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Question 1 Identifying phase portraits

Which of the following ODEs on R give a phase portrait which is quali-

tatively the same as the one illustrated below?

Figure 1: Phase portrait on R.

(a) ẋ = (4� x)2(x+ 3)
2
(x� 2)(x+ 4) [ ]

(b) ẋ = �x(x� 2)
2
(x+ 3)

2
(x� 4) [ ]

(c) ẋ = (x+ 2)
2
(x+ 3)(x2 � 9)(x� 4) [ ]

(d) None of above. [ ]

Question 2 Classification of a fixed point

The fixed point at x = 0 of the ODE ẋ = x(x� sinh(x))3, x 2 R, satisfies
which of the following options

(a) a saddle node with instability for x > 0 [ ]

(b) a saddle node with instability for x < 0 [ ]

(c) unstable fixed point [ ]

(e) stable fixed point [ ]

(f) None of the above. [ ]
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Question 3 Phase portraits on the circle

For which of the functions g : S ! R (see the choices below) does the

system

✓̇ = g(✓),

✓ 2 S have exactly four fixed points with one unstable, one asymptotically

stable, and two saddle-nodes.

(a) g(✓) = sin(2✓) [ ]

(b) g(✓) = sin(✓)(1� sin(✓)) [ ]

(c) g(✓) = sin(✓)(1� cos
2
(✓)) [ ]

(d) None of the above.

Question 4 Fixed Point Sets and Bifurcations

Consider the system

ẋ = x4 � rx3 � x2
+ r2,

where x 2 R and r is a real parameter. The system has one line of fixed

points in the xr-plane given by x = r. Find the complete set of fixed point

curves in in the xr-plane and use that information to decide on the following

statements as true or false:

(a) there are at most 3 bifurcation points [ ]

(b) there are no transcritical bifurcations [ ]

(c) there are no pitchfork bifurcations [ ]

(d) there are no saddle-node bifurcations [ ]

(e) None of the above. [ ]
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Question 5 Finding Bifurcation Types

For the system

ẋ = rx+ x
(1 + r + x)

(1 + x2)
,

where x 2R and r is a real parameter. Is there a bifurcation point of type

(?) at the point (?) in the following choices?

(a) saddle node at (x, r) = (0, 0); [ ]

(b) pitchfork at (x, r) = (0, 12); [ ]

(c) transcritical at (x, r) = (0,�1
2); [ ]

(d) None of these [ ]

Question 6 Fixed points of planar linear

systems

Describe the type of the fixed point at the origin (x, y) = (0, 0) 2 R2
for

the linear system 
ẋ
ẏ

�
= A


x
y

�
,

when the matrix

(a) A=


1 6

3 7

�
[ ]

(b) A=


3 �2

2 4

�
[ ]

(c) A=


�1 �1

�1 �3

�
[ ]

(d) A=


0 0

1 �2

�
. [ ]

Your answers should be chosen from:

saddle (SA); unstable node (UN); stable node (SN); unstable spiral (US);

stable spiral (SS); unstable improper node(UIN); stable improper node (SIN);

unstable (U); stable(ST); stable but not asymptotically stable (SNAS).
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---
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Q4 .

: = x4-rx-+ r

= -r(x- (x- r)(x+r)

M FPs ·=k-r)(x-x - r) ↳
M

·

..
-

-
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· O
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(d) potentially 2St X
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