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1. If the data follow a normal distribution with unknown mean p and known standard
deviation, and p is assigned a normal prior distribution, show that the posterior mean
for v can be written as a weighted sum of the maximum likelihood estimate and the
prior mean.

Solution

In the notation used in the lectures, the posterior distribution for p is

o~ N(p,07)
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So the posterior mean p; is
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2. The column in the exercise sheet 5 dataset, labelled x, contains the observed data be
T1,...,Tn. Suppose that each data-point x; is normally distributed, with unknown
mean 6 and standard deviation assumed to be equal to 1.

As a prior distribution for 6, we assign a normal distribution with mean 5 and standard
deviation 10.

(a)
(b)
(c)

)

(d) What is a 95% equal tail credible interval for 67

What is the posterior distribution for 67
What is the posterior mean for 67

What is the posterior median for 67

Solution:



(a) This is the problem with unknown mean, where the left-hand column below is the
symbol used in the lectures and the right-hand column is the corresponding symbol
or numerical value in this question:
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Let the sample mean be Z. The posterior distribution for 8 is normal,

0|2~ N(u,ot)
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¢) The posterior median is also K1, since the normal distribution is Symmetric about
p
its mean.

where

(b) The posterior mean is ;.

(d) For a 95% equal tail credible interval, we can either use the gnorm function in
R (the quantile function of the normal distribution), after defining the posterior
parameters mul and sigmal

gnorm(c(0.025, 0.975), mean=mul, sd=sigmal)

Or we can remember that the 2.5% and 97.5% percentiles of a normal distribution
N(p1,03) are given by
w1 —1.9601, pu1 +1.96 01,

and so these points form the credible interval.

3. Let z1,...,zy, be iid Poisson()), and let A have a gamma(«, ) distribution.

(a) Show that gamma(c, 3) is conjugate to the Poisson likelihood.
(b) Calculate the posterior mean and variance.

(c¢) Show how to find a 95% equal tail credible interval for \?

(d) Show how to find a 95% HPD credible interval for \.

Solution

(a) Let x = (21,...,xy,). The posterior p(A | z) is
p(A | ) o likelihood x prior
B BN exp(—BA)
I(a)
o X5 Lexp(— (8 +n) ).

Hence, the posterior distribution is Gamma(aq, 51) with a; = a+S and 51 = f+n,
where n is the sample size and S = > y; is the sum of the data.
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(b) The posterior mean is

ar a+ S
B B+n
The posterior variance is
o1 a+ S
B (B

(c) If the posterior parameters are alphal and betal, then the median and 95%
credible interval are given by

gqgamma(c (0.5, 0.025, 0.975), shape=alphal, rate=betal)
(d) We want to find (0r, 6y) such that

0
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p(OL | z) = p(Ou | z).

where p(\ | ) ~ Gamma(aq, 81).
4. In an investigation into the size of the errors produced by a new measurement in-
strument, n measurements are taken of a standard sample of mass 1000 grams. The
measurements (in grams), yi, ..., Yy, can be modelled as a random sample from a nor-

mal distribution with known mean p = 1000 and unknown precision 7 (reciprocal of the
variance). Assume the prior gamma(«, §) distribution on 7, where a = 5 and g = 0.05

(a) Six measurements are taken and the data is
1000.11,999.96, 999.84, 999.89, 999.80, 1000.09.

Given these measurements, what is the posterior distribution of 77
(b) Use R to find the posterior median and a 95% equal tail credible interval for 7.

(¢) Can you find the posterior median for o = 1/4/77 Can you find a 95% credible
interval for o? [Hint: these do not need the derivation of the posterior distribution
for o, or any extensive calculations.]

Solution:

(a) The posterior distribution for 7 is

n )2
TNGamma(a+Z,5+Zi—1(%N))

2
Using the measurements, the posterior distribution for 7 is Gamma(ay, 51) with
a1 =5+6/2=38, 1 =0.05+0.0995/2 = 0.09975

(b) Using the qgamma command gives 76.9 for the posterior median and (34.6,144.6)
for the 95% credible interval.



(¢) Now put o = 1/4/7.
Forany0<c<landt>0

P(r<t)=c = P(1/V7>1/Vt)=c
In particular, if 74 is the posterior median for 7,
0.5=P(r<7yp)=P(oc>1/\/Tm)

P(oc <1/y/Tam) =0.5
So 1/,/7ar is the posterior median for o.
If (7p, 7y) is an equal tail 95% credible interval for 7,

P(r <7p)=0.025and P(oc > 1//7) = 0.025

P(r <7y)=0.975and P(oc > 1/\/7v) = 0.975

So
P(o < 1/m) = 0.025, P(o > 1//7) = 0.025

Hence (1/+/7u,1/+/7L) is an equal tail 95% credible interval for o.



