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» Amicable Society for a Perpetual Assurance Office:

» Founded in London, 1706.
» First company offering life insurance.

» Society for Equittable Assurances on Lives and Survivorship:

» Also known as Equittable Life, founded in London, 1762.
» World's oldest mutual life insurer.




Introduction to life insurance

Samuel Huebner (1882-1964)

» One of the first insurance economists.
» The Economics of Life Insurance(1927):

» Not to insure adequately through life insurance is to gamble
with the greatest economic risk confronting man. If
understood, the gamble is a particularly selfish one, since the
blow, in the event the gamble is lost, falls upon an innocent
household whose economic welfare should have been the family
head'’s first consideration.




Life insurance vs life assurance

> https://www.legalandgeneral.com /insurance/life-
insurance/definitions/assurance-vs-insurance/

Life assurance VS Life insurance

Whole of life cover, with a payout
‘assured’ upon death

Cover applies over a chosen policy
length. Payout available only if you
die within the length of the policy.

Higher premiums, due to the
indefinite term length

Can include an investment element No investment element
sold through advisers Iﬁj

Monthly premiums are often
cheaper.

» In DHW - insurance/assurance




Insurance benefits - assumptions

@ Technical basis = a set of assumptions used for performing
life insurance or pension calculations.

@ Technical basis in this chapter (used in the examples):

e [he Standard Ultimate Survival Model:
p, = 000022 +27 x 1078 x 1.124%

e A constant interest.
o These are (pedagogically) convenient assumptions.

@ Conventions:

e Time 0 = now.
e Time unit is 1 year.




Insurance benefits - assumptions

Some notions of financial algebra

@ / = annual rate of interest.
o i) = nominal interest (compounded p times per year):

i\
T4+ — | =147
2}

S=In(1+1)

@ v = vearly discount factor:

@ 6 — force of interest:

@ d = discount rate per year:
d=1-v=iv=1—e"*
e dP) = nominal discount rate (compounded p times per year):

dP) = p (1, v%) — i) /P
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Whole life insurance - the continuous case (db payable at

instant of death)

@ Consider a life insurance underwritten on (x) at time 0, with

a payment of 1 at T,.

@ Benefit cash flow:

(1. Tx)

@ Present value:
Z=vlx=e

o Actuarial value (or EPV):

A, not. E [e—éTx} — fﬂw e_arrpx Mot dt

(41)




Whole life insurance - the continuous case

Time 0 (x) survives s years s (x) s+ds

‘ dies ‘
Age X X+S X+s+ds 0]
Probability sPr Pops ds
Present value e~

Figure 4.1 Time-line diagram for continuous whole life insurance.
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Whole life insurance - the annual case (db payable at end

of year of death)

o Consider a life insurance underwritten on (x) at time 0, with
a payment of 1 at K, + 1.

o Benefit cash flow:
(L Ke+1)
@ Present value:
7 = Kl
@ Actuarial value:
not.
A= BV = T, v . (4.4)




Whole life insurance - the annual case

N k+1
Ax = Lk=o V k|Gx

Time 0 1 2 3
Amount $1 $1 $1
Discount v v2 3
Probability 4y 11gx 2l

Figure 4.2 Time-line diagram for discrete whole life insurance.




Term insurance (policies of duration n): continuous case

Continuous case

@ Consider a term life insurance underwritten on (x) at time 0,
with a payment of 1 at Ty, provided T, < n.

@ Benefit cash flow:

(Lir<myp Tx)

@ Present value:
Z=e"T 177 -
=€ {T.<n}

@ Actuarial value:

_1 . .y
A = E[Z] = [ e pe i, dt (4.9)




Term insurance (policies of duration n): annual case

Annual case

o Consider a term life insurance underwritten on (x) at time 0,
with a payment of 1 at Kx + 1, provided K, +1 < n.

o Benefit cash flow:

(Lik,+1<n} Ke+1)

@ Present value:
_ O K.+1
Z=v">" Yk r1<n)

@ Actuarial value:

not _
A)lc:ﬁl = E[Z] = ):ﬁ:é Vk+1k|qx (4.10)




Pure endowment

Consider a pure endowment insurance underwritten on (x) at
time 0, with a payment of 1 at time n, provided T, > n.

Benetit cash flow:

Present value:

Actuarial value:

Alternate notation:

(17,

>n} n)

Z=v"1Y71 ~n

not.

nEx = E

[Z] = v px

(4.13)




Endowment insurance:continuous case

Continuous case

@ Consider an endowment insurance underwritten on (x) at
time 0, with a payment of 1 at time T, provided T, < n, and
a payment of 1 at time n, provided T, > n.

o Benefit cash flow:

(L, min(Tx, n)) = (1{Tx5n}' TX) + (1{Tx>”}' n)

@ Present value:
7 — Vmin(Tx,n)

@ Actuarial value:

—1
Ax:m - IE[Z] - AX:F|+ nEx (4-1?)




Endowment insurance: annual case

e Consider an endowment insurance underwritten on (x) at time
0, with a payment of 1 at time K, + 1, provided K, + 1 < n,
and a payment of 1 at time n, provided K, +1 > n.

@ Benefit cash flow:

(Lmin (K +1,n) = (Lix, 11<m Ko £ 1)+ (Lgs15np, 1)

@ Present value:
7 — Vlm'n(Kx+1,n)

@ Actuarial value:

A "L E[Z] = AL+ .E (4.19)




Deferred insurance

e Consider a deferred term insurance underwritten on (x) at
time 0, with a payment of 1 at Ty, provided u < T, < u+n.

@ Benefit cash flow:

(1{u< Te=u+n} TX)

@ Present value:
=0T,
L=e * 1{U<Tx§u+n}

@ Actuarial value:

—1 . u+n _
oA " E[Z) = [MT e p ., dt (4.21)
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@ Life annuity: series of payments as long as a given person is
alive on the payment dates.

@ Payments:

e at regular intervals,
o (usually) of the same amount.

@ Used for calculating:

e pension benefits,
e premiums,
e policy values.




Annuities-certain

@ Annuity-due:

]._V”
dm=14v+.. +v = (5.1)

@ Annuity-immediate:

17\/17

i

am=v+..+v'=

e Continuous annuity:

n 17 n
am:/O vide = =" (5.2)

@ Annuity-due with 1/m—th|y payments:

m) - 1—v"
am (1 + vm + .+ m) = ™
@ Annuity-immediate with 1/m-thly payments:
(m) 1 1o

a _ = \/’%’ﬁ* +V”7%+V” _
m - m — I‘(m)




Annual life annuities: whole-life annuity-due

e Consider an annuity underwritten to (x) at time 0. It pays 1
annually in advance as long as (x) is alive.

o Benefit cash flow:

Kx

Y (1K)

k=0
@ Present value:

1 — Ketl
_ Ke = _
Y=1+v+..+v =g 11— 4
@ Actuarial value:
_ Kx+1
a "L E([Y] = - IE‘[[V, | _ 1A, (5.3)




Annual life annuities: whole-life annuity-due

o Benefit cash flow:
Z (1 t ZO 1{T >th )

r

@ Present value:
(o]
Y = Z Vr 1{Tx>t}
t=0

o Actuarial value:

d = E[Y] = X v op (5.5)




Annual life annuities: whole-life annuity-due

Time ] 1 2 3
Amount 1 1 1 1
Discount 1 v p? w3
Probability I Px 2Px 3Px

Figure 5.1 Time-line diagram for whole life annuity-due.




Annual life annuities: whole-life annuity-due

@ Benefit cash flow:

Kx
Y (LK)
k=0
@ Present value:
Y = éﬁxﬂ
o Actuarial value:
G = E[Y] = Yilo 35 X «)9x (5.6)




Annual life annuities: term annuity-due

@ Consider an annuity underwritten to (x) at time 0. It pays 1

at times 0,1,.. ., n—1, provided (x) is alive.
@ Benefit cash flow:
min(K,,n—1)
Y, (L)
t=0

@ Present value:

1— Vm\'n(KXJrl,n)

_ min(K,n—1) _ 5 _
Y I+v+..+v mr'n(Kerl,n)| d

@ Actuarial value:

. . 1—[E[ymin(Kx+1n) 1-A
ax: 7 "= E [Y] - [V q ] dx'm (5.7)




Annual life annuities: term annuity-due

@ Benefit cash flow:

min(Ky,n—1) n—1
Y Lo=) (Yregt)
t=0 t=0

@ Present value:

n—1
Y = Z \/T ]-{Tx>r}
=0

@ Actuarial value:

not.

dem = E[Y] = ?;& v Py (5.8)




Annual life annuities: term annuity-due

Time 0 1 2 3 n-1 n
Amount I | | 1 |

Discount | v 2 v p"!
Probability | Px WPx 3Px n—1Prx

Figure 5.2 Time-line diagram for term life annuity-due.




Annual life annuities: term annuity-due

@ Benefit cash flow:

min(Ky,n—1)

Yooy

t=0

@ Present value:

= amin(KX+1,n)

@ Actuarial value:

Gem=E[Y] =105, d1) X ket aPx X an




Annual life annuities: immediate life annuities

@ Consider a whole life immediate annuity underwritten to
(x) at time 0. It pays 1 annually in arrear, as long as (x) is
alive.

@ Benefit cash flow:

=) (Yot

t=1 t=1

I“XX
—_
=

@ Present value:
[s 0]
Y* = Z v 1{Tx>r}
=1

@ Actuarial value:

ax T E[Y*] =351 (5.9)




Annual life annuities: immediate life annuities

Time 0 1 2 3
Amount | | |
scount v = 3
Probability P 2Px 3Px

Figure 5.3 Time-line diagram for whole life immediate annuity.




Annual life annuities: immediate life annuities

@ Consider a n-year term immediate annuity underwritten to

(x) at time 0. It pays 1 at times 1,2,..., n, provided (x) is
alive.
@ Benefit cash flow:
min(Ky,n)
Zl (1,1) = Z{ (1{T >t} )
= =

@ Present value:
n
* t
Y - Z v 1{Tx>f}
=1

o Actuarial value:

HOT

ax:m — E [Y ] = Zr 1Vr tPx (5-11)

@ Relation:

‘aX:m = éx:m—1+v’7 nPx (512)




Annual life annuities: immediate life annuities

Time 0 1 2 3 n-1 n
Amount 1 | 1 1 1
Discount v vl e =1 "
Probability Px 2P 1P a_1Px e

Figure 5.4 Time-line diagram for term life immediate annuity.




Deferred annuities

@ Consider an annuity underwritten to (x) at time 0, with
lifelong anual payments of 1 in advance, commencing at age
x 4 u (v is a non-negative integer).

@ Benefit cash flow:
Kx

Y (1K)

k=u

@ Actuarial value:

Wi = —d.q | (5.25)

@ Relation via actuarial discounting:

u\éx - uEx éx+u (5.26)




Deferred annuities

Time 0 1 2 u-1 u u+l
Amount 0 0 0 0 1 1
Discount 1 v! v? pi—1 o i+
Probability 1 1Px 3Py w1 Px P walPr

Figure 5.8 Time-line diagram for deferred annual annuity-due.




