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Conf
a i Whathappens whenthe characteristic

curves of a firstorder
linear pole do not coverthewhole plane

If there exists a point lx y IER which is not covered
by acharacteristic curve then

the solution UH y is not

defined at thepoint I 3 marks IBookwork

Iii What happens when two or more characteristics intersect

Thesolution ofthetransport equation from
which one computes

thesolution tothe pole is notdefined uniquely
Hence the

solution Mix y to
thepolebreaks down at the

intersectionof
thesolutions I3marks 1Bookwork

b Statewhich ofthe following equs are linear or non
linear

i Ux t eY U y 0 linear 51 mark

i il µU MI o I non linear It mark
ItUj

fBookwork



c Find the solution to
Ux 2 Mt 0 U lo t tan ht

This is a firstorder pole with constant wefts Thegeneral solution
Bgivenby

U Lx it f bx att whev f is an arbitrary function
Here a t b L Thus

Mix it I f l 2x ti f extt redefining f T2marks

Now Mlo t I f It I tourht so that the particular
solution

we look for b th mark
U Kitt tanh l2xtt

1 similar to CW

ii In the previous problem the miformation is provided onthe
vertical axis Thus this is a boundary value problem

T1mark

d Nt t N exN
TBookwork

N Ix Ol f w
N lo ti e

t

In this populationmodel the mortality rate µ exit e increases

for older agegroups There
are however no seasonal variation

on the mortality rate The initial population
distribution is fix

The boundarycondition e
t
gives the number of births

at time t

It decreases quickly with time 13marks Similar todiscussion
in class



e iFind the solution to
XU tryMy KU th k constant

Theequiforthe characteristiccurves is

that I 1 2 marks

Thesolution is givenby ycxi Cx lines Ca constant

Now thetransport eqn alongthe
characteristics is

YW Ulxiylx t La In mark

Write forsimplicity as

N kaU ng integratingfactor e
k
1 e

klux

x k

EkUI k k ly k l

pan
onb funct

x
k U l of C

So integrating x ku J x k dx ftc
k

L x tf C
k

Mix yW th t Xk f C E3 marks
But C YA

Uh y th t f Ya



ii The characteristics are lines y Cx passingthrough the
origin with stopec

go

co

CLO T2marks

1 similar to examples
in CWI



Questions
a When is a U aMxy cUx tally f elliptic
The discriminant reads 1 12go Thus the equi can

never be elliptic I 2 marks
1similar toAN

b When is aUxy t bMx t cUy t U o parabolic

Thediscriminant is again 1 1220 So the equi can never

be parabolic I 2marks
1Similar to CWI

c Conservedquantity for a solution to the wave eqn

A conservedquantity for asour to the waveequi
is somefunction

QIU dependingon Uk H a sour such that
12marks

dafftht O 1Bookwork

d Given Utt EU xx 0 xt toil t 70

UH ol f 1 1

uiu.to
show that

flagup Evil dx is conserved



Compute
Passingdani the integral

1 Ut2tc2Ux1dx J fzlUt4t lUx4 dx

I
2 UtUttt UxUxtldx

Chain rub 12Marks

In2J
UtUttdxt2MtUx 20J U Utdx

integratingbyparts 12marks
hi thesecondterm waveequi o

2UtU l tf UtUtt xdx

2 Utl4H t UtL0iHUxl
BC's T2marks

O Similar tow lectures partlyunseated

e Consider the boundary condos

Uloitt a U 14th b

The same computation as before hadst

dat UftEU ldx 2MxNtl Io

Uloitka UIL H b Utloitl Utll.tl 0
13 marks
unseen



Questions
a Explainthedifference between

7 U exit Effixtattfix att Ic f Iglesias
Hz U Ix H F Ix et t Glitch

Formula it is D Alembert's formula theunique sour

to the initial value problem for the wave equi on the real
line

with winds

MIXlol fix1 Mtk 01 841 XE IR

Formula Az is thegeneral sohu.to the
waveequ written in

termsof two cub funds of a singlevariable13marks 1Bookwork partly
unseen

Act
b Show that meat f gods is a solution

to the wave equi

M U Kitt J tgisids t f geisids Jogtsids J getsas

12marksThus
fund thin Calculus

U Kitt glitch glx CH tg
chain rule

Uxx Ix H g'lxtett g Ix Ctl



Similarly FT C chain rule

Utlxitt cglxtcttcgol cglx c.tl 1
Utt Kitt c'gcatch c2g Ix ct T2marks

Hence substituting

Utt E U xx C2g cH Eg t c2g ctItc2g xH

O
1Partly unseen Da

d Given a solution Ulatt to

Utt C U xx O
show that VLx t U txt x ttf isalso asolution

Use the chain rule Let Exta w Ttf
Thus V Kitt U lo w One thus gets

Vx Ur T2marks
thx you

4
Vt Uw
Vtt Www

Thus Vtt c2V Urr EU ww 0 It mark

WT ni w w

ID Interpretation the eqn.is invariant under time and

space translations In mark

1Similar to owl lectures



d Findthesolutiontotheproblem

Utt E U xx 0 XE IR

Mex01 0

Ut kiO x2

Provide a sketchofthesolution

Use D Alembert's formula In this case

f 1 7 0 gin
1
1tx2

Recall that appendix Jfp arctaux

U Kitt Ic J t z
fauctarkxtett arctank et

ID Observe that Nix 01 0
T2marks

arctanxStaton

Tyz

arctanktott us shifted tothe leftfor too
arctomIx Ctl is shifted to the right fort o



superimposed

o

1270 are Nuit

zmeuks3

Isimilartocullectures partly unseen



Question consider the problem

DU 0 Iv Ot ER ly aEr e b OCTO21T

Ula 01 f101 Ulb 01 8101

a Whatdoesthe principle of the maximum says if
f101 1 g101 2

As a consequenceofthe principleof the maximum
the solution has maximum value Mlr 01 2

at r b

and minimum value Ucr 01 1 at ka
13mark's 1Similarto cutlectures

b What happens if f10kg101 1

In this case the solution has the
same constant value

throughout the boundary Thus
the solution is constant

with value 1 onthewhole of the annular region13marks 1similartoAullectures

c Let Ucr at R CriCf lo Find the solutions satisfied by

Rand Q

DU Off toff trafffz appendix

R f tf R f t tr R O



Multiplyingby ftp.r2 trRp OfI o

if r off separation constant

T2marks
dependsonly dependsonly0h0

on r

PR trR KR O Ha
t kf O z

I2marks

d Periodic solutions
Isimilaito lectures

The equ Hz has periodicsolutions if kzo In this

case Ottacostro casein Tko k 0 lytuctures
D GO to k 0 12marks

e k O T2marks

f Find thesours to Ai and Az if k o

If k O then

fr
R tr R 0 Hi
O 0 Hz

Theonly periodicsolution to z is 0401 constant

w lg set 0101 1

If r then 1 3 yields rR Rl T2marks

root R ng f d Idf C



tu R burt bu redefining G

Rl Ct
J

Integrating one last
time

Rcn C lur t Ca G GER 53marks

1similarto CW lectures

g Use theaboveto solve

DU 0 rill C D 4 a Ev Eb Otto 21T

Ula 01 1 Mlb 01 2

Fromtheabove the solution which is constant at theboundary

is
wired 0 10 RN

IzmarksC but Cz

Fix C and Cz via boundaryconds

Ula 01 C he at Cz 1

Ulb Ok Cebubtce 2

Solvingthe linear system one gets

C 1 I
bna bub bualb
2 bra tub bna TzmarksCz bra tub lmaoo

1 Partially unseen



Hence

Ucr Ol I luv head
heads ln a b

Lh Uniqueness
Let U and U2 be solutions with the same boundary

conds

Moreover let Uz U By linearity onehas

DU O w ith U be 0

Now thesolution is constant ou DD so that U is constant

throughout R Hence V O ou D and Ui Na on R iz

4marks
1similarto lectures



Questions
a Given 4

X IN KXcx
X l al X a X l al X ca

show that KO

Starting from X 1 1 k X W multiply by Xcx and

integrate over t a.AT

fax x d RJaX2dx T2 marks

Now using integrationby parts on the left hand side

Xx Ka J XR dx k f ax2dx
BC's

X a X tax al f X 2dx k f ax2dx
a a

J XRdx k f Rdx Togmarks
a a

k 70 k 70

i KO Ba

Similar bow 1 lectures



b Why is the original problem for the
heat equ

One has periodicboundary
conditions Thus

Ut KU xx XEEa a

U f a 01 U la O

C 9,01 Ux la o 53 marks

1Unseen in this form
c Use the Fourier Poisson formula

Ulatt J e E t

VII
faddy

to compute the solution to

µt
kUxx Xt R t O

UH 07 1

Provide an interpretation

Substitution of the initial condition on the
Fourier formula

gives

Next f e
h
dy

T2marks

WE

q f g
EVENT as gTds Ffa i

13marks
S ly x t

des dy lift U Kit 1 1



One has an initial constant distribution of
temperature Thus

it must remain constant

1Similar to ow l lectures7

d Thebump will flatten as t o

Un t 70
I

ti

U n t770

As the temperature is kept at the fixedvalue of 1 at the
extremes it therefore cannot go below 1

Thus

one expects that U w t as t a


