
QUEEN MARY, UNIVERSITY OF LONDON
MTH6102: Bayesian Statistical Methods

Exercise sheet 4

2023-2024

The deadline for submission is Monday the 30th October at 11am. Late submissions
receive zero marks. You can submit a Word document, pdf or a clearly legible image of
hand-written work.

1. 25 points. Suppose that the number of new cases of a medical condition observed each
week can be modelled using a negative binomial distribution with parameters q and r,
q is unknown, while r is known.

[See the table of common distributions in the Module Content section on QMPlus for
details of the negative binomial distribution.]

We observe n weeks’ worth of data, and the number of cases each week was y1, . . . , yn.

(a) Show that a beta distribution provides a conjugate prior distribution for q, and
find the posterior distribution with such a prior.

The column in the exercise 2 dataset labelled y, contains the observed data y1, . . . , yn.
Assume that r is equal to 3.

(b) With a uniform prior distribution for q on the interval [0, 1], what is the posterior
distribution for q (including the numerical value of the parameters)?

(c) What is the posterior mean?

(d) Use R to find the posterior median and a 95% credible interval for q.

Solution. The likelihood is

p(y | q) =
n∏
i=1

(
r + yi − 1

yi

)
qr(1− q)yi ∝ qrn(1− q)S , where S =

n∑
i=1

yi.

The pdf for a Beta(α, β) prior is

p(q) ∝ qα−1(1− q)β−1

The posterior is

p(q | y) ∝ p(q) p(y | q)
∝ qα−1(1− q)β−1qrn(1− q)S = qrn+α−1(1− q)S+β−1

The posterior density is proportional to a Beta(α1, β1) pdf with α1 = rn + α and
β1 = S + β, hence this is the posterior distribution. The prior and posterior are in the
same family, so the Beta distributions are conjugate to the negative binomial likelihood.

A uniform prior is Beta(1, 1). If the data is stored in the vector y, then the following R
code calculates the posterior parameters and estimates for parts (b) to (d).
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Please don't copy and paste the code, type it in yourself. You will learn it better that way. 

 

 

 

 

 

 

 

 



 

 

    

  

            
              
                 
   

               
               
   

     

  
 

 


 



   






     

 

 





 










 
  



 


                 

             
               
    



   





                
 

    

 


 




  


           



   

        

              
                        
 



   


   

    

     


             


   


  

        

          

                  
     

              
          
  

              
               
            

  

   









     

 


    

  

  





  

         

    

    

  

                
       

         

         

    

    

              
           

               
               
             
 

                
             
       

               
                   
               
            
              


              

             
              
            
     

               


               








   

      

             
  

     



   



   








   








 







       

 

  

 




        

     
               



          
 


 

     

   





















                 
              
            

               
             
           

                
             
      

           
  

        
 

        
 




