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1 Sequences of Functions

9.

1
.
1
.
(Pointwise convergence)

A sequence ! functions 3 fn(k)3 ,

where In: M(IR)-> R
(

is pointwise convergent to the function F: Q-> IR

it for each x <U2 , fr (D)- f () as n->0.

-iNole

in terms of E-N ,

fixxE2 and let an full
&

and a = f(x) , then an-a as n-> 4.
O



Example9
.

!
.
2
.

A T f , (x) =x

f2(x) =x

f3(x) =x
R 0 < x = 1 . f4(x) = x4(fn(x) =x , -

M

;
20

Note sch ->0 as n -> 89 0x < I . 8 q feo() = xL

--If 0.x 11 ,

=
1
30 .: x= Inig.1+y C

=> XC C 1 1-> 0 as n->%
~

my
and

my

By Sandwich theorem : OIx" < ! and him T =0.ny n->8
&

.: Immer =0
, so-f(x) where01 : FileO

ne

However, for x= 1:
"
= 1 :. x->Was n->N :of (1) = 1 D

Pointwise limit function f(x)=E 0 = x< /

x=1 ·



(ii) fr(x) =m ; fu(x)
->xcasn- .. f(x) = 06

n+1 Pointwise

--
> /a 170

... f(x) =x , Vxzt
Limit

because R fr .S
n+1 i
x0

,
- (x) =?? Pantwise

(iii) ful = pus - knf U
=I- -

nx <(1+x) for x O.

OSeNote (Hx)" = Ink
+Mick - aff It

-> I asa->0 .

- and + -> 0anna

01 <1
M can For a co : f(x = 0 , 230 discoe.(D) 4 ...
O f(x) .

n58 For u=0 : fn(0) = 1 => f(0) =1
D.

In more usual notation :

Viso JnEN
,
such that Un>N an= fu(x)

lan-alE
Note N may depend on both E & x



↑ /
So we note in the above examples: discontinuous

&

9Pointwise limit us canbe continuous or non-continuous!

Exercises (EX7)
(i) filR -> / x+> Sinnix

-->

In

S ↑ XxeIR
0 Ifub/ = na

Th

0 Slim Ifnk)) Elim+ = 0 . = lim Inkl = 0
n-D n=0 Th n-&

=> f6D=0 Exce R
.C

<



((ii) fuiR-R at s + -1)

UseIt r - 1 =& O (n-1)(2x+ 1)

11 - 1) = 1)n2x) nx
a+ b & C

--

=
-

- - -

a=Nic?
R nT+ 1 x+ I

b = 0 na
- 1 /I l as n->-

--
->C

=x

nD 1 + -

( # ·
nex x

tr I Note limit is

O O 12) mot we

(iii) fu:R-R x+#
-because fu(x) > 0.

1+x2
&

·-Note fn(0) = 1 , An
·

f(0)= 1
.



For x+ 01, 12-t0 as n-> 40.

02 , se E2 ,
and for fixed

Th = +2) ->O
= 0

By Sandandh theorem ful)
-> 0 as n -0 ,

M

&

i

.e. f(x) = 0 , forx+ 0. gr(f)

4 is discontinuous *at x= 0- - L
----&

22



Def" 9
.

1
.

3 (Uniform convergence)
We say the sequence (tub : friMERR)-> IR

converges uniformly to fil-IR on is if
for every 330 , IN such that

-1 full) - f(u)/ 3 ,
Un> N & VeeR

.

Remain/N depends only on 29.
.

-

fu- f
f()-E <fn() <f()+E -- gr(f) gifn) liesM- inside the

a !
d "E-tube

7/

for > N



EX9 . 1 . 4 The functions fulz) =x"donotconverge

uniformly to f(x)= G ,01RtCle
&

ProofSuppose it converges unformly to f(x).-

Then VE>O ,
IN suchthat

(fn(x)-f(x)/ <E
, for all n>N , and all x+ [0 ,]

Consider E = 4. Given uniform convergence , we have

lfnk)- f(x)/ I for all U>Nand x + [0,1 ·

Split this condition into 2 parts

(i) x=1 , f(l) = 1 and fu (1) = 1 , F n



O(ii) x[0, 1) , f(xI=0
: Ifnk) - fEll <y => 0 < fn() <# , Kn>N .

↑ ⑳ f(1) =full)
However

,
fais continuous

3/4-
⑭

= ↑-

-

and f(0) =0 , f()= 1 En 1/4 ⑪

1999999999999 2-
H n ⑳ L~gr(fn)
: I a such that fin)= O

&

-

&

Contradiction falx)/Krat[0,1) n > N ⑭&

-

fn(l)# for x= 1 Un
.

&

· *In such that f(cul =!Un > N
K

· In is
-
the Sequencefr does net converge not

& O--

continuous

uniformly to f. -

Q



Important : If a sequence of continuous functions

converges point-wise to the functionf, and front continuous,
then the sequence fa does not converge milormly to f.



Example 9
.
1
.

5 D
The function fu(x) =>" converges uniformly of I

for f(x) =0 for xc[O , "]
.
-of e

-

·
Note Ifn(x)) = 1x 2()" , Vxe[0,k] .

· Ifuli)->0 as n->X

.. f(x)=0 · x- [0,] pointwise limit
function.

Given >0
,
we have to find N=N (2)

such that if >N ,
then

Ifn() -f(x)/= (fn() /< E for Face [0, ]..



So choose N such that (b)< E .

Similar
argement

I.e . NIn(t) < In (2) <) -N(n(2) < In/2) for xe [0,a]
a< A

-() > N
In (2)

· Ifn(z)-f(x) / , n >
N >- if fr4f

then fr , n>N

· fu(x)-> f(x) converges uniformly
haseinte

for xit [0, ] . - gr(f)--
Note

, pictorially , ifIn converges -
UNIFORMLY To f(l) , then given E>0, I I
JN s .

t . allIn lie in an E-ubd off



Example 9 . 1 . 6.
-

Prove this will work for any
interval [0,P].,FP/

Theorem 9
.
1
.
7

Consider a requence of functions fu : [a,b]
->R

and suppose fr are continuous
and (filconverge

uniformly to f : [a,b]-
>R

,
then I is also

continuous .

Proof Given E> 0 , and 2,20
+> [9 ,b] , we need to find a

a such that (-x => If(x) -flokE .

Now

1ED - flcdl / = / f(x) -fu(n) + fulu) = fn (2) +fa (col-fpco
- -

&

UC ? 24/ C ? 29/3 Uc? ? /3
E fIf() -fu(c)) + Ifn(x) - n(coll+ Ifn() = f(b)) ·



wind an N(i) by uniform convergence < we can I
such that If(x)-f(x)< , for n>N , Face [a,b].-

n

This implies (uniform convergence)

If(>)- fn(4)) , and If(xd-fulolk ,
>N

(ii) In is a continuous function for ne N; so 75 such that
(

ke-20k : , Ifn64-fulroll <3 ,
for 10, -(a,b]

~

(iii) It now follows that if I-20k 8:

If(x)-f(x)/>++ = E, and so f is continuou.

provided (x-x01< 5 (ii)
&

&

The Pointwise lun it function f of a
↑

uniformly convergent sequence of
continuous

↑
-

functions so continuous 1



Theorem 9 . 1 . 8 Let fu be a sea" of continuous fus on
[a, b7 & suppose th->f uniformly , then 2.9 . fuk) =xh

Stu(x) = ent
im SoEnladx = Soldde En&

-sim
& I

n-
of()dx

Proof By theorem 9 .
1
.7
, f is a contin uous function ,

and hence Riemann Integrable
So the function An-f1 is continuous , and
therefore RI .

Given 270 ,JN : Ifn-fl ·
Xxe[a,b] ; and n > No

(b- a)

It follows that

I Sfubldx-S f(x) dx = & fn()-f(x)de



Sifu(z) - f(x) de
-dee

Hence HE70
,
FN

,
suchthat Nu>N

/SInteldx-Stunde
or lin fu(z)dx =IStude = fatube/d



Obvious question : What are examples of Sequences

functions fu -> f with limxffn ff ?
the counterexamples requirecome explanation.

d

This is a good exclamation
on youtube of
unexpected behavior for
I

1mSfn If when fa-fo

each rectangle
-Second example : fa : [0 ,17 ->R Is # has height n

& width I
I

fn(x) = O x= 0 ~ Sfn(x) = 1
n act (0, -> O

O xclt / 17
In · simffn() = 1[ ·-*

· than



Can be shown using ((fn
,
P) ,

U(fn
,
P) that

I

Stuk)dx = 1 Vu . · Imoffn() =1
Also what is the pountwise limit function f(x) of[fulval3?

Note that +01= 0 -> f(0) = lim f(0) = 0.
n-> N H

If so, then for mat , le . F , f( =.

So lim full) = 0 i . f(x) = 0
n->a

· f(x) = 0 and fludx =0.

.. O=In Ffalzidxf ['f()dm = .

O

Note fakel = 0 for . Onst (directly fromdet of ful
· [fnk(17 sertually a sequence d 'O's :. f(x)=0.



Completeness theorem for the real nos . R.

(Real nos have no gaps or holes)

USER
, if S is bounded above,

then supS exists and supSER .)
Related to this is the role of Canchy sequences

A sequence (an ? " is a Cauchy sequence
if given E30 ,JN such that

lan-am/E
,
Un
,
m >N

.

Recall that a requence Ean3,
"

converges if and

only if Ean?" is a canchy sequence



Theorem9. 1
.9

A sequence of functions &ful ,frie-> IR , converges
to funiformly tof if and onlyif for all EX0 , JN

such that Un
,M
> N

(fn(x) -f(u)) < E , Un,m >N .

· ValentM

-Pof() Suppose futf uniformly , I.e

V E> 0
,
JN such that for Un >N

(fn()-f(x)/E/z , xtn.
.. If(x) - f(x)) +fm(x) - f(x) + f(x) - fr(x))M n

-Ifm(x) -f(x) + (f(x)-fn())



+ E = E , m , n >N ,fre

· Efu3 is a Cauchy requence.
&

Suppose [fn(l] is a Canchy sequence.
We know [fn(x)3 converges pointwise for

each <Ed.
1

·.o let lim fa() = f(x) . We claim fu->f converges:

n+00

informly
Given E>0

,
JN such that Um

,
n > N

(fm(x) - fa(x)/ Faced .

Let M ->0 2 fxm > N -> If()-f() >E .M

c .e . Sifm()3 converges to f(x).
Convergence to a limit & Canchyconditionequivalent !



$9
.
2 Series of Functions Compare with Sk =& An

n=1

&

Def" 9 .2 . 1 (Series of functions) msk =S =E

Let Efn3 be a sequence of functions , fu :M
->M

FREN , let Sk(x) = fu(x) =f(x)t- ... +f((x) .

n= 1

be the sequence of particl sums. . We say
X

(i) Eith converges pointwise if 45R3 converges pointinge
.

n = 1

Sk(0) -> S(x) (k->x)

(ii) In converges unfermly if SSR3 converges uniformly
n= 1

Sa(x)= S().,Ver. (R->0
.

U= amyarm]

Example 9. 2 .2.

xz)n converges uniformly for xCEIR.



Proof We compute the partial sums CORRECTION

geometric series
-

a r = 1Sel = ceign" 12Facei -& 1+2

Sn= G+Ar+.. far"" =a
I-r

-as (2m)
=> (e)( - T x2k)&E --- &

-(Ix/(2+3) -2

-T

We note ( -> 0 as K-6 -x -R :

I - < E--

&
R < 1 and given E >0

I(2+> ( 2 k
zk

I

for R < In (1)/In (2)
..
Hence L R->0 as R->0.

2

(

: Sp(x -> S(x) = t as K-> X
H2

↑



For uniformity ,

convergence : given 270,

We have (5k(4 - 5(x) / = (2- + Ef &
XeR

·

2k+ 1 --
---

--

and given 370 , to ensure ER+ 1
< E, we need

·
R> -Me)

=+ (= K) .((2)

=> (Sk()-Sk)/ E for K and FxcEIR .
7

R

· O Er R ->
1+x uniformly as R-0 ·

·

Di I
Ex #

*

↑

*

->equivalent Sk() -> S(x) uniformly as R-> 0.
statement



DKA COMMENT This ' looked a surprising result to me !
I

1 .e . that somehow the series collapses Fo--+xP-x...
Hx

First simple check :
* N

K
-

El
I

=>

2 T
Loc=0.: =+ V sofar,

..

I+O
so good !

-

A more comincing check (using MATHEMATCA) .

So yes,
·

ced !I'm convin

-

·

S20 zo , S(x)
= Iz not bad !

(x) =S



Theorem 9 .2 .3 Weierstrass M-test.
--

Suppose that there exists a sequence of non-negative
number [Mn3

n ,

such that Mu converges (200)
n=1

and also the sequence [fri ,frich->R satisfies

Ifn()/ = Mn
,
Faced

,

then
fuk converges uniformly .

n = 1

Proof Let Se = fi(x) + f2(d)+... fr()
-

As Mn < -
,
wehave EiMn converges , we have

n= 1 & Mn converges.
the Cauchy condition :

Sn -> S I Carchy
ISn-smCEL



VETO
3 -N> O such that e> N n

,m> N .
-

-

1Sn-Smf = Sn-Sm I &Mr n>m Ms > 0 .

l=m+ 1
&

O

· (n() -Sublife(u/
l=MH

E Eilfek)/
l=MH

MeE I facte.

1=mH
-

Il- (nk)-Sm() < E, FxER , 1,m>No

· o the partial suns are canchy and [Sn(x)] converges-

-

:
uniformly by Thu 9 . 1 . 9 . Taga .



Example 9 .2-4
(i) Show that the series incl converges uniformlyn= 1 n2

-

for all EIR .

gMn= 2

Proof (n)/ +2 , xe

Let Ma=*2 (Et converges ! ) : v

(ii) Show E sign converges uniformly onR
↑

We note -In EMn) , Exete
Geom. Series

↑

'Mn = +
a= r= t

Er zu = 1 Converges
n= 1 n=1

↳
S=(k

and so i sg converges uniform &

->1 as R->&


