
solution to -Q6 :

Consider for x -> [0 , 27 the wave equation

Utt-cUxx= 0 ,
x = [0 , L]

E Uc0 ,t
=

0 , UxCL ,t)
=

0 Mixedboundary conditions
~ UCx ,0)

= X
,
Ut (x,0)

= 0 & Initial conditions

Find the solution by separation of variables .

Step 1 : As we did in the lecture notes ,

we first consider solutions

of the form & (x ,t) = X(x) Tct)
.

The equation becomes X :Y - c X"T = 0

supper dot is
+ derivative and prine" is x derivative

so = is independetof
both X and t

.

Thus I = = -x is aconstant .

This give z ODES
x

"
+xx = 0 (a)

E i + (T = 0 (b)

using the bondary conditions



Uc0 .+)
= 0

,UxL ,t)
= 0

,
we get

X (0) = 0
, XCL) = 0

combining with cal , get an eigenvalle problem
x"+xx= 0

E X (01= 0 , x()= 0
(A)

-ix>0
·

proof of claim : Multiply (a) by X and integrate , get
Six . x" + xSx = 0

x .x - SI + x Sx=0

using the bondary conditions ,
we have

x .x0 = x(Lx()- x(0) x (0) = 0L
Since Xt0 is contrivial , we have x >0

.

#

Knowing > >0 ,
the general solution to (*) is

X(x)
= c, cos(ix) + ca SinGxx)

The first bondary conditions read

0 = Ci · CosO+C2 SinO
= Cl

C , 2 cannot be both zewo because
X is non-trivial

,

so C2FU .

The second bondy condition is then



0 = x(2)
= <2 - jxcos(5x)/x=2 = (2 xxcos(L)

This implies 5x2= + hA , n
= 1 , 2 ....

The eigenvalues are thus Xn=**
The egentrations are Xncx)= Sin (inx)

= Sin *X

knowing In ,
we solve (b) and get

TrCt) = ancos(Ct-busin
The general solutions are

Ucx ,t
= E

,
Xucxinct)

-E an xctsin
L

- Ebns, Y sintracti

L

Se2 : Next , we use the initial values

to determine the an's and un's
.

Differentiate the general solution with respect tot ,
we get

Ut(x)= E -miC M sin
st

L Sin
L

+EmiC sin Y cost
L



The initial conditions then read (plugging int=0

x
= UCx ,) = ansin

(th)xx ⑥
-

I
-

o= H+ cx,0) = minc .sinc d

weget but for all n .

multiply the equation& by sinzm)**
↳

and integrate from o to L
, get

Six . = E
,

an So sinE*h* (i
+m)XX

- Sin--Si E L ⑳,

(Eth-sintx= 9 mISinI

& then gives

am= [S.'X -sinry] : I
·

Ith
- X-L-

+m)2
-**x] .I

·asi) So+-- -
-
-

=I+Ot in my] e



I Iot+En
*

-0] . I

=
And so

ncx ,t
= zeSintE+)ETcostEtnIt


