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Let g , f : [a ,b]-> R
be Riemann integrable . It

b

f(x) = glu) , Occ- [a ,b] , then If Sa
Note

g- g-f = g+ (f

Proof tByThm 7 .1 .4 : S-f = Sg + (f) exists. *
Given glu)> f(x) = g(u) - f(x) > 0 Ex +[a,b]

,

-

·
S

it follows , given partition P =Exos · · o gb2n3 on [a ,b] of f.
that mi= inf 9-f 30 . (0 is a lower band ![RE1, ;]

i
.
e
.
0 = L(9 - 7,P) g( -f(x))d (which exists*

I

2(9-f,P = Mi(xi - i-1)
·. Fald glad e KP

in
0
.



↑7. 1
.
6 Let f : [a,b]-> &R be Riemann integrable.

then If) is also Riemann Integrable , Existence is the issue

O1 Saf(x) dec YfP)/dx . asSfkdx =)(f)(Ddx
is implied by f If).

Proof Let P be a partition &f [a,b] ,FEXCops . . . , <nY)
&

Recall the revese trimle inequalityg---

and we have If/k*If(D)Itl ·
a=H b =-7

So (If)(D)-Ifky) b=11 f(y)))= (f() -f(y))
For " ,yt I:= [xi-1 ,Ui] ..

M151-miH = Sup1(f)(x)- If(y)) = Sup/f(-f(y) /= Mif- m!=

[it, i Pl,(i] .



i .l
⑥ Olab glbSmall= in =D If()) ->Sp-k) - in fftSeISup
xI , xI 1

x+
F
,

· WHI
,P) -L(HIP) = (M !f) mit)) (i -Hi e

(Mit- m)(ki-Ki- 1) = U(7,4)-L(f

-Ulf(
,
P)-((((P) = U(f ,P) - L(f ,P) .

Since f is integrable , I a partition P such that

given 330 , U(f, P1-LIf ,P)E , and nence

U/lf) ,P) - L(if) ,P) < E, and If) is Riemann Integrable
by RIC. Note f(x) -> / f(() :: If <fIf)



Thm 7 . 1
.
7 Let f : (a ,b]->R be Riemann Integrable,

then fi Riemann Integrable (f(x) = f() . f(x))⑳

Proof As f is bonded => 7 M such that If(x)/M .

Ext [a ,b] . Let P be a partition of [a , b],then
-

Note=Mi(fif= (M : H))
: -in

e

& & I
·

met = milfl = (Milfl)

> Mit mit => (Milfl)-(milfll



= [Mi (1f1l -milH1)] [Mll()+ mi(11)
M = bond for

8 (Mi((f() -Mi/11) If/() OOfor [a,b]. E2M
0 I

.
b.

I/M
.. U(f

,
P)-2(f,P zm (Mi((D) -mi(fl))(xi-xi- )

i= 1

-> 2 M [U/lfl ,P)-L/H1 ,P)]

Now f is RI- If) is RI by The F. 1 :b.

. Given s
,
7 partition P suchthat

u(lf) P)-L(fl ,P) > 2/2M

1 .e. U(fYP) - L (fYP) < E and f2 is RI



Them7 . 1. 8 If f , y : [a ,b]- IR are RE,

then fog i RI .

Prof Note fig=( -g) ↑RI

4 (fig)
? RI

I -1 OUse fig , f , of "Theorems on
RI ( - 1) -q RF
->

f + (1)gRI
Theorem 7 .

1
.
9 (Mean value theorem for integrals)
--

Let fi [a , b)-> IR be continuous
,
then F((a, b)

suchthat Sf6Ddx = f(c)(b-a.
Roof If f is constant , the statement is obvious

-

if f(x) =R ,
a constant

,
then Pf(x)dx = K(D-a) , so any- -

a

Choic of Cz (a,b) , will do.
-For any Patihon P 2(f

,P) = 4(b-a) = U(f ,P)
-

with f()=R :



Let us assume of is not constant
,
then

-

m < M
,
where m =. inf f(x) and M = Sup f(x)

xt [a, b] x+[a, b]
~

⑬
by continuity off and boundedness principle

7 km , "M such that f(xm) = m & f(m) = M .

Let us assume xm < PM 9
land not equal ! )

· m= f(x) = f(x) -> f(cm) = M

By Thm 7 . 1 .5b D

Sm = 9 f = Sm, m
,
M constants

a

Integrating gives
m(b a) (16Dx = M(b-a)

a

dividing by (b-a)

f() = M-(pdu) = M =f(m)



By the Intermediate value theorem, F exists <+ (a,b)
-

such that

-(c)=do
c -(a , b) actually lies on (m

, RM) or (RM , m)
c .e. C Lies between kn and sm !
-



$8 Fundamental theorem & Calculus . WEEK 8 cont·
-

$8 . 1 FTC
&

-

8.
1
.
1 (Ant-derivative) .

A function I is an anti-derivative of f if-
dFEcdi

18. 1
.2/FTC)·

DeAssume fi [a, b] ->T is continuous. time
-

# (c) = S()d
thenI is an anti-derivative of and

If((fdt = F(b) -F(a)



Proof We claim F'=f on (a
,
b)

.
Let us take (a,b)

--

& choose h small so th -> (a, b) .

Consider lim F-FPD) = /im Ja- d de
n70. I h= ②

W
ath

-lim Sflt I limf((n) , where CE(xc, the
--

↑

n Teith
Octco & h >o

As h -> 0
, < -> x , and continuity off geres

F'(x) = lim f(() = f(x)
.

h-> 0 A
w

cont of f) site's th&I
< O n> 0

&



em8 .1 .3 Let f : [a ,b]-> IR be Riemann
&

integrable & define F : [a,b7 -> IR by

F(x) = S
*

F(t)d7 ,
thenF is continues

Proof Since of Riemann integrable if is bounded ;
--

then 7 M s
.
t
.
If(x) = M

,
Exe[a ,b]
-M

Let x
,not

[a ,b]. #
1 F(n)- F (20)) = /SF(t)dt - 9 (t)dt)

= (St(t)dt/ = M/x-20) < Me to
M

- of I -10/8= */M ,then (F(x)- F(2d)/ < M .
&

and so F is continuous at x=Ko.



Example 8 .
1
.4 ·z

Let f :[t , 13-> IR be given by
f(x) =50, EES [ ⑳

I x

- I

gr(f)O
Note F(x) =[f(+ dt = 50 cccE1s he
The function F is continuous-

I

[ E

D

but not differentiable at x =0 - p I

E Lim F'6) = 13 #I'mF'(). . .
gr(F)

n-> Ot 3 Diff X =

him F(x) = /im F(x) = F (0) = 0. Contr
2-of a- 0-



CC

F()=Skax = Sofluke t Sfluldx eC70.

O

I - t x ,

F(x) = .fi) an =O
OCEO.

gr(F)

& d



Corollary 8. 1 . 5
--

Every continuous function of has an anti-derivative.M

ProofThe function f is Riemann Integrable. f.-

by FTC F(x) = FHdt is an anti-deniature of f-auc E

Det 8
.
1

.
6 Indefinite Integral

If I is an anti-derivative of f ,we

define
Sfaddo = F(x) +C , c constant

-

as me indefinite integral of f.
Note
-

(i) If both F & G are antideratives off
F(x) = G(x) +C ,

for some constant C.



(F(x)-G()' = F'(x) -G'k) = f(x) -f() =0
1

(EGD-9(1))= 0 - F(x) - G(x) = C , constant

(ii) (Pf(tdt = G(b) - G(a) = F(b) - F(a) .

Theorem 8
.
1 .7 If f , y have anti-derratives on [a,b],

then 20 do . fty , of , XCER .

Roof(EtGl = F+4 =f+g
FIG is antidenature 9 f+q

· LeF) = c F = Cf .
CF is antiderivative &' <f.



Theora 8 . 1 . 8 (Integration by Parts) f( .g(x)
Let f,g : [a,b]

-> IR be differentiable. If fg' has

an antidervative
,
then fg has an anti-denrative

and

If't) gouldx = -)g')f(x)dx + f(x) . g(z)

Prof Let H be the antiderivative of h =fg
1 .C H = h = fg'
&

Now (g)' = f'g + fg - differentiation .

: E'g = #gl' -Eg = (fg'-H =(fg-H)
.. Anti derivative of fg is Eg-H END OFWK 8


