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Question 1 [27 marks].  Suppose that X and Y have a joint probability density
function given by

Fer(y) Te Ty if 2,y >0
x,y) = .
Xy Y 0 otherwise
(a) Verify that fxy is indeed a probability density function. 5]
(b) Find the marginal probability density function fx and state the name of the
distribution of X. 6]
(c) Find the conditional probability density function fy|x—,. 5]
(d) Are the random variables X and Y independent? Justify your answer. 3]

(e) Let another probabilty density fxy be given by

ce~ (Ve 2Ty ifx>y>0

0 otherwise

fX,Y(%W = {

Determine the normalization constant ¢ in this case. Are X and Y statistically
independent? Justify your answer. 8]

Question 2 [11 marks].  Consider a standard Normal random variable
Z ~ N(0,1). Use the method of cumulative distribution functions, or any other
method, to find the probability density function fy(u) of

U=2°. [11]

Question 3 [12 marks].  Suppose that Z,, Zs, ..., Z, are statistically independent
random variables. Define Y as the sum of squares of these random variables:

Y=Y 2" (n>2)
=1

a) Express the moment generating function My (t) of the random variable Y in terms
g g
of moment generating functions involving the random variables Z2, i =1,...,n.  [4]

(b) Determine My (t) for the special case that Z; ~ N(0,1). 4]

(c) For the above special case, calculate E[Y] by using the moment generating
function. [4]
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Question 4 [25 marks]. A family software company operating in 4 cities in the
UK would like to automate customer service and reduce repeat calls in their call
centres. Hence, they would like to fully implement Al-powered virtual agents in order
to reduce costs as well as enhance the customer service performance. In order to fully
understand consumer acceptance of this new technology, they collected data from a
pilot survey during the last 90 days on the number of complaints received after
contacting customer service and being served either by a virtual agent or not (e.g.
served by a human agent or directed to the FAQs (Frequently Asked Questions) online
page, among others). The relevant data are presented in the following tables below:

Number of complaints received when being served by a Virtual Agent Observed Frequency

0 35
1 12
2 13
3 11
4 5
5 4
6 3
7 2
8 2
9 2
10 1
11 or more than 11 0

Number of complaints received when not being served by a Virtual Agent Observed Frequency

0 19
1 14
2 15
3 9
4 14
5 6
6 4
7 2
8 2
9 3
10 2
11 or more than 11 0

(a) Estimate the average number of complaints received per day in the two different
types of customer service where a customer is served by a Virtual Agent or not
served by a Virtual Agent. 6]

(b) Test the hypothesis that the average number of complaints received per day when
served by a Virtual agent is the same as the number of complaints received per
day after not being served by a Virtual Agent at the 5% significance level. [15]

(c¢) Find an approximation to the 95% confidence interval for the difference of the
average number of complaints received in the two types of customer service (with
or without Virtual Agent). 4]
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NB. In your answers to all the questions above, report the numerical computations to
three decimal places.

Question 5 [25 marks].  Lecturers at a university intend to see the effect of stress
relief strategies such as deep breathing and relaxation techniques to the student
performance in the final exam. For this reason, they assigned students of the same year
in two different cohorts. More precisely, students in Cohort 1 did not do any relaxation
techniques before the exam, while students in Cohort 2 performed a full range of the
relaxation techniques approved by the British Psychological Society. The average mark
of a random sample of 17 students from Cohort 1 was 61, with a standard deviation of
17, while the average mark of a random sample of 11 students from Cohort 2 was 67
with a standard deviation of 19.

(a) Test whether the variances of marks for the two cohorts are the same at the 5%
significance level.

(b) Test the hypothesis that the average mark in the exam for Cohort 1 students is
the same as that for students of Cohort 2 at the 5% significance level. For this
test, what is the p-value?

(c) What does the p-value that you calculated in (b) indicate about the null
hypothesis?

(d) Calculate a 95% confidence interval for the difference in average marks in the
exam for the two cohorts of students. Explain the meaning of the 95% confidence
interval that you have calculated.

NB. In your answers to all the questions above, report the numerical computations to
three decimal places.

End of Paper.
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