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Last Friday ,
we started

Chapter 4 .

Def A group is
-

a set G

with an operation * on G

satisfying the following conditions
.



(48) If a , b E G
,

a * bt G .

(G1) If a , b , 2 t G

a* (b * 2) = (a* b) *C
m

P

E m
by(Go)

(G21 There is an element a
in G I called the identify element)

sit
. 2 *=*** = G Va



(GB) For every element a is G ,

them exists b in G

It . a * b = b* a = C

This b is called the inverse ifa

It involves specify
a4et G

& # .....

If (G, * ) is a stanp

& furthermore satisfies



He condition

(G4 abtG
a * b = b* 4 ,

Hen we call it

an abelian group

CQ ,
+ is a strup

abelian

(Q-(02
,
X) is a group

obelia
(A , X) iB N a groUP -



abelin

12
,
H is a group .

ubelian

- identify element O

(because a +0 = 0 + a

=al

- He inverse if a in 2)

is -al

a + 1 a = 1-a) +4 =0



12
, X) is not a group

identify element 1

a . 1 = 1: a = A

↑

For example , there is no

b th

Sit . 2 b =bo 2= 1
.

C

TEGNotx-1in 43 % X



We know every root of X-1
in K

is of the form Iiia/n

for some a t2)

Using Proposition 1 ,

a = n .q + r

OLUM .

do eitian = eITV/n



I

e2πi(mq+ H /n

"Ye25i)9 ,

eatir/

"I .

Iti

Heforts ifE
x"- 1 in ()

in= <exten
,

ziiyn
, ...,

estic

exir/n . e2g/nziicrish



OTUH

KHetris in+
isN a group !

In fact, (GO) does NT hold !

For example , ifM= 2,

( [ 113 ,
+

(- 1) + - 1)id - 2



but this is NT a Not

28 Y
2

1 .

( &He 2x2 mattices with entiles
in R with

determint #03 , X)

is a group but notabelian

li .e.

AB #BA)

He identity element : (10



its inverse if A = 19 d
a b ,

c
,
de R

ktA =ad-bCFO

A
A- 1

Abelian
1In

,
+) is a group

the " slet if equir classes on I



With . I mod n

· the identity element = [07
because

[a] + To] = To] + Tal

11 by definitiv
a7

[a+u7
L

Tal

= the inverse if Tat

is [- a).



because

Ta7 + Fa] = Fa] +Tal

= [0]
by definition.

(In
, X)

- the identify element [17

because [al[17 = [1]Ta] = Ta7

- Can [a] always have



[b] E In Sit

[al Tb] = (b7Tal = /It

de ??

Recall Theorem 12. which days

that [a7 has (emultiplicative
inverde

E
g(da , n) = 1 .



In other words , of all the elements

in In,

only [a]'s sit-gada , n) =1

pass (GB)

$ ( In
,
X) is NT a strup.

(Sta) in In) Schant= 13 , X(
is a group.



How about

( ,*
where * is defined ad

a ,bt .

a * b = ab .?

Is this a group ?

N-1

- E



does NOT hold -

*
a* (b * c) = a* (bd

=BC

(a * b |* c = (b) * C

= a4b C

⑭ does not hold either !!

Look at typed up motes for why ,

(20 ,*



&

the det of positive integers

Ya
,
b t 221

a * b = la - b) .

Is this a group ?

(G1) doesNI hold !

1 * (2* 5) = 1* 3
= 2



(1 # 2) * 5 = 1 * 5

= 4

do this faild (G1) .

&- l7

lit dis!En



Let be a non-emptil det

Sym (5) be the set of
H

bijective functions
G

a : 4 -> S

(bijective = injective
site's as alt

S E Sit

surjective
is Sed ,

there exists

t ES



sitf(t) = B (
* is composition :

a ,
b t Sym)5)

aob : < + 5

Sending Std to a bit))
-

In other words
, it is the composition .

b
5->

X

E + alblel



Caim (4 ,
*

-
1

(Sym(SI) , of

is a group .

(not abelian)
.

(GO) If a b + SymISI
,

Hen 20b Edym/d),
i . e. if a Bb are bijective



Hen so is aob ·

Is arb injective ?

To do this , suppose we have

(aob)($) = (aob) (t)

(8 aim at $=t

By definition , we have

a(b() = a)bIt)
since a is injective ,



b(d) = b(t) ,

sinc b is injective ,

d =t

Is arb surjective ?

To do this , leta be an element

in 4.

Cs aim at showing that

there is !"-d dit .

* = (arb)9S")



= a(b)('l)(
Since & is subjective ,

thehe exists ES d.t . Als
=>

"s
.

*

Since is surjective.

thre exists It's Set
~

b($") =
E

This"is what we are looking for



Indeed

(aob)(5)
= a)b(s"))
= a(s)
= $ .

D.

& a , b i c + Eym14) ,
90(boc) = (aobloc



[ao(boc] Isl
my

C
-

-(aod)(
= a)dil)

= a)(bod(s)

= a(b(c)())

= (aob)(((s))



= [(aob) oc] (d)
.

(G2) The identity element in
Sym($)

is the identifyfmetion id : -$

sending - 4 to &

itself.

I need to check

Go id = idon = A



For example

(avid)(s)

= a) id(d)
= a(s)

Similarly (idoa) /3)
= id)a(s

= ald) .

(G3) Lockat notes .



This example formalises

what we previously discussed

as "symmetiles if an equilateral
tringle"

In the Sensa that

& = < te vertices
A , B ,C 3

B



8 Sym(9) was described

completely in terms if

reflectionsa totations ·

It's pissile to look at

:= Vertices if

a tattahelton etc .



P14 (Elementary propertis
-
Let (G ,
* ) bea gtolp

If a grup) .

· The identity element in G

is unique. (n) (Gel)

· Each element it G

had "unque inverse.
(v)(GB))

· If a* b = a * C ,

Hen b = C



· The inverse if (4* b)

is b ** at
↑

↑o inverse

He inverse .8 b 19
.

Let's prove the first-statement .

suppose we have

es e

satisfying
K

(G2) e * a = a * e = a a

e * a = a * = a Ya



e =e

Letting a = e in the first,

e* = e

Letting a = e in the second ,

e* = e

combining these two , we get e.


