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e scan your work, convert it to a single PDF file, and submit this file using the
tool below the link to the exam;
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e with your e-mail, include a photograph of the first page of your work together
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taken to scan and upload your work. Please try to upload your work well before the
end of the submission window, in case you experience computer problems. Only one
attempt is allowed — once you have submitted your work, it is final.
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The notation log refers to the natural logarithm. The set of real numbers is denoted
by R. All computations should be done by hand where possible, with marks being
awarded for intermediate steps in order to discourage computational aids.

Question 1 [38 marks].

(a) Rewrite the function f(x) = ’11’:42;‘22 to g(a) + €h(a, b), where the argument x is a

dual number of the form x = a + eb with &2 = 0, and specify both g and &. The
number 4 is one added to the last digit of your student ID number.

(b) Compute the derivative f'(a) of f as defined in Question 1(a) at argument a by
making use of your result of Question 1(a).

(c) Rewrite the function f(x) = 1(Qx, x), acting on a vector x = a + eb of dual
numbers, to g(a) + €h(a,b). Here, Q € R"*" is a square matrix. Specify both g
and h, and compute the partial derivative d/904;f(ay, . ..,a,) for some
le{l,...,n}.

(d) Characterise all cases of the subdifferential d) > of the characteristic function

0 x>0

oo otherwise

x>o0(x) == {

(e) Compute the generalised Bregman distance ij (x,y) with respect to the

function f(x) = |x| for a specific subgradient p € df(y). Make sure to
characterise all four different cases.
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Solution:

(a) We compute
d(a+eb) —2(a+ eb)?

flateb) = 1+ 4(a+ eb)?
_ da+edb—2a> —edab  da —2a® + ¢ (db — 4ab)
1444?24+ ¢€8ab 1+ 4a2 4 £8ab
_ u+ev
w+tez’

for u :=da — 242, v := db — 4ab, w := 1 + 4a? and z := 8ab. We further compute

u+ev
f(a+€b)_w+sz
 (u+tev)(w—ez)  uw+e(vw —uz)
 (wtez)(w—ez) w?
U ow—uz
:—+8 5
w w
_ da—2a? N 6(r:lb — 4ab) (1 + 4a?) — (da — 2a*)8ab
14 4a? (1+ 4a2)?

_ da—2a° N d —4a(1+ ad)
T 1442 YT At 422
= g(a)+¢h(a,b),
for g(a) = (da —2a®) /(1 +4a?) and h(a,b) = b(d — 4a(1 +ad))/ (1 + 4a®)>.

This exercise is similar to a future coursework exercise.

(b) From the lecture notes we know that i1(a,1) = f’(a). Hence, the derivative of f
w.r.t. the argument a is

o =ed = S g

This exercise is similar to a future coursework exercise.

(c) Similar to the previous exercise we conclude

f(x) = fla+eb) = 5(Q(a+ eb),a +eb)
(Q(a +¢b), a) + 5 (Q(a +eb), b)

N

NI>—‘ I\)IHI\J —_
™

(Qa,a) + 5(Qb,a) + 5(Qa,b) + S (Qb,b)

1wl

\_/”

— 3(Qua) e (5000 + 3(Qb0)
= g(a) + sh(a, b) ,
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for g(a) = 1(Qa,a) and h(a,b) = J ((Qa,b) + (Qb,a)). If we specify
ee=(0...0 1 0 ... 0), we can compute the I-th partial derivative by

[—th position

evaluating h1(a, ¢;), which reads

h(a,er) = 5 ((Qa,er) + (Qey,a)

N~

_1
2

=

n n n
Y aiajlen)i+ ) ) qiilen); )

=1 i=1j=1

Nlr—\
Il

—_

~.

=

=
(Z qija; + Z qllal>

j=1

1 T
(z Qre >l

If Q is symmetric, we have Q = Q' and the [-th partial derivative simplifies to

(Qa);.

This exercise is similar to a future coursework exercise.

(d) The definition of the subdifferential for the characteristic function ) >( reads

dx>0(x) = {p € R|x>0(y) > x>0(x) + ply —

x),Vy € R} .

We characterise this subdifferential by case analysis.

Case 1: suppose x < 0, then dx>o(x)

= @, since the right-hand-side of the

inequality will be +oco regardless of the choice of p, while the left-hand-side is 0

for every y > 0.

Case 2: suppose x > 0, then p = 0 satisfies the inequality for all y € IR. Hence,
we observe dx>o(x) = {0} in this case.

Case 3: suppose x = 0. In this case, the inequality reads x>o(y) > py for all

y € R. For this to be valid for all y € R, p can only take non-positive values, in

order to guarantee that yp < 0 for y > 0. Hence, we observe dx>o(x) =

for x = 0.
Combining all cases yields

Ix>o(x) =

This exercise is similar to Exercise 1.3 on Coursework 5.

(e) The generalised Bregman distance with respect to the function f(x) =

Dl (x,y) =

f

(—e0,0]
{0} x>0
(—00,0] x=0.
% x <0
|x| reads

—lyl—p(x—y),

for p € d|y|. From the lecture notes we know

dly| =
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Hence, for y > 0 we have p = 1 and therefore observe

0 x>0
Dp p — — — J— — — = - .
fy) =lx[—y—(x—y) = x| —x {—Zx £ <0

In similar fashion we conclude for y < 0 that we have p = —1 and

2x x>0

p — _ — —
DY(x,y) = x| +y+ (x y%4ﬂ+x—{0 L

For y = 0, the Bregman distance depends on the particular subgradient
p € [—1,1]. We observe

D! (x,) = x| -

which always equals zero if x = 0 or if p = x/|x| for x # 0. For x > 0 we have
D (x,y) = (1-p)x,

while for x < 0 we get
Di(x,y) = —(1+p)x.

Combining all four cases yields

0 (sign(x) = sign(y)) V (x = 0)
D P (x> 0) A (0> 1)V ((y > 0) A (0> x))
PrE=Va i x>0y =0) '
S+ px (x<0)Ay=0)

This exercise is similar to a future coursework exercise.
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Question 2 [24 marks].

(a) Itis the start of the Covid-19 vaccine role-out program and you want to decide
whether or not to get vaccinated. You base your decision on three factors:

e Am I in any of the groups (age above threshold, living in care home,
front-line worker etc.) eligible for the vaccine?
o Is the scientific advice in favour of getting vaccinated?
e Do people in my WhatsApp group chat think that I should get vaccinated?
Suppose you only get vaccinated if you are in any of the eligible vaccination
groups and only if the scientific advice is in favour of you getting vaccinated.

However, you really do not care about what people in your WhatsApp group
chat think about you getting vaccinated or not.

Model this binary decision process with a perceptron and choose some
appropriate weights to mimic the decision process accurately. [8]

(b) Write down the incidence matrix for the following weighted, undirected graph:

El: 64

British Shorthair
Border Collie

Siberian Husky Great Dane

E9: 64

Use the definition of an incidence matrix from the lecture notes and order the
columns of the incidence matrix alphabetically according to the vertex name
and the rows according to the edge numbering (E1, E2, E3, ...). [7]
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(c) Compute the corresponding graph Laplacian for the incidence matrix in
Question 2(b). [8]

(d) We want to use the graph from Question 2(b) to determine whether a node in
the graph belongs to the class “dogs” or the class “cats”. Suppose we are in a
semi-supervised setting, where the node “Great Dane” is already labelled
UGreat Dane = 1 (class “dogs”) and the node “Siamese” is labelled as vgj;mese = 0
(class “cats”). Determine the remaining labels with the same procedure as
described in the lecture notes and classify each node. [8]

Solution:

(a) This binary decision process can for example be modelled with the following
perceptron:

0 3x1+3x+x3<5

X1,X2,X3) = ,
fx 32, %) {1 3x1+3x2+x3>5

where x1, x2, x3 € {0,1} represent variables associated to the three factors
mentioned in the problem description. Different states are represented as

follows:

fx1,x0,x3) || x1 | x2 | x3
1 1711
1 1710
0 1101
0 11010
0 0|11 1
0 0|11]0
0 001
0 0|00

Hence, one would never get vaccinated if either the scientific advice is not in
favour or if one is not in any of the eligible groups. But the WhatApp group
opinion has no influence on the decision.

This exercise is similar to a future coursework exercise.
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(b) The incidence matrix for the displayed graph is

El -8 8 0 0 0
E2 0 -9 0 9 0
E3 -1 0 0 1 0
E4 0 0 0 -3 3
E5 0 —4 0 0 4
Mo =1 gg 0 -3 3 0 0
E7 -9 0 0 0 9
E8 0 0 -8 0 8
E9 -8 0 8 0 0
B. Collie B. Shorthair G. Dane Siamese S. Husky

This question is similar to Exercise 1.1 of Coursework 1.

(c) The corresponding graph Laplacian then reads

B. Collie 210 —64 —64 -1 —81
B. Shorthair | —64 170 -9 —81 —16
T _ G. Dane —64 -9 137 0 —64
bo = MoMo = | Giamese | -1 —81 0 91 9
S. Husky —81 —16 —64 -9 170

B. Collie B. Shorthair G.Dane Siamese S.Husky

This question is similar to Exercise 1.2 of Coursework 1.

(d) From the lecture notes we know that the label vector v € R® can be
decomposed as

v:PILﬁ—Fng,

where Pr denotes the projection of v onto the known indices, and Py onto the
unknown indices. The known indices are denoted by y, the unknown by @. For

UBorder Collie
UBritish Shorthair
0= UGreat Dane
USjamese
USiberian Husky

we know the third and fourth entry; the third belongs to the class “dogs” and
therefore takes on the value UGyeat Dane = 1, Whereas the fourth entry belongs to

the class ”cats”, hence vgjamse = 0. Thus, fory = (1 0) T we have

100 00

010 00 1
v=100 0|d+]|1 O (0>

000 01

0 01 0 0
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From the lecture notes we also know that we can estimate 7 via
0= argmﬁin ”Mw (PILE—F ng) Hz ,
= — (Pe-LoPy. ) - (PreLuPRy)

which for our matrices reads

210 —64 -81 64
—64 170 —-16|o=19 |,
—-81 —16 170 64

Solving this linear system leads to the (approximate) solution

0.7157
0~ | 0.3934
0.7545

Rounding all values above 1/2 to one and below 1/2 to zero then yields the
classification

UBorder Collie
UBritish Shorthair
U= UGreat Dane =
USjamese
USjberian Husky

— O R O K

This question is similar to Question 1.3 of Coursework 1.
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Question 3 [26 marks].

(a) Perform k-means clustering by hand for the five data points x; = (1) ,

Xy = (_37), X3 = (_01>, Xy = Gg), and x5 = (_1171) Assume k = 2 clusters

and initialise your centroids as

d 0
ud = (O) and U = <_d) ,

where d is one added to the eighth digit of your student ID number. For each
iteration, update the assignments first, and then the centroids. Perform as many
iterations as are required for the k-means clustering algorithm to converge. [8]

(b) Complete the following matrix such that it has minimal rank:

1 -2 d -7
-3 6 ? 21 ].
? —-10 ? =35

Here d is the maximum of the seventh digit of your student ID number and 1.
Justify your choice. [6]

(c) Show that for vectors x,y € R, the vector z € R¥ defined as

x; exp (y;)
Y1 xjexp (v))

= softmax (log(x)y);

Zi = i

foralli € {1,...,k},is the solution of the optimisation problem
z = arg min {Df(z?,x) — (3,y) subjectto Z € [0,1]%, and Zz] = 1}
ZeR
j=1

where D¢ denotes the Bregman distance with respect to the convex function

f(z) = Ty zjlog(z)).

Hint: reformulate the unconstrained objective D¢(Z, x) — (Z,y) to
Df(z,z) +c (1 — Z}‘:l Zj) + d for constants ¢ and d independent of Z. [8]

(d) Consider the following modification of k-means clustering with uncertainty:

k
(2/ﬁ) = arg min {Z ZZZ]Hxl Hij | s.t. Zl] [0/ 1] ’ Zzij =1, Vi/j} 7

ZG]RSXk,pIG]R”Xk ; 1] ].:1

for s data points {x;}}_,, where every x; € R" is n-dimensional, centroids

u € R™Fk and assignments z € R*k. What is the difference to traditional

k-means clustering? Formulate an algorithm to computationally solve this

modified k-means clustering problem. [9]
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Solution:

(a) We show the solution for d = 5; other solutions are computed in similar
tashion. We compute the Euclidean distances of the data points with respect to
the initial centroids:

4 /153 V26 17 /545
(\/%@ 4 @@)’

leading to the following assignment:

/10011
“=lo0110 0/

Hence, we update the centroids to

1 X1+ X4 + X5 1
;,[1:#:

1_XQ+X3_ —%

Second iteration: the (Euclidean) distances between the data points and the
centroids from the first iteration are

32 V1105 /1234 /1465 /1657
3 3 3 3 3
V85 /65 V65 /1873 /1249 ’
2 T2 2 T2 T2

leading to the following assignment:
Y — 00011
>~ \11100)"

We update the centroids to

1_X4+X5_ 1

Fi= =5 = e

1 X1+Xx2+Xx3 -2
=3 =3
3

Third iteration: the (Euclidean) distances between the data points and the
centroids from the first iteration are

16 /233 290 /145 /145

leading to the assignment:
e 00011
“\11100)"
We see that z%> = z2, hence y®> = u? and we have converged.

This question is similar to Exercise 1.3 of Coursework 3.
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(b) The minimal rank for the matrix is one, which is why the question marks have
to be replaced with numbers such that the matrix has rank one. This can be
achieved by ensuring that each row is a multiple of the first row. The second
row is the first row multiplied by —3, and the second row is the first row
multiplied by 5. Hence, we set

1 -2 4 -7
-3 6 34 21
5 —-10 54 -35

to complete the matrix such that it has rank one.

This question is similar to Exercise 2.2 of Coursework 5.

(c) First, we verify that the Bregman distance w.r.t. f(z) := Z;-;l zjlog(z;j) reads

1(1 + log(xj))(z]- — xj)

D¢(z, Zz] log(z;) — Zx] log(x;) —

= Z [zﬂog( >+x]—z]] ,

which is also known as the Kullback-Leibler divergence. Next, we show that
z = softmax (log(x)y) is a global minimiser of our objective. We do this by

k

=

reformulating
k[ Z]' k
Df(Z,X) — <Z,]/> = Z Z]' log x— —+ x]' — Z]' — Z ~]y]
= | j =1
k[ 5.
= Z Zjlog x—] +x]' —Z]' _yjzj
=1 | j
k[ 5. ]
= Z‘{ Z]' log x—i + Xj— Z] — y]Z] + f] log(z]) — Z]' log(z])
=1L i
k[ 5. ]
= Z; Zjlog Z—j) +xj—Zj —yiZj + log(z]) Zj log(xj)
=1L |

We replace Z;log(z;) with

k
Zjlog(zj) = Z <1Og(xj exp(y;j)) — log (Z Xi eXP(%‘)))

i=1

k
= Zjlog(x;) + Zjy; — Zjlog (Z Xi eXP(yi)> ’
i=1
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and, thus, obtain

Df(f (Z,y)

1
= Z: 1o +x:—Z%Z:+Z: 1o
L |5ilos ) T g<2£pnap@»>
k 1
= Z: 1o +z:—2Z: +Z: lo +x;— z;
Z j 108 j % T 2108 lexlexp(yl) i %

°<24aamw)+”_4

<1 i)— c+jé[zj—x]-] ,

J/

N|\1

N|\z

T
—_
N N O

-

constant, independent of Z

for ¢ := log (Zl 1% exp(yl)) independent of Z. Hence, we have

arg min {Df(z x)— (%,y) subjectto z € [0,1]F, and E z] = 1}
ZeRK
j=

ZeRkK

k k
= arg min {Df(Z,z) +c (1 - ZZ]) +c+ ) zj — xj]
j=1 j=1

subjectto  Z € [0,1]%, and Zz]—l}
j=1

k
= arg min {Df(i,z) +c (1 — Z Z]'> subject to

Z€RK j=

= arg?g}Rn {Df(z z) subjectto Z € [0,1]F, and Ez] = 1}
j=1

Here, the final equality follows from the fact that the constraint 2?:1 zi=1
already ensures 1 — 2;‘21 Zj = 0. Since f is convex, the Bregman distance is

non-negative, i.e. D¢(x,y) > 0forall x,y € R¥. Hence, the smallest value that
we can attain is D¢(x,y) = 0, which we do attain for D(Z,z). Since z also
satisfies the constraints, we know that Z = z is a global minimiser of the original
optimisation problem.

This question tests the understanding of multiple concepts in the lecture notes and
builds on coursework related to Bregman distances.
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(d) The classical k-means clustering model as introduced in the lecture notes is

s k k
(2,fi) =arg  min {Z Y " zijllx; — pjl|* subject to z;; € {0,1}, Y z;; =1, Vi,j} ,

ZE]RSXk,yGIR”Xk i ].:1 ].:1

for s data points {x;};_,, where every x; € R" is n-dimensional, centroids
u € R™Fk and assignments z € R**k. The difference of the new model is the
change of the constraint z;; € {0,1} to zjj € [0, 1]; hence, we have

s k k
(2,f) =arg  min {Z Y zijllx; — wjl|* subject to z;; € [0,1], Yz =1, Vi,j} :
=1

ZG]RSXk,ﬂGIR”Xk = ].:1
This part of the question requires knowledge about the definition of k-means clustering

as introduced in Section 3.1.1 in the lecture notes.

Based on Question 3(c), we modify the unconstrained k-means clustering
objective to

s k
z) =Y ¥ zijllxi — il + Ds(z,2),
i=1j=1

for f(z) =37 4 Z;f:l z;jlog(z;;) and propose an iterative, alternating
minimisation algorithm of the form

s k k
2 = arg rrﬂlgglk {Z Y zijllx — pt;-||2 + Dy(z,2') subject to z;; € [0,1], Y z;j =1, Vi,j} ,
i=1j=1 =1

yl“ = arg min {Z ZZlHHxi - Fj||2} ’

]Rnxk 71]

wherel = 0,1,2,... denotes the iteration index. Thanks to Question 3(c), we
know that the solution of the first problem simply reads

2 exp (—Ilxi — pl|?)
Lt 2 oxp (=[x — i |P?)

while the update for the centroids is unchanged and is given in the lecture
notes as

I+1 _

,forallie {1,...,s}andj€e {1,...,k},

S . I+1,.
= 11 1
witl = ==—L—, forall je{l,...k}.
i=1%ij
This part of the question requires understanding of k-means clustering as introduced in

Section 3.1.1 in the lecture notes and its numerical implementation, as well as the
ability to transfer knowledge about the solution of Question 3(c) into a new context.

End of Paper.
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