Suppose that we have m failure times, * = (z1,...,2y), for a light bulb type A and n
failure times, y = (yi,...,y,) for a light bulb type B. We assume that the samples = and y
are independent of each other, x = (x1,...,2,,) is an iid sample from Exponential(}),) and
y = (y1,...,¥,) is an iid sample from Exponential(}A,), where A; > 0 and A, > 0 are unknown.
Let gamma(a,, b;) and gamma(a,, b,) be independent priors on A, and \,, respectively.

1. Find the joint posterior density, p(A, A, | ,y) of Ay and A,.

2. How would you estimate d = i—; by simulations?
Solution:

1. The joint posterior, p(A;, Ay | z,y) of A; and A, is

p(A1, As | @, y) o prior x likelihood
= p()\h )\2) X p(x7y ‘ /\17 /\2>7
where p(A;, \;) is the joint prior distribution of A; and A,, and p(x,y | Ay, A;) is the
likelihood of = and y.

Now, by independence of A\, ~ gamma(a,, b,) and \, ~gamma(a,, b,), we have

P(A1, A2) = p(A)p(A:2)
DAY exp(—bi ) b32 A5 exp(—by\,)
I'(a,) I'(az) '

By the independence of the two samples x and y and the independence of x1, ...,z
and ¥y, ...,y, as well

p(ﬂ% Yy ’ A, )\2) = H A eXp(_Alxi) H Ao eXP(_)\lyi)
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= \"exp(—\; z’”: ;)AL exp(—A, Zn: Ys)-
i=1 i=1
Hence, the joint posterior, p(A;, A, | z,y) of A\; and A, is
P, A | 2,9) oc AT T exp(—bi A ) As2 T exp(—by A )AT exp(—A\, Em: )AL exp(—A, z": Yi)
i1 i=1
T e (by+ 3 AN exp(— (b + 5 p)A).
i—1 =1

Thus, p(A1, A | 2,y) = p(A\ | 2)p(As | ), where p(\ | 2) ~ gamma(a, +m, by +>7", @)
and p(A; | y) ~ gamma(a, +n,b, + > ", ¥;), and A; and A, are independent under the
posterior.



2. To estimate d = % (which is random) by simulations we would generate an iid sample

Ay, i=1,..., M from gamma(a, +m,b, + > " ;) and an iid sample Aj,i =1,..., M
from gamma(a, + n,b, + > y;). Then (A;,Ay), @ = 1,..., M is an iid sample of
(A, A;). Let d; = Ayy/Aip,i = 1,...,M. Then, d;;i = 1,...,M is an iid sample
from d. Hence, we can estimate d by the sample mean of d,,7 = 1,..., M. That is,
d= LS g,

- M i=1 1"



