Example 7. Consider the system

~ ¢ -
= — +27 m. .xa
AT ¢ . (-2
y = —2y+ 3z°. u 3

This system has two equilibria, one at the origin, which is locally asymptotically stable (by lineariza-
tion), and hence another one unstable (why?). Can we somehow estimate the basin of attraction of

(0,0)? Consider the Lyapunov function
M od e
22 o2
which is positive definite. Now calculate At =<2
. 3 3 A
V(z,y) = -2 + oy’ —y* + Jya® = —a*(1 - Jy) —y*(1 - 2), 7\.::> l

which is negative for all (x,y) that satisfy x < 1 and y < 2/3. This clearly indicates, as we know,
that the origin is asymptotically stable. To gain an idea of the basin of attraction, we must find the
largest region around (0,0) where V(z,y) < a and still be negative definite. Since the level sets of V
are the ellipses with the axes v/2a and 2/a hence we must have that v2a < 1 and 2v/a < 2/3, which
implies that o < 1/9, which means that the largest region that we can be sure lays inside the basin of
attraction is the ellipse

2y 1
2 4 9
However, as numerical illustration shows, the actual basin of attraction is way bigger, but still smaller
than the whole plane (see Fig. 2).
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Streamplot{-x+y”"2,-2y+x"2} x from-5 to +5, y from -5to 5

Input interpretation
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Streamplot{-x+y”"2,-2y+x"2} x from-5 to +5, y from -5 to 5

Input interpretation










% Wolfram.

streamplot{y,-sin(x)} x=—10 to x=10; y=-5to y=5

Input interpretation

x=-101to0 10
stream plot (y, —sin(x))
y=-5to5

Plot

Recommen d this app Feedback
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Example 8. Now let us consider again our familiar model of the pendulum
T +sinz =0,
which can be written as the system of two first order equations

=y,
y = —sinz.
We already know the phase portrait of this system (see Lecture 9), but here let me use the knew

machinery of Lyapunov functions to establish that the origin is Lyapunov stable.
As a candidate of Lyapunov function let me take

o2
V(z,y) = ) +1—cosz.

Note that in a small neighborhood of (0,0) my V is positive definite. Now
V(z,y) = ysinz + y(—sinz) = 0,

and hence my V is an example of a Lyapunov function, but not strict Lyapunov function. Therefore,
I can conclude, as I already know, that the origin is Lyapunov stable.



% Wolfram.

streamplot{y,-sin(x)} x=—10 to x=10; y= -5 to y=5

Input interpretation

x=-101to0 10
stream plot (y, —sin(x))
y=-5to5

Plot

Recommen d this app Feedback
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Plot (y*2)/2+ 1-cos(x) for x=-5 to x=5 and y=-1.5to 1.5

Input interpretation
2 x=-5t05

¥
lot “— +1—cos(x
2 2 0 y=-15t0 1.5

| 3D plot

Show contour Iines]




» 4}, {y, -3, 3}]
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In[25]:= r = 43 StreamPlot[{y, r*x - Exp[x]}, {X,
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» 4}, {y, -3, 3}]
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In[20]:= r = 23 StreamPlot[{y, r*x - Exp[x]}, {X,
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