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(1) For involved mathematical computations (e.g., inverting a matrix, computing eigen-
vectors, etc.) you are encouraged to use a calculator or a computer, unless stated
otherwise in the problem. You should make it clear where you used a computer and
how.

(2) When asked to perform a certain machine-learning task (e.g., K-means, PCA), you
should present all the steps of execution for the algorithm, and not run the algorithm
on a computer.

Question 1 [25 marks].  Graph clustering
Let G be the following graph:

We assign weights to the edges in the following way: w(e;) = 10 — i.

(a) Write down the graph Laplacian L for this weighted graph. Make sure the rows of
the Laplacian have the same ordering as the vertices. 5]

(b) Suppose that we are given that v is labelled as ‘0’, and both v, and vg as ‘1’. Use
the semi-supervised graph labelling method discussed in class to label all the other
vertices. You are allowed to use a computer to solve a linear system, but should
explain all the steps leading to this system, and how to interpret the output. [10]

(¢) Suppose we modify the weights of es, eg to be w(es) = 0.000005 and
w(eg) = 4,000,000. Without running the algorithm again, explain what will be
the effect of this change on the results. 5]

(d) Suppose that we repeat part (b), but now with vy, vo, vg all labelled as ‘1’
Without running the algorithm again, explain what will be the effect on the
results. 5]
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Question 2 [25 marks]. K-means clustering
Consider the set of data points:

v = (L,DY, 2y=(2,3)", xz3=(-1,-2)", x4=44)", z5=(-3,-3)".

(a) Perform the first two steps of the K-means algorithm for these points, with k = 2
and the initial centroids given by:

M1 = (073)T7 M2 = (_27 _2)T

You should run the k-means algorithm by hand, and not use any software. You
may use a calculator if you find it helpful. [15]

(b) Let Cy,Cy be the two clusters produced by the K-means algorithm in part (a).
Compute the Dunn-Index (DI) for these clusters, using the single-linkage
inter-cluster distance, and the diameter intra-cluster distance. [10]
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Question 3 [35 marks]. SVD and PCA

In this problem you are not allowed to use a computer, except for part (c).

(a)

Consider the matrix:
3400
M= (5 00 0)
Find the matrices U,%, and V of the SVD: M = UXVT.
HINT: Use the matrices MMT, MT M. [10]

You are given a set of points {z1, xs, z3, 74, 75} C R3, where
T = (3,2,3),1’2 = (2,3, —2),.1'3 = (—1,3,2),1‘4 = (1, —2,0),.1'5 = (0, —1,2)

We want to find the best fit for a line approximating these points using PCA. We
will break it into a few steps:

(i) Find the empirical mean of the dataset, denoted z.

(ii) Centre the data points x1, ..., z5 using Z, and stack the resulting vectors as
columns in a matrix called X.

(iii) Using the SVD decomposition of X, find the principal components
(directions) of X.

(iv) Find the projection of X onto its first principal component.
(v) Write down the resulting approximation, denoted Z1, ..., &5 (don’t forget to

fix the mean).

Note: In this part you are allowed to use a computer to compute
eigenvectors/singular vectors, but do not use any implemented PCA routine. [15]

Recall the definition of the singular value thresholding operator:
X =02Vl — D.(X)=US,(2)VT,

where S is the soft-thresholding function.

Considering the data matrix X from part (c¢) — what is rank(X)? What is
rank (D, (X)) [10]
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Question 4 [15 marks]. Robust PCA & Matrix completion

(a) Given a matrix

2 1 4 3
M=|4 21 8 6
-2 -1 —4 13

find the decomposition M = L + E where F is a sparse matrix (with at most 3
nonzero entries), and L is a low-rank matrix (lowest rank possible).

(b) Suppose you are given the following matrix with missing entries:

M =

O O =

77
740
771

Can the above matrix be completed to be rank 27 Explain your answer.
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End of Paper.
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