GagN8bd = (839da + Edgba - Dagbd)

Since Rabed is a tenson
,
it has the same

symmetrics in all cooncinate frames .
Conside a

locally instal fame ,
i . e., gab = diag (-1, 1 ... 1)

and figab)= 0 - Pri = 0,

=> Rabin = Gag(b: Non- bgNgi)

=/Ostegan
+ &Fagic - Eating - Filing

We can now easily read off the symmetrics :

Rabed = -Rbacd
,
Rabad = - Rabdc

,
Rabed = Redab

Rabed + Radbc + Racdb = Raidbc] = O

21st Bianchi identity)
=> In 4d

,
teabed has 20 independent

components



Bianchiidentity
Recall that in a locally insential fame,
Rinas
=1 fafagi5-Fabi9-Eplagi + 858Gad

ally
- Citinib= bi)fafagi5 - Fab:9-Epfagic + 838Gad

Now conside the sum of the cycla permutations of
the first three indices :

OfRedab + byRaca +ORsib =

= 1) befatag-Cefabig-beffage + fififig

↑ bibabigb-bibebagb-bubbbeg bit lge
+Palatigib-babbg-Gabbigt babbegai)

= O

This is a tenson equation and hence it should

be tuse in any coordinate system :

Te Rodab + PdRecab + PcRdecb = NieRcdJab = O

->2nd Branchi identity



heRicci tensor

Rab = g'd Readb = 8 cPab-baPYb + NabP'cd-NOaN'as

Rk : Rab = Rba

Note that Mas = Oblig where
g = detgab. Then

Mab = bcP'ab-fabblu gl + NabbelnVTg)-NOaN'ab

· I Ricci Scalar : M = gabRab = gas gbd Rabed

Einsteintensor : Gab = Rab-f R Gab

↑"Gab = O

Proof : Contract twice the 2nd Bianchi identity
0 = gbd gae)PeRcdab + DcRdeab + DeRecabl

= D9Rca + DcR + MoRcb

= 2 (P Rac + #DM) =
2 MGo

-> The fact thatGab is divagance fre in

a geometric property !



· I Wageson
The Ricci tensor and the Ricci scalar contain

all the information about the contractions of
the Riemann tensor. The Weyl tenson is the

trace-fee part of the Riemann :

Cabed = Rabed
- Ea(gaicMd3b -qbTcRaa
#

2Cn-T
Th gats Gabb

· C"bac = O

· The Weyl tensor has the same symmetrics as

the Riemann :

Cabel = Ciabicd]
,
Cabed = Cadab

,
Calbad] = O

· The Weyl temor is invariant under conformal
transformations of the metric : Gabe2(x)" Gab


