














The 2nd idenity in A) together with
Ha bondary conditions gives the eigenvalue problem

X"+ XX= 0

9 X(0) = 0
,
X(x)= 0

The general solutive for X are
X(x) = GCS (EX)+ Casin (MX) .

It's derivative is

X (x) = - PSinCEX) + (25Xcos(J5X).

The first bonday conditide gives

0 = X(o) = (5 ,

This implies (2=o and C + 0 .

The second borday condition them gives

0 = X(x) = - 4 Sin(x*)

Thus 5+ = NA ,
n= 0 ,1 ,

>, . .
.

So eigenvales are Xn = n2 , n= 0 , 1 , 2.

eigenfunctions are Xn(x) = Cus(MX)

Fornil , knowing Xn , we can solve

2 = T and get

ThC)) = an los(ant) + busin(ant)

For no ,
i.e .
to

,
we also have













=S% Ut-cut C using the PRE
Utt-5Uxx = C. Ut

= c. 28 UE
[0 Ebecause < <0 and %Ut 50)
so the energy is non-increasing.

· For the
second part of the question,

suppose U and U2 are I solutions to

(Utt-22 Uxx-a = H(X) , o
u(X , d)= f(x) , Ut(X,0) = gex)

C**)

then V = 11-U2 is a solution to

[V-22Vxx-CVt = o
V(X ,%= 0 , VeCXd = o

Notice the initial condition gives

FIV](0 = E So + to = 0

and the first part shows us EIVJCE) is

non-increasing.
But bease EIVICE) - 0 for all t

,

So we must have EIVICE) = 0




