
WEEK 5
-



Last lecture :

· Vectors :

- Directional derivative alongcures : A
dx

· Geometric objects intrinsic to M and

independent of the choice of coordinates
- In a coordinate basis : V = V"fa

- Under cordinate transf . x = xa(xb)

Va = exa Vb

Ensors : 1-forms

Having defined vators
,
we can now conside dual

restors (aka 1-forms). They live on the

cotangent space Tp*, which can be thought
of the space of limean

mags W : Tp -> M

->

qu clients of functions and they act on vators :

nf(*)=
-> like vactors

, one-forms are defined at a point



· a natural basis for the 1-forms are the

gradients of the coordinates xa : [dxaly
· Recall

, given some basis vectors ) of Tp,
we can construct a basis for Tp

*

demanding
(a)(2(b) = 6

Then for a coordinate basie we have

(x(bb) = ex = y

= Soxal forme a basis of Tp
*

(1-forms
and hence we can write an arbitrary 1-form
as

W = Wadxa

· The transformation ruks for Iforme under

changes of coordinates are

basin : dx = exa dx
components : Wa =** Wa

Oxal



msons ofabitraryank (K , e)
· a (K , e) tenson is a multilinear map

from K dual vectors and I rators to M

· The components in a coordinate basis are

found by acting on the basis one-forms and
vators :

Tan--an be .. be = T(dx .., dxak, bo... Obe)

- T = Tar
-

Albe
- be Ga ... Gap dxbe.. dxbe

· Transformation rule :

Talan by .. by = Sa ... Gar Eb ... Gabe Tac--Aesee

· Example : Sab = Le ( (x =x ,
x2= y)

- S = Sabdxxdxb = dxxdx + x> dydy
Coordinate tranf : x = 2x5 , y=
Inverse : x = x'y' , y = 2y

Components of S in the man coordinates :



Sab = ** &xare

Sxx = (2* )
2

Sxx + ** 2g(5xy + 53) +(
y

e

= (y)) + 0 + 0 = (y))
Sxy = b &, Sxx + &0,

Sxy + OBE, e
+2 0yn

= yx + 0 + 0 = x'y

Sylx' = Sxy' since Sab = Sba

Sylyl = (&x)2 *xx + 2009, 6x + (By
s

e

= (x) + 0 + 4x = (x)2+ 4(x 'y1)

- Sad = ((g))" xis + 4(xg)))
Alternative : consider the transformation of the

differential
dx = y)dx + x)dyl
dy = 2 dy



=> S = dxxdx + xdydy
= (ydx + xdy)x(y)dx + x'dy)
+ (x'y)2(2 dy) (2 dy)

= (y') dx'odx' + x'y' (dx'edy' + dy'Qdx)
+ [(x1

2
+ 4 (x 'y1)

"

] dy' dyl

· Note : the gradient of a scalar (i ..e ., partial
derivative) is a (0 , 1) tenson - 1-form :

do = Wal dxa

but the partial deivative of a tenson is NOT

a tensor :

Conside the transformation of Da whae Wa

is a 2018) tenson :

faWb' = E,
Wb = Exa, fa) E W

= Ex, Ex ,

GaWb+xS
=> NOT a tenson !!



Themetrica b gab (yab is rescued for the Minkowskii

metric)

·

gab is a symmetric and non-degenerate (i . e, detg10
10,2) treor -> we can define the invase metric gab as
gabgbc = 5" (gab is also symmetric

· The metric is important because :

- Allows to compute the length of una
- Provides a motion of past and future
-> causal structure

- It represents the gravitational field in GR

· The line element
,
i. e, infinitesimal distance

is now given by :

ds = gab(x) dx dxb

· Example : line element in Euclidean space in

Cartesian and ephical coordinates



ds = dx + dy + dz

x = sinO cos0 - dx = sinOceO dr + rcoOsinOdO-rsinOsinPdD

y = v sinP sin4 e dy = sinOsinOdr+ VasOsind dO + UsinOceddd
z = rcosO - dz = cosOdr-UsinO dO

- ds= (sinOceOdr+ rcoOcst dO-rsinOsinPdf)

+ (sinOsinddr rcasOsinPdO + UsinOcasPd!)

+ (coOdr-UsinPdO)

= dr2 + rdO+ sinOdP

& Equivalent to galb
= ExaE,b, Gab (

· It can be shown that at a
given point p on M

one can always find coordinates sit. the metric gab
takes the form

gab = diag (-1, -1, ... -1, 1 , .., 1 , 0, ..,0
with begably = 0 butGifagabl, O

- Signature : number of positive , negative and goo
eignvalues of gab

- Riemannian metric : all cigenvalues are positive



- Zorntzian : all positive and one negative
Cor all negative and one positive)

- Degenate (or mull) : some eigenvales are O

Given a metric gab on M we can define :

Norm of a restor Va : IVK = gabVVb
· Inna product between to vectors : A . B =jab A Bb

· Null vectors : gab
A"Ab = 0Conly for Zonezian)

Lown and raise indices :

Va = gab 26 and Wa = gab Ws
and similarly for higha rank tensons.

· Covariant derivatives
-

Want to define a new derivative operator , called

covariant civative and denoted by T, s . t .

1) Is independent of the coordinates
2) Maps (K ,) tensors to (K , C+1) toons



Consider twombitrary tenson fields S and
T

.

To uniquely determineD we demand that P obeys :
1) Limeonity : P(T+ S) = DT + DS

2) Zeibniz : PITOS) = (PT) QS + Ta(DS)

-> I can be written asa plus some lineal tranf .
In the case of a rector field Va :

Pars = GaVP + NPacV
un

connection coefficients.
-> We can find the U's by demanding that Par

transforms as a (1 , 1) tensor under changes of
coordinates :

PalVb = Ex, Exs oe

= &,V + Ma, Va

= Ga (b'Vb) + No i &xa

= Ga ex Gar+ Vb poi
x
e

= Ex, Exb (taV" + No e



=> Mi ExVc EdV Ex, Exp, V

Noad Ex + Ex x = & G, ea

Multiply this equation by Ex , and relabel d'sa

↑'ad = &Ex Exp-
-> The N's an NOT tensors !!!

· We furth impose :

3) I commutes with contractions : PaCT" <b) = (DT)-"< b

- Pa8Pc = 0

4) Reduces to the partial duivative when acting
on scalar : Pap = bad

From these properties we can deduce the action

of 1 on 1-forms :

PaCWbVP) = (MaWb) VP + WbMaVb

= (NaWs) VP + wa/8cVP + PacV')

= Oa(woVP) = (Oaws) Vo + WbFaVb



-> MaWb = BaWb-NabWc

Proceding in the same way one can determine

the formula for D acting on an arbitrary (K, e)
tenson :

M
,
Tac-aR b... be = EcTan -- al burbe

↑ pasTanar bibe+ Make Tarakud be

- Pd,b
,
TanaMba-be-Mdabe Ta--an bi-bed

Alternative notation :

* Ta
-. are

be..be = Tan-au be-bejk

· One can still define many connections satisfyin 1) - 4)
· The difference between two connections N and I is

a tensor :

Pars-PaV" = faVP + NacU'-lOaV" -FarVY

= (Nbac - Rac)V
-> Stue the LHS is a tenson by definition of
covariant desivative

,
the RHS must also be

a tensor :

NPac - Fac = Stac



·

Given a connectionNasc one can define a
new connection by parating the lower indices

↑ b) -> N
"

cb also hansforms as a connection

=> To every
connection we can anociate a

torsion tenso :

Tab = N
*

x
- ↑" b = 2 MaEbc]

· On a manifold with a metric gab we can

define a unique connection by introducing the

following too additional requirements on Nabe :

5) Torsion-fre : N& xc = M
*

s

6) Metric compatibility : Maybe = O

=> Levi-Civita connection

-> Torsion-fre : MaRbP = PbPaC
-> Metric compatibility :

O = Past = Palgbdgd) = gdcPagb + gba ga
= GdeFagbd Pagbe = G



-> A metric-compatible covariant divative

commutes with raising and lowering the

indices :

gbcMaV' = Da(gbcVY = PaVs

· To show existence and uniquenes of the

metric-compatible connection we will now find
the T's :

Pcgab = bagas-Nocagdb-NocbGad = O

Pagbc = faGbc-Ndabgdc-Noac 93d = 0
P gxa = 83Gc - Mbogda - No ba gcd = 0

(1) - (2) - (3) = 0,gab-bagb> -Osgac + 24 ab Ga = O

Multiplying by G and relabelling the indices,

W 'ab = g'd(8agbd + ObGad - Od Gab
-> Christoffel symbols



Example :Christoffel symball of 2-dimensional

flat space in polar cordinates .
ds = gabdxx b

= dr2 + rdq

=> gr
= 1

, 900 = r = gr = 1 , goo=
Pro =* grd)begra + Orgrd-Edgr)
=
1 grr(orgor + Argor-Ergr) = O

Too
=
1 grd)200god-8d Go t

=
1 gr)2 Goor-Ergoo = -

Similarly we compute
Mor = NVo = 0

Mor = 0
,

No ro = Noor = 1 ,
No0 = 0


