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MTHGISIPartialbiff.Equations.IMSolutions final exam 201812019

Question 1

a Themethodofcharacteristicstransforms the pole
al x y1Ux t blay Uy Clay U t d ix y

into the problem ofsolving theordinary differential equations

i u ii
Equation Ar givesthecharacteristiccurves while 1 4
allows to find U along thecharact curves transport equationBookwork 14marks

b i U t taux Myy U cosy
Linear second order inhomogeneous equation T2marks

ii 5 U Utt U2Ux 0

Nonlinearsecond order inhomogeneous 52marks

Bookwork



Z
c Solve Mx 2Mt O

Uloitt cost

The characteristic curves satisfy data z

t 2x C C t 2x T2marks
Moreover from generaltheory out along a characteristic

i Mix.tl flat flatt It mark

In particular Matt fu as C t if x o
but Uco H cost cos C f CI cosC

Hence therequired solution is UlxiH oosC2xt IzmarksSimilar to OWIlectures

d Find thegeneral solution to

Ut x Ux sint

The equi for the characteristics is o text luxtC
2marks

Thus d
sift from general theory

Eliminating t onegets daff sinful
but J8inbY d Jginzdz cost coslucx



Hence U cosbucxtflc 3

Now as C eta one concludes that

townecturlestykitt
cost f eat Ismarksy

Eustis f p
a Classify b2 acco elliptic

i 2U 4Uxy GUyytUx O
Here a 2 b 2 c 6 4 2 6 1670

i Hyperbolic equation T2marks

ii U t2U ytl7Uyy 0

a l b l C 17

l l 17 16CO

i Elliptic equation 52marks
Bookwork

b Givenfix differentiable
i Show that UlxitI flxtcH solves

Ut cUx 0

Using thechain rule Ux 0 f'Ixtet Timarks

Ut dghf flxtetldcctldt
cflxtc.tl timarks



Thus readily 4

Ut cU c f lxtett f lxtetl o Mmark
Similar to owl lectures for
iil Assume f hastheform µ
Let the maximum of f be at x x Then for t o one will

have that x xtct x x Ct Thus for
to the initial profilemoves to the left an amount at keeping

Uits shape

13marks

Iii If Ulxi01 o then Mix H o for all t So if there is no
initial profile then it cannotariseat latterTimes

Question 3
tsimilaito owl lectures T2marks

a Given xtet
UH.tl L fcxtctltfcx.ch tf J gestas

x et

Theterm Effixtetitfix et gives theaverage off at the
points Ix ett and Ixtetl

On the other hand

Iof to sIds givestheaverage of g ontheinterval ex etixtet
14marksBookwork
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b If Ukitl is asolution to thewave equation then vlxitl Ulax.at
is also a solution

Let 4 41 vlxitl Ulr.ws

Hence fo aft
d dw 2
It at IF T2marks

2 z i
z

a
z T2marks

Thus
off Eoff xafffaumwt efauw.ws

Similar to any lectures50
as M is a solution to the wave equ

T2marks
c Findthe solution to the problem

Utt EUxx O XER

WHO1 1 1
T.tv

Utkal O

One can use DAlembert's formula to directlywritethesolution

Setting fin 1

I tx2



one obtains 6

UHH I y etyz affect a 53marks

Initially one has the profile
UH o n

For to the profilesplits into two bits ofhalftheoriginalsize
one movingto theleft theother totheright

Mix it1 a

53marks3

1 SimilartoCWIlectures

d The wave equation hasa finite speed of propagation c while

the heat equation has infinite speed of propagation
54marks

Bookwork
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Question 4

Consider Uxx tUyy O x g ER 40ex ca Ocycbly

UH 01 0 U Ix b f K
UH y1 0 Ula yl o

a Substituting U ixyl X Yly into UxxtUyy o

one readily obtains

X lxlY ly t X 1 14 ly1 0

X IN Y I k a constant T2marks
Yly

as the LHS depends on only and the RHS depends on y only
Hence

µ
kX

Y KY T2marks

As Ulay Uca y1 0 so that

X 6 Y ly l X la Ylyl 0 as Yly not identically
vanishing

i X lol Hal 0

Similarly X 1 14101 0 so that 7101 0 T2marks



b Show that kco if X O 8

As Xlol X lat then we expect periodic solutions so that

accordingly kco To prove this consider

X kX O XIX kX dx o T2marks

f Xx d k dx

XX ta faxRdx kJ X2dx
Tintbyparts

JXRdx k X2d 0
Izmarks

kgX2dx J X dx 70 for X O

fzmarksy
Thus k co DE

c As Kao let k µ2 so that

Xlxl AsinµxtBcosµx 12marks

Y yl CsinhyxtDashing 52marks



d Given X lol XCal it follows from
J

X Ix I AsingxtB cosyx
that

X lol AsinO t BcosO B O T2marks

X a Asinµa O Ma MA M l 2,3

i Xix sin Mta

Also as Y 101 0 then from

Y ly l Coinhay Dashmy
one gets

Y101 Csinho DcoshO D O

i Ylyl sinh nay T2marks

e Collecting the previous calculations one finds the following
family of solutions to the Laplace equation

Un g 8in Mta 8inh NII M 1,2 3 T2marks

As the Laplace equ is linear theprincipleof superposition
applies and the most general solution is givenby



in 10

UH.gl ZanUn ix yM L
N

2 an sin Matt Sinh M 1 T2marksM L

with our constants

f Evaluating at y b one has

U Kib l II an8in MII sinh Mbta
sinfonia 2 sink

Comparing coefficients one finds 52marks

Sinhpotato lag 1 Sinh b ace L

UH yl 1

Sinh soya
tin 15 Sinh 5

2 sin 16 sinh Gta T2marks
Sinh GTbla

1 Similar to AN problems



Question5 11

a TheFourier Poisson formula
in
e
K y544set

U Ix t l J
a VET fly1dg

gives the unique solutiontothe initial value problemto the heat

equation on the real line 1Bookwork T2marks

by show that
that

e
E dosWhitt I t Jo

is a solution to the heat equation Find thevalueof U Ix Otl x

Using the Fundamental Theoremof Calculus one gets

uxlx.tl e art daffzet

L eYet
TTT Ef µ q

e
Gat

thatU Kitt 42 I It
t

2 marks



Also fromthechain rule 12

Ut Kitt e
kt

ff I tf e
Meet

T2marks

Ut 2eU O

Now takingthe limit to one has that

timonkitt It fineeds iz Faz i

Unseen
T
Appendix

T2marks

c Maximum principle for the heat equation

Given a solution Mcat to the heat equation on the

rectangle
52 4Kitt I 0 ex c L O Ltc Thy

the maximum of U exitt on R is attained at either the
initial surface t 0 or at one of the boundaries x 0 or x L

1Bookwork 54marks
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d Consider UH H 1 x2 2kt solution to the heatequation

Find its maximalminima in

52 40 excl O Ctc Ty
From the Principleof the Maximum one has that

the maximal minima can only occur at

f O 0 EX El

remarks

Now U 1 01 1 x2 U Ix o 2 20 so that there

is an extremum at x 0 As U l x 01 20 one has a local

maximum of Ulx ol 05 51

The maximum minimum of Mlxiol for 0 EXE I
occur respectively at O i t

Tzmarks

Now look at the leftboundary In this case

UIO.tl t 2kt OE te T

Thus Uto 01 1 U O T t 2 set 1
maximum ontheside minimum on theside

2 marks



On the rightboundary one has that Uh H 2 set o
H

Thus U 11,01 0 UH 11 2 set co
maximum ontheside minimum on the side

Collecting theabove the minimum of Ulatt occurs at 11 T

while the maximum is attained at 1010 f a mark

Similar to owl lectures


