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You may assume any standard properties of the functions sin(), cos(), exp() and
In(), including the fact that they are continuous.

Question 1 [20 marks]. In this question, A, B C IR are non-empty sets of real
numbers.
(a) Define what it means for x € R to be an upper bound for A, and for it to be the
supremum of A. [4]

(b) For each of the specifications below, either give an example of a set A that meets
the specification, or state that no such set exists. No justification is required. [8]
(i) A countable set that is not bounded above.
(i) A countable set that is bounded above but has no maximum.
(iif) An uncountable set that is bounded above but has no supremum.
(iv) An uncountable set that has a maximum.
(v) A finite set that has no maximum.

(c) Suppose A has no maximum. Starting with the definition of maximum of a set,
prove the following statement:

Vxe Adye A:y > x. (4]
(d) Suppose B has the property that |x —y| < 1forall x,yy € B. Prove that Bhas a
supremum. [4]
Solution:

(@) x € Risaupper bound for Aify < x forally € A. x € R is the supremum of A
if x is an upper bound for A and all other upper bounds z satisfy z > x.

(b) (1) IN.
() {—1/n:n € N}.
(iii) Set does not exist.
@iv) [0,1].
(v) Set does not exist.
(c) From (a), x is the maximum of Aif x € Aand Vy € A : y < x. That A does have

a maximum is therefore expressed by dx € A Vy € A : y < x. Negating this
expression yieldsVx € Ady € A:y > «x.

(d) Selectany y € B. (We are told B is non-empty.) Any x € B satisfies |x — y| < 1.
Thus, B is bounded above by y + 1. By the completeness axiom, B has a
supremum.

Comments:

(a) bookwork; (b) examples of (i)—(iv) have appeared in the course, and (v) is used regularly;
1 mark each for exists or not, and 1 extra mark for the examples in (i), (ii) and (iv); (c)
negating quantified formulas is a topic in the preamble to the module; (d) unseen.
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Question 2 [20 marks].  In this question (x,) ¢, (V1)1 (4n)
sequences of real numbers.

(a) Define (using a quantifier expression) what it means for (x,)>_; to converge to
x € R. [2]

(b) Suppose (x,) converges to x € R and that a,b € R are real numbers with a > 0.
Define the sequence (y,,);"_; by y» = ax, + b for all n € IN. Prove, directly from
the definition of a convergent sequence, that (y,) converges to ax + b. [8]

(c) Assume now that (u,);’_; is an increasing sequence. Define the sequence
(vn)5_1 by vy = min{u,, 1} for all n € N. Prove that (v,,) converges to a limit.
You may appeal to any of the results covered in the course, provided you
indicate which you are using. [6]

(d) Suppose (u,) and (v,) are as in part (c). If (u,) converges to u and (v,) to v,
what relationship holds between u and v, and why? [4]

Solution:
(@) (x;);, converges to x iff

Ve>03INeNVn >N : |[x, —x| <e.

(b) Let e > 0 be arbitrary. Since (x,) converges to x, there exists N € IN such that
|xy — x| < &/aforalln > N. Then

lyn — (ax +b)| = |(ax, +b) — (ax + b)| = |ax, —ax| =a|x, — x| < e
for all n > N. Thus, (y,) converges to ax + b.

(c) The sequence (vy) is increasing. (If u,, 11 > 1 then v, <1 =1v,,1; and if
Upt1 < 1thenv, <u, <uyyq =v,41.) Itis also bounded above by 1. An
increasing sequence that is bounded above is necessarily convergent.

(d) From v, = min{u,, 1} we deduce that v, < u, for all n € N. It follows from a
result in the course that if (1) and (v, ) converge to u and v, respectively, then
v <u.

Comments:

(a) bookwork; (b) a simpler version of the sum of two sequences, which is in the module; (c),
(d) unseen.
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Question 3 [20 marks].  For each of the sequences (x,)° ; defined in parts (a)—(e),
decide if the sequence converges and, if so, to what value. Justify your answers. You
may appeal to any of the results covered in the course, provided you indicate which
you are using.

(@) x, = nr—lzl (1+ cos(nm/2)).

n+1
(b) x, =

(1+ cos(nm/2)).

1 n+1

(1+ cos(nm/2)).

(d) xy = YIHD

() x;, =exp (n:l-l)'

where a,b,c,d € R satisfy c > 0and d > 0.

Solution:

(a) Converges to 0. The sequence (1/n) converges to 0 (building block in the
module) and so does (2/1). Since |(n + 1)/n?| < |2n/n?| = |2/n|, the sequence
((n+ 1)/n?) converges to 0 by Dominated Convergence. Note that
|1+ cos(nm/2)| < 2. The product (y,z,) of a sequence (y,) converging to 0 and
a bounded sequence (z,) is a sequence converging to 0.

(b) Does not converge. Observe that |xy o — Xgr41| = [0 — (dk+2)/(4k +1)| > 1.
If (x,) converged, then the sequence of differences (|x,+1 — x,|) would
converge to 0.

(c) Does not converge. Note that this is the sum of a convergent sequence (1/n)
and the non-convergent series from (b). Now use the contrapositive of the fact
that the difference of two convergent sequences is convergent.

(d) Converges to a/c. Divide through by \/n to get x, = Zig;ﬁ The sum (v, + zn)

and quotient (v, /z,) of a sequence y, converging to y and a sequence (z,)
converging to z is a sequence converging to y + z and y/z, respectively. (In the
latter case, (yn/z,) must be defined and z # 0.) We saw in the course that the
sequence (1/+/n) converges to 0. So the numerator converges to 2 and the
denominator to c. So the quotient converges to a/c. (Note that the
denominators are never 0.)

(e) Converges to e. The sequence (1 + 1/n) converges to 1 (the sum of two
convergent sequences); also, exp(-) is a continuous function, so
(exp((n+1)/n)) converges to exp(1) = e.

Comments:

These precise sequences have not appeared in the course (unless by accident), but similar ones
have. In each case, 2 marks for the right answer without justification. I will accept “by
Theorem 2.19”, etc., as acceptable justification.

© Queen Mary University of London (2022) Continue to next page

[4]

[4]

[4]

4]

4]



MTH5104 (2022) Page 5

Question 4 [20 marks].

Parts (a)—(c) of this question concern the power series Y5> | x*/k. In these parts, you
may appeal to any of the results covered in the module, provided you indicate which
you are using.

(a) Prove that Y% ; x*/k converges absolutely when |x| < 1.

(b) Prove that y"3> ; x¥/k does not converge when |x| > 1.
(You may use the fact that (1 + «)* > ak for all k € N and & > 0.)

(c) State whether Y ;2 ; xk/k converges when x = 1 and x = —1 (two cases). No
justification is required.

(d) For each of the power series (i)—(iii) below, state whether it converges only at
x = 0, converges for all x € IR, or converges for some non-zero x but not all (in
which case, state the radius of convergence). No justification is required.

o0 [ee] [e°] k
G Y 2fktak i) Yo2kR o i) Y %xk.
k=1 k=1 k=1""

Solution:

(a) We have 0 < |x¥/k| < |x|¥ for all k € IN. The geometric series Y3 ; c* converges
when |c| < 1 (result from the module). Thus Y3 ; |x¥/k| converges, by the
comparison test, and Y5> ; x¥/k converges absolutely.

(b) Leta = |x| —1 > 0. We have
XK /K| = |x¥/k = (14 a)*/k > ak/k = a.

Hence (x*/k) does not converge to zero. Hence the series Y3 ; x*/k cannot
converge.

(c) Does not converge in the case x = 1 (harmonic series) and does converge when
x = —1 (alternating harmonic series).

(d) (i) converges only when x = 0, (ii) has radius of convergence %, and
(iii) converges for all x € IR.

Comments:
(a), (b) unseen; (c) standard examples from the lectures; (d) barely disquised (by the inclusion
of 2%) examples from the lectures.
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Question 5 [20 marks].

(a) Define (using a quantifier expression) what it means for a function f : R — R to
be continuous at a pointa € R.

(b) Prove directly from the definition that f : R — R given by f(x) = x> — x +2is
continuous at each pointa € R.
[Given ¢, you may like to try J of the form § = min{ce, 1} for a suitable constant
c>0.]

(c) How do you know that the function g(x) = exp(x? — x + 2) is continuous at all
points in R?

(d) Using the Intermediate Value Theorem (IVT), show that the equation
x?> — x + 2 = exp(x) has a solution for x in the interval [0, 1]. Show explicitly
that the conditions of the IVT are satisfied.

Solution:

(a) fiscontinuous at a if

Ve>030 >0Vh e R, |h| <o : |[fla+h)—f(a)| <e

(b) We have

fla+h)—f(a)| = [((a+h)* = (a+h)+2)—(a° —a+2)|
= |2ah + h* — k| < (]2a| + 1) || + |K|*.

Given ¢ > 0, set 6 = min{ce, 1} (following the hint). Then for all & with |h| < 6
we have
If(a+h)— f(a)] < (2|a] +1)6 4 6> < (2|a| +2)6.

using 6 < 1. Now set ¢ = 1/(2|a| + 2) and note that (2]a| +2)6 < ¢.

(c) The function g is the composition ¢ = exp of of two continuous functions: we
are told the exp is continuous, and f is continuous by part (b).

(d) Consider the function i(x) = f(x) — exp x. The function  is the difference of
two continuous functions and hence continuous. Let a = 0 and b = 1. Then
h(a) =1>02>1—e=h(b). By the IVT, h has a root in [0, 1]. At this root,

x? — x+2 = exp(x).

Comments:

(a) Bookwork; (b) f(x) = x? seen in lectures (and a more general quadratic is among the
exercises); (c) is an easy application of a result from the module; (d) is similar to examples in
the module.

End of Paper.
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