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Thm 6 . 1 .
11 Let f: [a, b]->R be bounded and

increasing (or monotone decreasing), then
is integrable·SProof Assumef is increasing (otherwise choose -f

For 270 we need to frid a partition PIEP..... x(n).
↑

of (a ,b) such that U(f,P)- L(f ,P) < E (RFC)
Let P be the equipartition:= +i(a) , i =0 ,... n

Then, aif
,P)-2(f,P)

-

&

= Sup f() - inf f() /( : ->i- 1)
i= 1 [Pi-14(3) [xi-1,(i)

S



n

= ( (Eilfleil-f(xi-))
*(b) f(i)-fpiI b -a

-

T i=2

-(t (f(n)- f(x) = (
=a)(f(b)-f(a)

· OU(,P)-L(f, P) > E
(RIC)

provided nalbf(b)--Ha)).OE 1 E ,the larger
the partition .ReaderThereGifite tneeded

· Riemann integrable ⑭
X

- birt i xi+ 1

* (f(x) -f(x) +/f+-(2(3)- -(2))+ - -.

X

----
+... + f(xn-)-f(x(n-2)+ (f(x(n) - f(xn-1) = f(x(n) -f(x()

*-



-

ExampleConsider the partition Pn= &/i= 0... 3

FandU(f,Pn) , L(fiP) for f(x=x on [0, ] flic)=-

xi -Wi - 1

-

n-

-*
*

Y M

I i2 -E I
i

Ul,Pn)= tErO · L(f,Pn) x O=

O i=0 43
i= 1

3
i= 1 i =0

Note
,givenany &>0 F
. UIH,

P2-L(f ,Pn) = (42-04= E
O

provided n >
↑ · By* C (Than 6 .

1 .9)
, f isE

Riemann integrable , se . St exists (St =Seda
* "

! it = An (1+1) (in+ 1) to evaluate UHP),LI/PLUse E
i= 1



We obtain : *

L (fiPn)= + (- /(2--_Stx (2+) = UH, e
a

-->- -
->

-- -

Taking limits as n- -"

f

&!If +O
=>

O
=>

· Note : S exists

· bf
= j=+ = St whenof =J

-

* -
·

Check using anti-derivative: Snax[39t



$6 .2 Uniform Continuity The funcion f : &EIR
->Ri

Det" 6
.

2 .
1 Thefunction f : RE/R-> IR is s.

t-b.

uniformly continuous on th if given370,7530
.

such that If(x) -f(y)) = E provided In-y/<8 for
x,f Ec .

Note Clearly uniformly continuous implies
f IS continuous

For f to be continuous at x =Ko , given 3 , the choice

o G may depend on both E
and 60

·

For f to be uniformly continuous , I will depend on E.
and be independent ofRo



Example 6 .

2
.

2

Fkc=x is uniformly continous on TR ↑

-

Let E>0 ,
we require (f(x) - A(y)) E

.

(x- y)) to be&L &

less than a for (x-y) < 5· Clearly
&

8= E works!
I

-
&

Example 6 .2 .3

f()= xc is not uniformly continuous on B .

Assume thatf is uniform y
continuous

,
I.e. given 370

-

7 G= 51E) 0 such that (x-y/ < =>(-y 2) E .
I y

Suppose x0 Choose y =x+T , le loc-yl < & .C
·

Then 12 -y2)= p3-(+5x +8) = /x + =5+ siI
If we choose <=2 then I-y2) > &(%) = E

1 .e. (-YKE , contradiction !



Theorem 6
.
2

. 4 Suppose f is continuous on a closed

bounded interval &= [a
,b] ,

then f is uniformly continuous.
②

Proof We want to prove

VEso
,
750 Sit . VeryE with (x-y) <d

implies (f() - f(y)/ < E.

We will prove by contradiction. i .e. Let
as assume

f is not uniformly continuou
1

.
e

.

E E70 ,
such that VG 7 x,ye ith(x-y)

with the property that 1f6) -fly)). E

Let 8= 1
,7 xifier : (4-7,11 ,

but (f(4) -f(y)/E

Let = -97 12 ,%zed : beekt , but Iflet flye So
l

In-yulst , but If6cn) -flyul) > EoLet E= ! , 7 kn
,In t: and so on!



The Sequence Spend is bounded (xneR , Ente*

By the Bolzano-WeierstrassThm (not part]) the sequence has a
MTHI0E

convergent subsequence Exnp9 with inKnp= 30a

The subsequence lynp' also converges to xex
Note:(ynk-link-up/ + lamp-xo

O E No ↓O

k-> & k-> & k-> 00

But I is continuous at x=220 , so for sufficiently large
> (SomeK)
If(xnn) - -( x0)) < E and /flyna)-fluo/CE
It follows that for > K

,

201/f(P(n2) - f(9np)) - / f(xnm- f(x)) + If()-flynp)) < Eo+Bo = Es
Eo o contradiction !



Theorem 3 .
2

.
5 Every continuous function-f: [a,b]-> I

is Riemann integrable (i= (a,b])

Proof Since (9, b] is closed and bounded , by-

Thr 3
.
2

.4 , - is uniformly continuous .

This means

V 370 = 8 1310 such that year with kx-y/
E=>( f(x) - fly)k /d C(b-a) mesh(P). ↑

Now choose a partition P/ &(P) = Sup /Pitt/ &

on each interval [i = [Ki-i , (i]
, f is continuous and

achieves its bounds

· Esupf()- inf f() =f(ix) - f (i) , some x,y E [Pi-1 ] E Iixli se li



----Note /x -G I .. If()-F Tal
or Mi-mi <2. Mi= fKic)

(b-a) mi = f(ji)

: Uff ,P-2(f,P) Mi-di) Petite

-(b-a) =E
.
(RIC)

M

if is Riemann integrable ~



37 Properties of the Riemann Integral.

97
.

1 Properties

The F .

1
. 1 Let f : [a ,b]->R be Riemann integrable.

If(c ,
d] = (4 ,6] ,

thenA is Riemann integrable on

[C
, d] .

Proof VE > O , F a partition P of [a,
b]

U(f ,P) - L(f,P) E (RI2)

letPDUGd3,arfmiementgPaten isa
u(f ,P') - L(f,P) > E

Now let P"= 1 = <R ..., Up+r =d] a partition of [C,&] .



.. Ulf ,P") - L(f ,P") = (M = mi)(x;- in
i =R+ 1

·
/Mi-Mil Kiteite

= U(f,PY - L(f,P') SE

-> f is integrable on [C,9] END LECTURES 16
,
17

P= Ea , 4 ,2 , x3 , x4 , by
I

So = a hiba l baby d b=

P' = a ,2 , 12 ,
2
, 43 , 4 ,

d
, b3

= [Y0 ,41 , 42 , Y3 , %4 ,Y5/46 : 413
P' refinement of P.
P

19

&Y3 , 34 ,Ys , Y63 = Partition & [c,d].



Thm 7
.

1
.
2 Let f :La,b]-> As be Riemann integrable

bon (a, c] and [C], -(a ,b) , then bf

C

S flaidx +/=Sfludf
a C

Proof Let 270 & let PrPs be partitions of (a,<] &
--

Sc , b] respectively such that

U(f(4) - L(f ,P) ,
u(f, Pe) - L(f,P2) E

Pr = P2
~
mean

Let P=P
,UP2 ,

then P is a partition of [a,b]· a I ↓
-P=P,

U P2

-
u(f ,P)- ((f,P) = U(f,P) + U - 2(f,P1) - L(f ,P2)

= (U(f , 41) - L(f
,
P

, )) + (u( ,P2) - [(f,(2) + = E

· f is Riemann integrable on [a,b].



Uff
,
P

, UPel
- &

Y Ulf ,Pil
Illustration of
LOWER/UPPER APP-

sums for+geahpute
E

M1

↓

i L(f
,P2)

Pi 20%,+ ,2223] P2 =243 ,24 ,45 ,467
.

-P= P, UP2



↳ (f ,P) = S= + 4(f
,P ↳ (f,P2)SfU(f, P2)

-

=

2(f ,D) = 2(f ,Pl+L(f ,Pu),- (t,4) + u(,42) = U(f,C O↑
- -

-es
-

·
So we have

LH ,P) = If +  = U(f ,P). officiee
L(f ,P) = (f = H(f ,P)

#

- u(f ,P) - ( - (f
,4) ⑭

Adding ①and gives
C

L If ,Pl - UH,Pl< (f +f -(f < U(,4) - LHp
- (U(f ,P -L(f ,P) = L E4(f

,4) -L(f, P)



If + It f

FilI I&

L (f .P) u(f
,
P)

tranOC
.
E

i*
- K k

(xk < R .



C

16f + (f -( * U(f,P -L(f,P
·

> Sk= Strides ISf du

Lamma 7 .
1

.
3 Let f , g: [a , b] ->M be bounded and let

P be a partition of [a ,
b]
,

EE+y)(x)i U(fty , P) = U(f,P) + U(g ,P)
VI

=f(x)+g(x).
ii) ((f+g ,

P) > L(f ,P) + 2(g,P)



Proof For a subinterval I of P we write for function h
--

M(h) = Sup [h() , x 13
m(h) = inf [h(x) , xe F} Pl

2f,P+(g,p)2(ftg ,
P
ulti

& I-

M . (ftg) =

sup [f() +q(x)) x + I3 U(f,P) +
K(g,)

-
> Sup & f(x) /xe 13 + Sup [g()/x+Iy

↳ If,P+L(g,
P) u(f+y ,P)1 M(f) + M((g) L DD

L
n Mi I In 1 '

U(f+g ,
P) = [Mi(f+g)(xi -xi- 1) L(f+g ,4) u(fty ,

↑

i=1
mi ne mi

n>
& Mi(f)(i-xi- 1) +

E Mi(g)(xi - M:-1)E 4

i= 1
i = 1

E L
t ↳ -

= U(f,P) + U(g ,
P)

A similar argument holds for(/ftg ,P) (changes in red).



Theorem 7 .
1

. 4 Let f
, y : [a ,b]
-> R be Riemann

integrable ; then fig , of are Riemann integrable UC-R

SPfluldn + Sglaid =)[f(x)+glck

· Peflihdx = c feld

Proof Using Lemma 7.
1

. 3

Let 230 and 7 partitions PI and Ps such that

u(f
,
P
. -L (f

,P) & U(g ,P2) - L(g,P2)



Let P = P, UP2 then

n(f,P)-L(f ,P) 1 U(f ,P)
- Lif,P1) <

ulg , P)-L(g,P) -

> u(9. . P2) -Lig,Pl
and

u(f+g ,P) - L(f+y , P)

- U(f,P+U(g , P) - (f
,P) - L(g ,f) > E

.. #+9 is Riemann integrable on [a,B].



To show Sf + Sg = /fig , &

Consider

↳
<H , P) + 2(g ,P) = / + U(f ,P) u(g ,P) 0

Also
↳

h(f
,P) + 2(g,P) =L(f+g ,4)

f+g)kM(f+g
u

-U(f ,P)+. U(g,P) ②



② -ut+g)( - 4
. 1x -1)

④ => / +9 =
> U (copy abovee

ADD O and

Y

-U+2 +Safety Ee E

A&- (U -2)

A1Sg+by -+ta) eaSa

·

·

·

[Yf+g) = S + Soe
a



or in usual notation :

I'f(x)+g(x) dx = kldx + (R)dx
a

The proof for "of"is left as an exercise
<

·

·


