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(1) For involved mathematical computations (e.g., inverting a matrix, computing eigen-
vectors, etc.) you are encouraged to use a calculator or a computer, unless stated
otherwise in the problem. You should make it clear where you used a computer and
how.

(2) When asked to perform a certain machine-learning task (e.g., K-means, PCA), you
should present all the steps of execution for the algorithm, and not run the algorithm
on a computer.

Question 1 [25 marks].  Graph clustering
Let G be the following graph:

We assign weights to the edges in the following way: w(e;) = 10 — i.

(a) Write down the graph Laplacian L for this weighted graph. Make sure the rows of
the Laplacian have the same ordering as the vertices. 5]

(b) Suppose that we are given that v is labelled as ‘0’, and both v, and vg as ‘1’. Use
the semi-supervised graph labelling method discussed in class to label all the other
vertices. You are allowed to use a computer to solve a linear system, but should
explain all the steps leading to this system, and how to interpret the output. [10]

(¢) Suppose we modify the weights of es, eg to be w(es) = 0.000005 and
w(eg) = 4,000,000. Without running the algorithm again, explain what will be
the effect of this change on the results. 5]

(d) Suppose that we repeat part (b), but now with vy, vo, vg all labelled as ‘1’
Without running the algorithm again, explain what will be the effect on the
results. 5]
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Solution:

(a) The weight and degree matrices are:

030279 2. 0 00 0 O
30006 8 0 17 00 0 O
000005 0 0 50 0 O
W= 200000} D= 0 0 02 0 O
76 000 4 0 0 00 17 O
9 8 5040 0 0 00 0 26
Therefore, the Laplacian is:
21 -3 0 -2 -7 -9
-3 17 0 0 -6 -8
o o0 5 0 0 -5
L=Pb=W=1 59 0 2 0o o |
-7 -6 0 0 17 —4
-9 -8 =5 0 —4 26
(b) We first write the projection matrices:
100000 001000
Pb={ 010000 Pb=1 000100
00 0O0O01 000010

Let y = (0,1,1)T be the known label, and let g be the values we assign the unlabelled
vertices. Then g is the solution for

A-g=0b,

where

0
0 b=—-Py-L-P!-y=(5010)".
7

A=Py-L-P=

o O Ot
o N O
—_

Solving this equation yields,
g =(1,0,10/17)"

The labelling vector we conclude will then be
(0,1,1,0,1,1)%.

(c) Note that v,’s only neighbor is v; whose label is ‘0’. Therefore, no matter what the
weight of eg would be, we will always label it as ‘0’. Similarly, v3’s only neighbor is vg
whose label is ‘17, and therefore vz will always be labeled as ‘1’.

(d) Since all given labels are ‘1’ the algorithm aims to label their neighbours the same
way. Therefore, all vertices will be labelled as "1’
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Question 2 [25 marks]. K-means clustering
Consider the set of data points:

v = (LD, 2y=(2,3)", xz3=(-1,-2)", x4= 44", z5=(-3,-3)".

(a) Perform the first two steps of the K-means algorithm for these points, with k = 2
and the initial centroids given by:

H1 = (073)T7 Mo = (_27 _2>T

You should run the k-means algorithm by hand, and not use any software. You
may use a calculator if you find it helpful. [15]

(b) Let Cy, Cy be the two clusters produced by the K-means algorithm in part (a).
Compute the Dunn-Index (DI) for these clusters, using the single-linkage
inter-cluster distance, and the diameter intra-cluster distance. [10]

Solution:

(a) The results:

assignments centroids

T T2 T3 T4 Ts M1 M2
Step 1: | 1 1 2 1 2 (%,.%) | (=2,-25)
Step 2: | 1 1 2 1 2 (3,5 | (=2,-25)

Since the assignments haven’t changed between step 1 and step 2, the algorithm stops.
The output clusters are: Cy = {x1, 2, 24}, and Cy = {x3,z5}. The centroids are

M1 = (%a %)7 M2 = (_2a _25)
(b) For the inter-cluster distance we compute:

||lx1 — x3|| = 3.6056, ||z1 — 5] = 5.6569,
||$2 - Zﬁg” = 58310, HZL’Q - I5|| = 78102,
|xy — 3] = 7.8102, ||lx4 — x5|| = 9.8995.
Therefore
d(Cy, Cy) = 3.6056.

For the intra-cluster distance we compute:

|21 — @o]] = 2.2361, [z — 24| = 4.2426, ||lzo — 24 = 2.2361

Therefore
A(C1) =4.2426, A(Cy) = 2.2361.

and we conclude that
[ 3.6065

= = 0.8499.
4.2426 08499
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Question 3 [35 marks]. SVD and PCA

In this problem you are not allowed to use a computer, except for part (c).

(a)

Consider the matrix:
3400
M= (5 00 0)
Find the matrices U,%, and V of the SVD: M = UXVT.
HINT: Use the matrices MMT, MT M. [10]

You are given a set of points {z1, xs, z3, 74, 75} C R3, where
T = (3,2,3),1’2 = (2,3, —2),.1'3 = (—1,3,2),1‘4 = (1, —2,0),.1'5 = (0, —1,2)

We want to find the best fit for a line approximating these points using PCA. We
will break it into a few steps:

(i) Find the empirical mean of the dataset, denoted z.

(ii) Centre the data points x1, ..., z5 using Z, and stack the resulting vectors as
columns in a matrix called X.

(iii) Using the SVD decomposition of X, find the principal components
(directions) of X.

(iv) Find the projection of X onto its first principal component.
(v) Write down the resulting approximation, denoted Z1, ..., &5 (don’t forget to

fix the mean).

Note: In this part you are allowed to use a computer to compute
eigenvectors/singular vectors, but do not use any implemented PCA routine. [15]

Recall the definition of the singular value thresholding operator:
X =02Vl — D.(X)=US,(2)VT,

where S is the soft-thresholding function.

Considering the data matrix X from part (c¢) — what is rank(X)? What is
rank (D, (X)) [10]
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Solution:

(a) Here
We start by finding M M7T:

The characteristic polynomial is:

25 — A 15

T— =
det(MM*—\I) det( 15 951\

) = (25—X)?—225 = A2—50A+400 = (A—40)(A—10).

The eigenvalues of MM7T are therefore \; = 40, Ay = 10.
We saw in class that the singular values in this case are

0'1:\/)\_1:\/4_0’ 0'2:\/)\_2:\/E = E:( 0

0
V10 0

o%
S

00
0 0/)°
We find the eigenvectors:

r oy (15 15
MM )\1[_(15 _15>.

The kernel of this matrix is any vector of the form « - (1,1)T. The unit eigenvector is
therefore u; = /1/2(1,1)T.

The kernel of this matrix is any vector of the form « - (1, —1)%. The unit eigenvector is
therefore uy = 1/1/2(1, —1)T. The matrix U consists of u;,us found above. Therefore,

U:\/l_/QG _11>

To find V we will consider MT M:

34 12 0 0
r |12 16 0 0
MEM=1109 09 00
0 0 00

Taking o, = (2,1,0,0) we have
(MTM)3, = (80,40,0,0)" = 407,
therefore v; is an eigenvector for A;. Nomalising it we get

1 1

o V5
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Next, taking 9, = (1, —2,0,0)T we have
(M M)3y = (10, -20,0,0)" = 10,
Taking vy = (1 —2,0,0)" we that vJ vy = 0. To complete the matrix V we need
eigenvectors or A = 0. For example we can take
vz = (0,0,1,0)7, = (0,0,0,1)".
Therefore, we have
2 L 090
v
V=|v & 00
0 0 10
0 0 01

(b) The best rank 1 approximation for M is:

1/1 34 0
vy vy - M_Z(l).(l 1).(5 00

(c) The empirical mean is:

= (1,1,1)7".
The data matrix is therefore
2 1 =2 0
X=1|1 2 2 -3
2 -3 1 -1

The matrix U in the SVD of X is

0.4019 0.0455
0.8250 0.4155
0.3974

U:

Therefore, the principal components are

0\ (4200
0) " \4 200/

—0.9146
0.3832
—0.9085 0.1294

= (0.4019,0.8250,0.3974)7,
— (0.0455, 0.4155, —0.9085) 7,

us

The projection on the first PC is given by

0.9739 0.3454 0.4998
1.9993 0.7091 1.0259
0.9631 0.3416 0.4942

X = UﬂL?X

The resulting approximations are therefore

&1 = (0.9739,1.9993,0.9631)" + (1,1,1)" =
0.3454,0.7091,0.3416)" + (1,1, 1)" =
0.4998,1.0259,0.4942)" + (1,1,1)" =
1.1543, —2.3696, —1.1415
0.6648, —1.3648, —0.6575

T

T

= (
= (
= (= )+ (1,11)
= (= )+ (1,11)
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= (—0.9145,0.3832,0.1294)".

—1.1543 —0.6648
—2.3696 —1.3648
—1.1415 —0.6575

(1.9739,2.9993, 1.9631)"
(1.3454,1.7091, 1.3416)"
(1.4998,2.0259, 1.4942)"

= (—0.1543, —1.3696, —0.1415)
= (0.3352, —0.3648, 0.3425)7 .
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Question 4 [15 marks]. Robust PCA & Matrix completion

(a) Given a matrix

2 1 4 3
M=|4 21 8 6
-2 -1 —4 13

find the decomposition M = L + E where F is a sparse matrix (with at most 3
nonzero entries), and L is a low-rank matrix (lowest rank possible). [10]

(b) Suppose you are given the following matrix with missing entries:

1?7 77
M=10 740
07?7 7?71
Can the above matrix be completed to be rank 2? Explain your answer. 5]
Solution:
(a) We can write
2 1 4 3 2 1 4 3 0 0 0 O
M=\|4 21 8 6|=(4 2 8 6 |+[(0 19 0 0],
-2 -1 —4 13 -2 -1 -4 -3 0 0 0 16
where
2 1 4 3
L=|4 2 8 6
-2 -1 —4 -3
is rank-1 matrix, and
0 0 0 O
E=10 19 0 0|,
0 0 0 16

is indeed sparse.

(b) If the matrix is rank 2 (or less), then there exists a linear combination of the rows
of the form: aR; 4+ bRy 4+ ¢R3 = 0. For the first element we have: a-1+b-04+c¢-0 =0,
therefore a = 0. For the last element we have b- 0+ ¢ -1 = 0, therefore ¢ = 0. Finally,
taking the third element we have b-4 = 0, so also b = 0. In other words, the three rows
are necessarily independent. Therefore we cannot complete the matrix to be rank 2.
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End of Paper.
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