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= x(t) , A independent variable
c depends on

↳
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ODEs in one dependent variable

lequation involving
derivatives of ? Wrt +

and K and t -
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ordersG-

order

E . g . ze dx dX + x +
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, general trim for WI .I
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j = f(x ,y) , y = g(x ,y) w1 .
3

- ↑g(x ,
30 (

↓ ↓- I f(x , 3) ->
i

,j)

H
I3100

1yo
Ko ,Jo

d -> --f(x,3d

S·x"~integral unesS
C

WS
S

-> solutions
orbits, are

the same

thing !
· Wolfram alpha APP try "ectrfieldplot [Y=

-3
.

"

I
S& = 1 ,2 =+

3 -> aditydy =

0 - Integral curves
& xi = f(,y),y =y(x,y)

= dt = d= E c + y

=
coust -

are curve which are

=xo+yo if whit
passes through (eC0 ,yo)tangent

to the rof.
at every point 2

,1)
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-x So at each pt (c , y)
,
we

....... i = y I> =y C have the vectorI
(x*,y*)

>
=-

&
-

SMy*, -x
*M has solutions constrained. (y ,

-x)- -

- to concentic circles
W

D (1,3)

y ,
-x)⑧ C

GC0,y0) x(t)2+ y(t) = x+ yo

I
&

!- ->

x *,y
*
0 = = >0 d? = -x

*O

↓SE
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r
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I

·
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WI .E

Ist order systes on
IR

-

i = f(x) , f: 1 - >1R

Qualitative dynamics - what "form" does an orbit take

and what are its asymptotics?

Quantitive dynamics is concerned with finding exact-arbit sculos

Qualitative dynamics is completely solvable on IR
whereas Quantitative dynamics isn't .

e .gic = x+sich() = f(x) is given by a globally
x>0unstable fixed point sctsinhlul? 8 for x =

0

⑫ ⑧ ↳
<O

x < 0
-

whereas I da has no result in standard
-Sich(x) mathematical thcong !



Consider The phase portrait
WI . 6

e .g .

x = x

E & 1

x= o

· instable ,
orbits on both sides move away from x

= x0

S

as -increases .

-

B s⑧
↑

e
-gi = x2 ?

· Again unstable -why x
= x0

E O ↳

x = xp

· stable fixed point : all
orbits move close to xe = <10

as -increases



xi = f(x) = x(x-1)(x-z)- gr(f) WienzI
-de

t - I

&

A -
- C [ & > ⑳ - root-

- &

U U2S ↳

not 24/linewly C
unstable- Lui⑧

Note fixed pts are sains o
ODE !

table ot)= 0 is a fixed pt
solution

I . e . ---

and dx = 0 = f(0) ·

Same for
xE ,

x= 2

-

At



W1 .8

Nole i = 1 is
not defined for x=1 ,

therefore we

x- 1 d
have two dynamical systems for x</ & x> 1

F_
P

. s when Sin (n)= 0
,
x=nπ

Ex 1.71x = sin() [ f(x)
n= 2

·gr(f)
.
t I

I

.

or....
0

-----
U S

...

-

n =I
-> ordered sequence of fixed pst

x=ni
/ &

- I

alternating between
stable and unstable points

Note f'(i) -

/ => a(n) =fl)" -alternate
to

-

as
and -

Quatively =sinc Scoseusdx=dt
->

- log(secx +atx) = t+C

but =
FCt) ,

F ??



↳estability -

WI .9

i = f(x) -properties of f can determine
-

2

stability
f'(20)<0"

...

=@@· x

x= >20
os

-

the graph of fis has a zero at xc=20
,

1
.
e

.f(x)=0
.

Suppose binegative then in a smarin and
.

9 so
-

if <x0 ; f(x) >0 & x x x 0
,
flu)0

.... STABILITY
-

similarly if fi:]>0 , we get insight

LINEAR · INSTABILIT +(c)> 0
-
--

LINEAR STABILITY f'(x0) < 0
-

- -
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I

electives'3-4 &

- Note on dynamical system in n-dimensions
&

-Linear stability at a fixed point Linearisation
. Example 1.7

- Def" of stability/asymptotically stable/unstable
(leftovers from Chapter 1)

--

Bifurcations of systems on the lime R
(Chapter 2)

.



(f(7 ,9(,3 W2
.
2I -

·[x
,3)Dynamical systems in n-dimensionst

R= 1 ic = f(x) = n =2ic = f(x,y) , y = g(x, y)
I j*

n=3
I
xi=f(x ,y ,z)

, y
=

g(x , y ,
z)

,
E=h( ,y ,

z)
.

general i
2 = (x ,,xz - - -, )=/R"

n - dependent variable

-iR ei -R
-

reloerly f : R" - IR" I( ) = (f, (2) , fz(z) , . . .

,fuk))-recla =

CSo the position ?=, ,. -, n) has a vector (2)
attached to it 2f * e = (x,2,x3) = (x ,y ,z)

and It., facts) = (f ,g ,
h) in notation above .

-
&

We only consider n = 1 & n=2 I-flun
-
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.3

Local behavior at a fixed point I ic = f(x)
at x x0 (1 - e- f(x0) =0)

-

Linew Stabilit
F.P.

80 %
si =f(x)(e

Let x= xo+Y cr is a local coordinate)
.

-
-

/

Substitute in ic = f() gives (x(t) = x0 + y(t))
↑

c =

y
= f(x+ 2)

-

- f(0 c + f(xd( - x0) + fe-s~ -

1 .2-

~ ? -D "I
-

&

-

Linea tion
& = f'( 2 (linear system (

-

isystem f'(x0) < 0 stable fixed point- 3fG1 =
0arot

↳

-
Ef'(0) > 0 unstable fixed point uNsuRE !



~U FP W
.
I

.4:

-Shility 1 < >(

Neighbourhood N

unstable - (7 x mic FP!

&8 & 0 & 0 7 UV FP
O

i
= 0 x 0:

> > 0 x >0

US FP
stability

I so - S*
C x(t) ,

x(0) = x
*

⑧

Nx(t) = NX t <0

stability for pts x
* = 1

( ⑧ -> (N . -
VS FP

-

ICo

I ↑ -

o) -

x

> = 0 /SFP.o a 03 o o o

-

2=Co N



[0 =- sin O j = v 3]
W2 ..5

i =
-Si O

Asymptotic Stability -> stability blus oc()->x0
as t ↑

x = 1 + x2 / =Gat
arctan (1) = ++c

=> x = tan(t + c)
,

Exp Let c= 0
,
note
-

x-> 0 art -> #2 I. e .

C escapes to &

as E -> #z



W2.

Bification Theory i = f(x) , x +R

Sertas
,
octR

,
i is a parta

r
,
parameter

,
a , b

↑
r
= To T - 3

ii = i+x2 = f(v,x) 0

⑧ r>0 : xc = 1+x)0

⑧ -

dep war ·
r= Vo

:c =x[in
CC

r= 0 - ⑧ - ⑬r= Pr & ⑧ ⑧

2 Ko si
,

FP /[0 :c = r +x

I
r + sc= 0 ,x = I r , = -Fr ,

x
,

= + fr



r w2.7

I Type I Dynmical Structure-

D ⑧ >
or qualitative type
changes at r= 0

~ra" IngresOO8-- Bifurcatur at
↳

Types
r = 0

Saddle-node example-ircation -archetypal
Bitucation diagram in cer-plane ChIS -

si = v + x2 i = 0· phase petrat ~ 2D
·
!very special one .

1



2
.8no

Bof . Diag always looks " norizontal line"
dynamics - O ↳ --

in 2D 2 ⑳ <a >

> >

-e

&Phase patraits
typically ~Lions W

3
&~different ! T~~W-



Ex 2 . 3
W2 .
9

-
- j = t- x) - e FPS
r -x - e- " = 0 =) ??

3 =
= ] plot these : interside I these-

↑

graphs will gues
⑧ &

zewes I v- x - e
-

=0

↓ 2Fp y
⑧

2 EP

⑧
7-1 FP I &

↳

Ny
= e

-x

7 88
nee 2S ne

OFP
I ~

r4 0
,
1
,
2 FPs Y y

= r-x , someo
Saddle-mode ? -



W2
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r-x - e
-

= 0 f(v ,
x) - r-x

-

-
-

f(r , x) = 0 3 ensures tangency
If(r , x)

= 0

I
r-x -e = 0 3 -I

r -0-1 = 0

- 1 +e
= O e-x = 1

,
x =

0

x = 0
,
r= 1 i a potential bifurcatir
-

f(r ,
x) = r - x - e

= r -x - (1 - x + x
2
-

3
- ...~

! 5!

=(r - 1) - Y + a ....



Local coordinates - reduction to normal form
W2

.
Il

E

M
= r - 1

, y = x

M- 3V

I I
-

=M .
- I

is = j =qyz + ....

It --

# 12
Let z = Cy 2 ?, so substitute !

2
I

Changes &t ↑ 1

z = 2y = x/r- 22 C
-

to
sch
de
-M z =

2m - 2 Choose 2= -1

reduce I 22
2.

- nee

Norri i =
-

q
+ z

r = -M
2

12 = 0 + z + ..) = z==-I
Saddle-mode normal form

.

=

·
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-modenormal form

i = f(x , r) f(x ,r) =
0 3 doubleof ( , r)

= 0 roof
0x↓ ......... care- eco, ros fast

f=)20

Taylor f(x) =0

-O -O Af() = (x-x x0)
-

g(x)

f(x ,r) = f(x0 ,50) + If(x0 ,50) ( -xco) + Of (ro ,
rol(r-ro)/ - Co d

t off(ro,)(x -x0)2 + 24(ro ,rol(x- x) (r-volC ⑧2ItDis OxOV
I"B I I
82f Cr -rolt ....
-

d & ~2





W3 .
I

Saddle-mode sa =r + x2 (i = r-x2)
W-

I

pr L i = r - yu
x =

- y ??
- 3 x

ro
Remediagram
FP set

7 ⑧ >x

-ess-r-
r=-
x

⑧ - ⑧ -

Tec -r



W3 .2

FP stability ? (c = r +x
= f(x, r)

FPs x = Ifr Linew stability at #Ps
·

/
+Fr ~

gr(f)

-ins
.

< 8

o

>

o o

= 2)
= +Fr , 0

=2Fr 30. -N
1 /I -S
linear unstable at = +Fr W ↓

/

"linear stable at =-Fr Asymplaine



W .
3

.3

r = 0.

x=
- Fr

x=
+Fr(u) of

S
& Elo

,a

= 0

I Move investigatio
>0< S ↑50

- 4

f(x)~ E
x =x =

-

x = x3 = fz(x)
--

! = != 0.



W3 .4

six = -x -e r= 1 x = 0 FP
.

FPset r -x - e-
x

=O
↳

⑭ I x

r-x = e
- x

y
= e

- x

. f(x ,r)

fr(x)



W3
.

5

ticalBifurcation
cal de et C= 1

,
B =

-1

of.i =ve Taylor expansion
A

,
B

,
C

SNB A ,
BUA =

ofoflee, B= /Les*, +)
+B B

,
<

= /(+,r+)

f(r) = Ar + Barc + Car + H .
05

.



W3.
6

x= N
2 r

Investigate c = xr - x I f(x,
r)

U S r
=x

⑧ > O < reFP set xr-e= 0 S U S· >& < ↑2

x(r -x) =0
< ⑧ L

W
xT

S & >0 < 13
FP lines x = 0

C
e S

S-O r4
U S

ei =d
r = CC x = 0

1
At FP sequence 2 -> 1 - 2 as /

(instability calculation

r20 unstable

(r)/ -2/e =

0

= E i <0 stable
.↳ -



W3.7

·flir
, )

= ~-2n/res" irer abr >U.

E r co unstable

Note c = roc +x = x(r +x)
↳

> 0<0 I ·C> 1 > > 0

> ⑧ > 3ID 040 >



Mathematically
, up
t a change of cordmates,

"O

-

they are exactly the same mysler
2

j
= vo -x

e
,
let y =

-x

= -x =
- rx-

+ x = ry +yI
& Z

2

so y
=

ry + y > i
= (c) -x

- transformation" -> y
-..... <-

changes orientation
>= -> careful interpretation



E6p15 Lecture notes . W3
.
9

j= r(n(x) +x - 1 = fr(x) = f(x,v)

Ntex = 1 =>ic = 0 Fr (n(1) = 0

x - 1 = 0

FPsst By observative xCE/ F.P set in Ps,5) place
3 =

y + 1
, y

= local coord at the FPx=1

j = xi = r(n(x) + x - 1
Fr

(y = r(n(1+y) + y

= r(y - 2 +2 - + ... )



W3 ,
10

I . e . r(y -2 .... ) + y - O

2

y = ( + 1)y - ry2 I ...

ij = 1x -x

I

j = My + (1 -n)22
r+ 1 =M
- r = 1 - M

2
2

= My
+ y - r +

H
.

0
.
T

.

it z = <y a?
-I??

Note CFO ,BIO
See Latex notes z = ci =an + (2)
p12 ,

last line



S

Transcritical form ↳
wi.

-

en · = FP

2

j =

my + y C= 1 B= 1/2
I =O I 0:

r
FP curves y =0(x = 1)

y= 0

M = -3/
y =0x = 1

-

> ⑧ ↳ ⑧ >
0

,

M = 0 , r
= - 1

& O ⑧ ⑧

> 0 L ⑧ 7 x

( ,M1 =(0 ,0) ·

2

y&

Cowesponds E
&( ,r) = (1 , -1) - O <8 >

cal 3 ·dage 3 0#o district Cop
tative typers

qua In
-2 - 1 -2



expansion. O -O W4 .
I

j = f(x ,r) = f(x0 ,v0)
+(xr)f(x0,10) +

M
1 ! x

+r-vo)fr(x ,
ro) + < -xolf

,
(10,0

A ->
C

-

-
B

-

I ! -"C - D
+ (c-x)(r-rolfsr(,ro) + (ro)frr(10,d
T

3 xE 2!

+ (x-xo) fxxx((30 ,50) - ....

-

A
,
BF0 ,? 3 ! A=0 B C #O
I&-I-

Saddle mode & Transcritical
-

Third bituration to consider

PITCHFURK BIFURSATON



W4.2

Pitch (one urcation

Consider f(x , r) = - f(-x, r) oddness inEn-
x

,
not in v.

x ,
ec,, ---

f(x)=
C = 1 E= 1

y =f(y ,M) =

my+ .

- f(-x) = x2
y

more generally ⑧ f(x) +- f(-x).
=(my + Ey +Dr ?+ ....

(4 ,M) local cooduates at PCs,vo)

FP set Cry+ Ey + Du
+mys

0
+ E



Cry+Ey3 =0 neglecting +.
0T .

W4.3

Cry +Ey3
y((m + Ey4 =0

j =
M Flo

y =0 y
=

=f W Y

I

⑧ ⑧

·epench
F 0 onE
-

⑳

M = - E IY
Super P ·

-Eso critical

toce (c,ro)
& sals--E <o critical supercritical

1 - 1 +3pitchfale
as MX



subcritical 3 -> 1-> 1aMY. 24-4

j = (ny + Ey3 -E> 0 ,
-E>0

- ↳

subercutical
<0 > · D VI :Ex0 ; V2 : ElW

-

↳> - R .

-I subcritical
- Vi : Exo

,
U4 : Eco
-

Extra terms solve for FP leading
linear term i +hot (e .y . U ets .)



W4 .E

j = - 3ny + 1
.y

F.
D. set y = 0, 3m =yrhie

Ex .
2.7.

E

ii = -x+ panh(x)

#
-

.y=x
, y = Blanh(x) .......S

where graphs intersect
.......

-

give fixed pt . RewI y = tanh(x)S
q

tanhk) ! = secure



-

BIFCR.CATION_DIAGRAM
W4-5

NoI /
-

-
- B= 1

I I

but an

attempt to: understandfixed pr
-
- Pattern as--

--↳" B -> increases

I thro = 1



W4.7

ii =
-x + Bank(u) = f(x,)

= - x + (x-!x+ -... I
e

t ....

= ( - x)x - Bx + Bec
For Bif4t3 f(x,) = 0

3
= (B-1(x - 5) 2 (x,)=c

&xi
-Let M = B- 1

B- 1 =0

xi = Mx - j(n+ 1)x + ...

x = 0 .

=Mx - =x3 - Mx3

? ->=x(n - =x -jrx2)
-



w4 .8
2

M
= =x + n! x

M =
2 + why ?

close 15! * parabola ~=jareNote

n(1- xi) = -
-

m = x(1 - =x2) ↑ graph
x= =x(1+ !x) = I + x4

=



FP i = x - es- rx

Ex
.
2 .8

FP set : xt-x - rx = 0 r

r = x
- x

& &

-TRnE
,But !-e LxF 0 C

BETER! x(x4 - x2- r) = 0
O

& ⑧

x
-

Pa 43

x= 0 Fixed pointset
⑧

r =xx4 ->Two curves · fixed pts
-

At pt P,
in er-plane we think it is a subcritical

- -

pitchfork
P22Ps we think they are simultaneous

&

-

saddle-node bifurcations (sub-arit)



Saddle mode A ,BF0 ,
but what aboutC.

- Eoc = Ar + But + Car (,r)=
BIF 47:

= Ar + B(x+,)-4B2
r

= A(r -1 ) + B(x + 23)
2

y
= x + Cr

2B

u =
r- 33

=
ic = An + By2.

M

2

rI Fr
v= M2 x M = r2 x

not imprint. is A,
Bto



S-N -

ic = x4+Mevx is = 0, 1
,
2

.
FPs .

M = v = 0 - This meant⑧

M

U>0
, M= 0 do to show there

are bircation
000V=0 M> 0 W

diagram
with

2 = 0 M< 0 ↳.

more than 1 -

U>0 M < 0 : parameter !!



3
. Dynamics on the Circle S

S O < a > > R

o In
B

B I
= 1 - cosOE

* S

g =0 ⑧ &=0 FPs
X O =0

My I
1.

e .
1 - cO = 0

j =f(0) O = D FP

needs fl0+2i)=f(o) note &>0
,
FO




