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Note
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-M(ba) ((f,P) U(f,P)= M(b -a)



Lemma 6 . 1 .3 If P' is a refinement of P onthe

interval [a ,b]

↳(L(f,P) = n(f,P1) = U(f,P). (

Proof
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Let P =Exoc1 ...,n3 &
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Note "pEd & kn= b. remain fixed.
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One extra value is added in the partition at x=5.
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between 2j and bits





Then L(f,P')-L(f ,P) = ⑳ -
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So we get P' is a refinement of P and

↳H ,P) = ((f,P') / ,PY u(f,P)

et"6 - 1 .6 (Upper integral 2 Lower Integral)
(

The number given byb

fax Sup &L(f , P)/ P is a partition of [a,b] 3Ia
-

-

is called the lower integral of f and

JUdonf [U/f,P) / Dis a patition of [a,b]]
a

is called the upper integral of f.





Def" 6 . 1 . 8 (Riemann Integrable)
- b

if Sfaze = S fdx
,

then f is integrable
a

2((f,)'s u(f,P)'s.
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Sdx = SfKAdx = S flick
is the integral of f over [a,b].
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9 The function f :[ap]->R is integrable

if and only if for every 370 , there
exists a

patition P such
that

↳$4,Pl-L(f,P) <E-
Proof
-- If

E Given 270
,
PEP such that

such that U(f
,
P) - L(f, P) <E

and U(f ,4)Ja = Shafdx > LIf,P)

E ·
b
fdx)Fdx: < E=E a

=> fa -Sd =0 = Sid exist.
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: K(f,P) = Ok,-d) + 1 (*2-<(1) + 1(k3 -<(2) = x3-x,

L(f,P) = 0 (x - x0) + 0142-<1) + / (D23 - (2)=13- 12

.. U(f ,P)-L(f , P) = (09 -x4) - 26
-x(2) =(x2- >(1)

Given 270 UH,P)- LCf, P1 < E provided 22-x

Note that U(fi) -<(7) = 0 provided <2-x= 0

It follows thatf is integrable by choosing 22- ,<E

In fact forthis function of the integral is given by
u(f,P) = ((f ,P) when 2-0c =0 and P= 90 , 1,23.
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This situation is special%. Typically for a given

partition U(f) + ((f,P) ! Note x,= x, = gr(f)"matches"P-
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