EXTRA TUESDAY TUTORIALS WEEKS 10-11-12
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Question 1 [28 marks]. One dimensional systems on R and S

(a) Consider the following dynamical systems on the line IR, given by the ordinary
differential equations
@) 2= 2(x°+2%-1),
(i) * = exp(—x) — tanh(x),
(iii) ¥ = sin(x) — tanh(x).
Investigate each system, and deduce the phase portrait on R for each system. [12]
(b) Sketch the phase portrait of a flow on the circle, S, which has exactly 4 fixed points: one

being linearly stable; one being linearly unstable; and two being saddle-nodes. Identify
the basin of attraction of each of the fixed points in the phase portrait diagram. [6]

(c) Find a differentiable function f : S — R such that the differential equation § = f(6)
generates the phase portrait described in (b). [6]

(d) Explain in words the likely structure of a phase portrait given by 6 = f2(6), for any
differentiable function f : § — R. [4]
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Question 3 [40 marks]. Two dimensional systems

(a) Consider the system,

¥=x(1-2y) y=-y(1—-x). ®3)

(i) Find the fixed points of system (3) and classify them, sketch the null-clines and the
vector field for the positive quadrant.

(if) For which fixed points of system (3) does the Hartman-Grobman theorem assist in
identifying their types of stability?
(iii) Find a first integral for system (3) of the form f(x) + g(y) = C, a constant. By

examining the form of each of the functions f(x), g(y), or otherwise, determine the
nature of all the fixed points and sketch the phase portrait in the first quadrant.
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