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The future lifetime random variable

Consider a person (x) with:

I Current future lifetime: Tx

I Future lifetime at birth: T0

I Future lifetime at age y ≥ x

For any y > x and any t > 0:

P [Ty ≤ t] = P [T0 ≤ y + t|T0 > y ]

For any t, u > 0:

P [Tx+t ≤ u] = P [Tx ≤ t + u|Tx > t]
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The future lifetime random variable

(2.2) comes from:

Fx (t) = P [Tx ≤ t]

= P [T0 ≤ x + t|T0 > x ]

=
P [(T0 ≤ x + t) ∩ (T0 > x)]

P [T0 > x ]

=
F0 (x + t)− F0 (x)

1− F0 (x)

=
F0 (x + t)− F0 (x)

S0 (x)
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The future lifetime random variable
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The force of mortality

Consider a person with survival function at birth P [T0 > t] .

The force of mortality at age x :

µx
def
= lim

dx→0+
P [Tx < dx ]

dx

⇔

µx = lim
dx→0+

P [T0 ≤ x + dx |T0 > x ]
dx

⇔

µx = lim
dx→0+

1− Sx (dx)
dx
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The force of mortality

If

µx = lim
dx→0+

1− Sx (dx)
dx

and
S0 (x + dx) = S0 (x) Sx (dx)

or

Sx (dx) =
S0 (x + dx)
S0 (x)

then

µx = lim
dx→0+

1
dx

S0 (x)− S0 (x + dx)
S0 (x)
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The force of mortality

µx = lim
dx→0+

1
dx

S0 (x)− S0 (x + dx)
S0 (x)

=
1

S0 (x)
lim

dx→0+
S0 (x)− S0 (x + dx)

dx

=
1

S0 (x)

(
− d
dx
S0 (x)

)

10 of 29



The force of mortality
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The force of mortality

Suppose that x is fixed and t is variable, then:

µx+t =
fx (t)
Sx (t)

(2.10)

or
µx+t dt ≈ P [Tx ≤ t + dt|Tx > t]

An expression for Sx (t) :

Sx (t) = exp

− t∫
0

µx+sds

 (2.11)
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The force of mortality

(2.11) comes from:

µx =
−1
S0 (x)

d
dx
S0 (x)

= − d
dx
ln S0 (x)

⇔

∫ y

0
µxdx = − [ln S0 (y)− ln S0 (0)] = − ln S0 (y)

We used that ln S0 (0) = ln (P [T0 > 0]) = ln (1) = 0
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The force of mortality

Hence:

S0 (y) = exp
(
−
∫ y

0
µxdx

)
and

Sx (t) = exp

− t∫
0

µx+sds


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Mortality Laws
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Actuarial Notations
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Actuarial notations
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Actuarial notations

Complete expectation of life:

◦
ex = E [Tx ] =

∫ t

0
tpxdt

Curtate future lifetime:

Kx
def
= bTx c

Probability function of Kx :

P [Kx = k ] = kpx qx+k for k = 0, 1, 2, 3, ...

Curtate expectation of life:

ex = E [Kx ] =
∞

∑
k=1

kpx
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Life Tables
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Life table

Standard Ultimate Survival Model (used in DHW)

I Makeham Survival Model with

A = 0.00022

B = 2.7× 10−6

C = 1.124

I The force of mortality increases exponentially with age as
c > 1

I B > 0 : ensures that force of mortality is positive
I A > 0 : reflects the risk of accidental death
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Constructing the Life table

Constructing the Standard Ultimate Survival Table (DHW)
Assume that µx follows Makeham’s Law:

µx = A+ Bc
x

Derive an expression for Sx (t) ≡ tpx

Sx (t) = exp

−
x+t∫
x

(A+ Bc r ) dr


= exp

−At − B x+t∫
x

exp {r ln c} dr


= exp

(
−At − B

ln c

(
cx+t − cx

))
= exp

(
−At − B

ln c
cx (c − 1)

)
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Deriving the Life table

Derive an expression for Sx (1) ≡ px

1px = px = exp
(
−A− B

ln c
cx (c − 1)

)
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Deriving the Life table

Derive an expression for Sx (1) ≡ px

1px = px = exp
(
−A− B

ln c
cx (c − 1)

)
Derive an expression for lx

lx+1 = lxpx

Derive an expression for dx

dx = lx − lx+1

Derive an expression for qx

qx =
dx
lx
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