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Matrices and Vectors
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4 You need to pay attention to the dimensions!
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Matrices and Vectors

The row times column rule can be written as

d
Xw=y = lejwj=yi Viell,...,s}
j=1
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Matrices and Vectors

The row times column rule can be written as

d
Xw=y = lejwj=yi Viell,...,s}
j=1
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Matrices and Vectors

The row times column rule can be written as
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The row times column rule can be written as
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Matrices and Vectors

The row times column rule can be written as
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Matrices and Vectors

The row times column rule can be written as

d
Xw=y = lejwj=yi Viell,...,s}
j=1

J
1 2 3 1
X (012)4ﬁ
1 —1 1 0

)

3
=1

n.perra@gmul.ac.uk



mailto:n.perra@qmul.ac.uk
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Matrices and Vectors

The row times column rule can be written as

l

d
Xw=y = Z =y. Viel{l,..., s}

xw,=1X14+2Xx4+3X0
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Matrices and Vectors

The row times column rule can be written as
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Matrices and Vectors

The row times column rule can be written as
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Xw=y = Z =y. Viel{l,..., s}

xm%—lxl+2x4+3XO
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Matrices and Vectors

The row times column rule can be written as

d
XwW=Yy = Zx-.w-=yi Vie{l,...,s}
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Matrices and Vectors

The row times column rule can be written as
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Inner/dot/scalar product

a, b,
a—<a2> _(b) abelR

d - b — Z d]b] — albl + azbz
i=1

d
b - A = Z b]a] — blal + bzaz
j=1
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Inner/dot/scalar product

a, b,
a—<a2> _(b) abelR

d - b — Z d]b] — albl + azbz
i=1

d
b - A = Z b]a] — blal + bzaz
j=1

a-b=D>b-a
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Inner/dot/scalar product
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— b: RZXI
= (@) =) wve
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Inner/dot/scalar product

Norm:
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Eigenvalues and Eigenvectors

axd ax1

Given a squared matrix X € | a vector w; € | that satisfies this equation

XW; = A:W.

1 11
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Eigenvalues and Eigenvectors

axd ax1

Given a squared matrix X € | a vector w; € | that satisfies this equation

XW; = A:W.

1 11

l' It is called of the matrix and lambda is the correspondent
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Eigenvalues and Eigenvectors

The equation Xw. = L.w.
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Eigenvalues and Eigenvectors

The equation Xw. = L.w.

1 11

Can be written as
(X — /IiI)Wi — O
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Eigenvalues and Eigenvectors

The equation Xw. = L.w.

1 11

Can be written as
(X — /IiI)Wi — O

This has non zero solutions if and only if
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Eigenvalues and Eigenvectors

The equation Xw. = L.w.

1 11

Can be written as
(X — /IiI)Wi — O

This has non zero solutions if and only if

l' det(X —A4AI) =0
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Eigenvalues and Eigenvectors

The equation Xw. = L.w.

1 11

Can be written as
(X — /IiI)Wi — O

This has non zero solutions if and only if

l' det(X —A4AI) =0

24 Hence the goal is find solutions of this so-called
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Eigenvalues and Eigenvectors
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Eigenvalues and Eigenvectors

If the matrix is d X d we have d solutions (some might be complex, some might
have an algebraic multiplicity >1)
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Eigenvalues and Eigenvectors

If the matrix is d X d we have d solutions (some might be complex, some might
have an algebraic multiplicity >1)

lq Symmetric matrices lead to d real solutions and orthogonal eigenvectors!
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(i) Find eigenvalues, eigenvectors and eigenvalue decomposition of matrix A.
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(i) Find eigenvalues, eigenvectors and eigenvalue decomposition of matrix A.

()

The eigenvalues of matrix A can be found by solving det(A— M) =0. 1In
our case one has

3J—A A4

det(A—/\[):det( 0 5_ )

);(3_/\)(5—/\):o;m1,2=3,5.

of

www.gmul.ac.uk n/QMUL y@QMUL




(i) Find eigenvalues, eigenvectors and eigenvalue decomposition of matrix A.

Corresponding eigenvectors can be found by solving Au = Au for the values
of A found above.
(1) (1)

3u 4u(1> = 3u
AuV = 34V = { : : ?1) _ 3 %1) = uY = (1, O)T.
Uy = — Oly

3ul?+  4ul? = 5ul? T
Lo, T =21
Uy ' = OUs

1 1 1
54\ () () 3

(@)~ \ 3u®
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Singular value decomposition (SVD)

As we will see soon, in most cases we will work with that are
rarely squared. So how can we decompose such matrices?
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Singular value decomposition (SVD)

As we will see soon, in most cases we will work with that are
rarely squared. So how can we decompose such matrices?

Given a X € R* the transpose is X' € R%* hence X'X € R%*
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Singular value decomposition (SVD)

sX¥d

It can be shown that for any matrix X € | there existoy 2 0, > ... 2 O min(s.d)

vectors U; (i € [0,s]) and vectors V; (j & [ 1,d]) such that
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Singular value decomposition (SVD)

sX¥d

It can be shown that for any matrix X € | there existoy 2 0, > ... 2 O min(s.d)
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Singular value decomposition (SVD)

sX¥d

It can be shown that for any matrix X € | there existoy 2 0, > ... 2 O min(s.d)

vectors U; (i € [0,s]) and vectors V; (j & [ 1,d]) such that

XV; = oU U, = o7 XV,
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Singular value decomposition (SVD)

sX¥d

It can be shown that for any matrix X € | there existoy 2 0, > ... 2 O min(s.d)

vectors U; (i € [0,s]) and vectors V; (j & [ 1,d]) such that
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Singular value decomposition (SVD)

sX¥d

It can be shown that for any matrix X € | there existoy 2 0, > ... 2 O min(s.d)

vectors U; (i € [0,s]) and vectors V; (j & [ 1,d]) such that

X'U =0V X'XV,; =67V,
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Singular value decomposition (SVD)

sX¥d

It can be shown that for any matrix X € | there existoy 2 0, > ... 2 O min(s.d)

vectors U; (i € [0,s]) and vectors V; (j & [ 1,d]) such that

X'U; =06V X'XV,; =67V, XX'U; = 67U,

b

)

n.perra@gmul.ac.uk



mailto:n.perra@qmul.ac.uk

Singular value decomposition (SVD)

Important for rectangular matrices

~

It can be shown that for any matrix X € | $Xd there exist 01 20,2 ... 2 O min(s.d)

vectors U; (i € [0,s]) and vectors V; (j & [ 1,d]) such that

X'U; =06V X'XV,; =67V, XX'U; = 67U,
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Singular value decomposition (SVD)

Important for rectangular matrices

~

It can be shown that for any matrix X € | $Xd there exist 01 20,2 ... 2 O min(s.d)

vectors U; (i € [0,s]) and vectors V; (j & [ 1,d]) such that

X'U; =06V X'XV,; =67V, XX'U; = 67U,
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Singular value decomposition (SVD)

We then define V € R% such that of XTXVi = aiZVi
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Singular value decomposition (SVD)

We then define V € R% such that of XTXVi = aiZVi

Each V. is an eigenvector of X "X correspondent to the eigenvalue 01.2
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Singular value decomposition (SVD)

We then define U € R** such that of XX 'U; = aizUi
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Singular value decomposition (SVD)

We then define U € R** such that of XX 'U; = aizUi

Each U, is an eigenvector of XX ' correspondent to the eigenvalue 01.2
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Singular value decomposition (SVD)

Summarizing

XXV = 6%V

XX'U =6*U

l' Also
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(c) Consider the following matrix B = | 1 compute its singular values.
0

1
0
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(c) Consider the following matrix B = | 1 compute its singular values.
0

1
0

We have two options:
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1
(c) Consider the following matrix B = (1 1
DU

) compute its singular values.

We have two options:
BTBVi — GiZVi
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1
(c) Consider the following matrix B = (1 ) compute its singular values.
0

1
0
We have two options:

BTB Vi — GiZVi

BB'U; = U,
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1
(c) Consider the following matrix B = (1 ) compute its singular values.
0

1
0
We have two options:
BTBVi — GiZVi
BB'U; = U,

The results are the same, but one is more convenient than the other
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(c) Consider the following matrix B = (1 ) compute its singular values.
0

1
0
We have two options:
BTBVi — GiZVi
BB'U; = U,
The results are the same, but one is more convenient than the other

B'B - 2x3x3x2 > 2 X2
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1
(c) Consider the following matrix B = (1 ) compute its singular values.
0

1
0
We have two options:
BTBVi — GiZVi
BB'U; = U,
The results are the same, but one is more convenient than the other

B'B - 2x3x3x2 > 2 X2
lﬂ BB' — 3x2x2x3 — 3x3
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1
(c) Consider the following matrix B = (1 ) compute its singular values.
0

1
0
We have two options:
BTBVi — GiZVi
BB'U; = U,
The results are the same, but one is more convenient than the other

B'B - 2x3x3x2 > 2 X2
lﬂ BB' — 3x2x2x3 — 3x3

ﬁ{ Hence, it is a good idea picking the first!
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(c) Consider the following matrix B = | 1 compute its singular values.
0

1
0
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0
(c) Consider the following matrix B = (1 ) compute its singular values.
0

1
0

1 -2
BB=<—1218>(1 1)
0 0
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(c) Consider the following matrix B = (1 1
DU

) compute its singular values.
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(c) Consider the following matrix B = ( ) compute its singular values.

1
0

1 =2
1 1 0O 2 -1
2 1 0 0 0 | B

To find the singular values, we need to compute the eingevalues of this matrix!

b
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(c) Consider the following matrix B = ( ) compute its singular values.

1
0

1 =2
1 1 0O 2 -1
2 1 0 0 0 | B

To find the singular values, we need to compute the eingevalues of this matrix!

B'BV = 6%V

b

of

www.gmul.ac.uk n/QMUL ,@QMUL




2

e {08 G

(c) Consider the following matrix B = ( ) compute its singular values.

1
0

1 =2
1 1 0O 2 -1
2 1 0 0 0 | B

To find the singular values, we need to compute the eingevalues of this matrix!

B'BV = 6%V
(B'B - 6*1)V =0

b
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(c) Consider the following matrix B = ( ) compute its singular values.

1
0

1 =2
1 1 0O 2 -1
2 1 0 0 0 | B

To find the singular values, we need to compute the eingevalues of this matrix!

B'BV = 6%V
(B'B - 6*1)V =0

l. Non-zero solutions exist if and only if
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(c) Consider the following matrix B = ( ) compute its singular values.

1
0

1 =2
1 1 0O 2 -1
2 1 0 0 0 | B

To find the singular values, we need to compute the eingevalues of this matrix!

B'BV = 6%V
(B'B - 6*1)V =0

l. Non-zero solutions exist if and only if

' det(B'B — 611 = 0
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0
(c) Consider the following matrix B = (1 ) compute its singular values.
0

1
0

det = ()
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0
(c) Consider the following matrix B = (1 ) compute its singular values.
0

1
0
2 -0 =1

det = ()
-1 5-¢7

2-06)5-06)-1=0
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0
(c) Consider the following matrix B = (1 ) compute its singular values.
0

1
0
2 -0 =1

det = ()
-1 5-¢7

2-06)5-06)-1=0

6t —T76*+9 =0
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(c) Consider the following matrix B = (1 1
DU

) compute its singular values.

_ A2 _
detzg L = ()

1 5-=¢?

2-06)5-06)-1=0

6t —T76*+9 =0

2:71\5
2

017
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Compute the left and right singular vectors of the matrix B.
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Compute the left and right singular vectors of the matrix B.
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Compute the left and right singular vectors of the matrix B.
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Compute the left and right singular vectors of the matrix B.

2V — V) = Py
—ViD 45V = 67V

b
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Compute the left and right singular vectors of the matrix B.

2V — Y = g2y V@ =y - 42
_V<1> n 5V<2> 2V

b
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Compute the left and right singular vectors of the matrix B.

3++/13
2V — v©® = g2y V¥ = VP2 - o)= - v i
_ V(l) n 5V<2> o2V

b
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Compute the left and right singular vectors of the matrix B.

34+4/13
W=V =ty VP = V2 = o= - v
—ViD 45V = 67V
-
( 3+4/13 )
lq V,=|c¢ —c >
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Compute the left and right singular vectors of the matrix B.

34+4/13
W=V =ty VP = V2 = o= - v
—ViD 45V = 67V
-
( 3+4/13 )
lq V,=|c¢ —c >

4 Another solution can be obtained from the second equation, the two
Are just proportional!
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Compute the left and right singular vectors of the matrix B.

(1) _ yvy2) — 2y/(1)
2V2 V2 — 02V2
_y) (2) — 2y/(2)

V2 + 5V2 = 02V2

b

of
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Compute the left and right singular vectors of the matrix B.

2V — Y2 = 2y VP = vI(2 - 67
_V<1> n 5V<2> o2V

b

of
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Compute the left and right singular vectors of the matrix B.

-1 5 VEZ) VEZ)
\/ ~3
2VD — v = g2VD Vv, =V,2 - 05)= VD

_V<1> n 5V<2> o2V

b

of
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Compute the left and right singular vectors of the matrix B.

2VD — v = g2VD VY =V,P2 - o)= vV

(1) (2) — 2y/(2)
—V2 +5V2 —02V2

]
13 — 3
V,=|b,b
F 0

of
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Compute the left and right singular vectors of the matrix B.

2VD — v = g2VD V)=V, 2 - o=V

(1) (2) — 2y/(2)
—V2 +5V2 —02V2

]
13 — 3
V,={b,b
F 2

4 Another solution can be obtained from the second equation, the two
Are just proportional!
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To compute the left singular vectors we can use

Ul — Ul_lBV1

b

of

www.gmul.ac.uk n/QMUL y@QMUL




To compute the left singular vectors we can use

Ul — Ul_lBV1

Or....we could compute solve the eingevalues/eingevectors problem for BB'

b
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To compute the left singular vectors we can use

Ul — Ul_lBV1

Or....we could compute solve the eingevalues/eingevectors problem for BB'

— /1 -2 c
U, = 1 1 +4/13
| \7+\/T3(0 0>(“'3 213)

b

)

www.gmul.ac.uk n/QMUL ,@QMUL




To compute the left singular vectors we can use

Ul — Ul_lBV1

Or....we could compute solve the eingevalues/eingevectors problem for BB'

— /1 -2 c
U, = 1 1 +4/13
| \7+\/T3(0 0>(“'3 213)

c X 1 +/13

b

1’5{ 0
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To compute the left singular vectors we can use

Ul — Ul_lBV1

Or....we could compute solve the eingevalues/eingevectors problem for BB'

— /1 -2 c
U, = 1 1 +4/13
| \7+\/T3(0 0>(“'3 213)

l’ =cx\7+\m _H;m

f °
Notice the dimension of this vector!
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To compute the left singular vectors we can use

U2 — 62 1BV2

S (e (L)

=) V13 -1
l' \7—\5 2

lg Notice the dimension of this vector!
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Important note:

1) The matrix BB 'is a 3x3 matrix with another eigenvalue equal to zero
2) the associate vector needs to be orthogonal to the others, hence

U3 — (anad)-r

b

of
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for data points (zY,y1)) with z!) = —¢ and y) = 2, (z?,y?) with 2?) = 0 and
y?) =2 and (2, y®)) with z®) = ¢ and y® = 2, for some constant ¢ > 0.

1. Derive the normal equation for this problem.
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for data points (zY,y1)) with z!) = —¢ and y) = 2, (z?,y?) with 2?) = 0 and
y?) =2 and (2, y®)) with z®) = ¢ and y® = 2, for some constant ¢ > 0.

1. Derive the normal equation for this problem.

X'Xw=X"y
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for data points (zY,y1)) with z!) = —¢ and y) = 2, (z?,y?) with 2?) = 0 and
y?) =2 and (2, y®)) with z®) = ¢ and y® = 2, for some constant ¢ > 0.

1. Derive the normal equation for this problem.

X'Xw=X"y
1 —c
X=11 0
1 ¢
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for data points (zY,y1)) with z!) = —¢ and y) = 2, (z?,y?) with 2?) = 0 and
y?) =2 and (2, y®)) with z®) = ¢ and y® = 2, for some constant ¢ > 0.

1. Derive the normal equation for this problem.

X'Xw=X"y

1 —c
x=[1 o YT — 1 1 1
[ . —c 0 c
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for data points (zY,y1)) with z!) = —¢ and y) = 2, (z?,y?) with 2?) = 0 and
y?) =2 and (2, y®)) with z®) = ¢ and y® = 2, for some constant ¢ > 0.

1. Derive the normal equation for this problem.

X'Xw=X"y
1 —c 2
1 ¢ 2
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for data points (zY,y1)) with z!) = —¢ and y) = 2, (z?,y?) with 2?) = 0 and
y?) =2 and (2, y®)) with z®) = ¢ and y® = 2, for some constant ¢ > 0.

1. Derive the normal equation for this problem.

X'Xw=X"y
1 —c 2
1 ¢ 2
1 —c
R 1 1 1 Wo
X' Xw =
—c 0 c L0 W
1 ¢
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for data points (zY,y1)) with z!) = —¢ and y) = 2, (z?,y?) with 2?) = 0 and
y?) =2 and (z®),y®)) with 2 = ¢ and y® = 2, for some constant ¢ > 0.

1. Derive the normal equation for this problem.

X'Xw=X"y
1 —c 2
1l ¢ 2
Yoo (111 } _OC wo\ (3 0\ (W
\=c 0 ¢ L. wi] N0 2¢2) \W
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for data points (zY,y1)) with z!) = —¢ and y) = 2, (z?,y?) with 2?) = 0 and
y?) =2 and (2, y®)) with z®) = ¢ and y® = 2, for some constant ¢ > 0.

1. Derive the normal equation for this problem.

P
1 1 1
X' = —
—c 0 ¢ Y g
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for data points (zY,y1)) with z!) = —¢ and y) = 2, (z?,y?) with 2?) = 0 and
y?) =2 and (2, y®)) with z®) = ¢ and y® = 2, for some constant ¢ > 0.

1. Derive the normal equation for this problem.

2
1 1 1
X! = —
—c 0 c Y %
2
3 0 Wo T 1 1 1
— X —
0 2c2 44| Y —c 0 c %
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for data points (zY,y1)) with z!) = —¢ and y) = 2, (z?,y?) with 2?) = 0 and
y?) =2 and (2, y®)) with z®) = ¢ and y® = 2, for some constant ¢ > 0.

1. Derive the normal equation for this problem.

2
1 1 1
X! = —
—c 0 c Y %
2
3 0 Wo T 1 1 1
— X —
0 2c2 44| Y —c 0 c %
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2. Solve the normal equations for your weights w = (0'?,w1))".
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2. Solve the normal equations for your weights w = (0'?,w1))".

0 2¢%2/) \M 0

3wg =6 = wy =2

www.gmul.ac.uk n/QMUL y@QMUL




2. Solve the normal equations for your weights w = (0'?,w1))".

3 0 Wo 6
0 2¢%2/) \M 0

3wg =6 = wy =2

2C2W1=O_)W1=O

of
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2. Solve the normal equations for your weights w = (0'?,w1))".

(0 2) (1) = 6)

3wg =6 = wy =2

2C2W1=O_)W1=O

()= (0)

of
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3. Repeat the previous exercise, but this time assume you make an error in your
measurement. The new, perturbed measurements ys read y((sl) = 2+ ¢, y((;Q) =2+¢

and y§3) =2 — €.
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3. Repeat the previous exercise, but this time assume you make an error in your
1 2
measurement. The new, perturbed measurements ys read yg ) =2+ g, y((s ) =92+¢

and y§3) =2 — €.

2+ €

3 O W() T
— X —
0 2¢2) \Wi SRR Y s
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3. Repeat the previous exercise, but this time assume you make an error in your
1 2
measurement. The new, perturbed measurements ys read yg ) =2+ g, y((s ) =92+¢

and y§3) =2 — €.

o1 2+ €

3 O W() T
— X —
0 2¢2) \Wi SRR Y s

3 0 Wo 6+ ¢
0 2c2 Wi —2ce
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3. Repeat the previous exercise, but this time assume you make an error in your
1 2
measurement. The new, perturbed measurements ys read y(g ) =2+ g, y((s ) =92+¢

and y§3) =2 — €.

2+ €

3 O W() T
— X —
0 2¢2) \Wi SRR Y s

3 0 Wo 6+ ¢
0 2c2 Wi —2ce
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4. Compute the error between w and ws in the Euclidean norm.
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4. Compute the error between w and ws in the Euclidean norm.

A A A A N2
W=l = [ ) O — b))
l
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4. Compute the error between w and ws in the Euclidean norm.

A A A A N2
W=l = [ ) O — b))
l

>
|
|
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4. Compute the error between w and ws in the Euclidean norm.

N4 L

P Wo\ (2 VAV_WO_ T3
S \wi ) \0 o \w )\ _¢&
C
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4. Compute the error between w and ws in the Euclidean norm.

N4 L

P Wo\ (2 VAV_WO_ T3
S \wi ) \0 o \w )\ _¢&
C

of
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4. Compute the error between w and ws in the Euclidean norm.

. £\ ? £\ 2 c2 |52 £4/9 + 2
o — sl =/ (2- (2+5)) + (0-2) = /2 + 5 =22

of

www.gmul.ac.uk




4. Compute the error between w and ws in the Euclidean norm.

£\ 2 £\ 2 e2 g2 £4/9 + 2
v — sl =1/ (2- (2+3)) +(0-2) :\/ - =
l — 5] \/( 3 . C 0 2 3¢
£ 2 ¢
{ —z‘\/”(g) o
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5. How does the error compare with the data error J := ||y — ys||7
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5. How does the error compare with the data error J := ||y — ys||7

o € c?
|lw — W] =—\ 1+?
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5. How does the error compare with the data error J := ||y — ys||7

o € c?
|lw — W] =—\ 1+?

ly — ysll = 6’\/g
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5. How does the error compare with the data error J := ||y — ys||7

CZ

€
W=l = =1/ 1+ —
| N| C\ :

ly — ysll = 6’\/g

1% = Wsll 3> 1|y = y5ll for ¢ =0

of
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5. How does the error compare with the data error J := ||y — ys||7

o € c?
|lw — W] =—\ 1+?

ly — ysll = 6’\/g

1% = Wsll 3> 1|y = y5ll for ¢ =0

The error in reconstruction is dominated by the ratio ¢/c. If ¢< ¢ the
error can get potentially very large compared to the data error ¢ = |[y—
|| = ev/3, which does not depend on c¢. Suppose £ = 1/100 and ¢ = 1/1000,

then 6 ~ 0.01732 but £/c = 10. Hence, the data error d is amplified by
a factor larger than 577 in the reconstruction.
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for data points (z,yM) with 2(!) =1 —cand yV) =1, (z?,y?) with 22 =1+ ¢ and
y?) = 1 for some constant ¢ > 0.

1. Derive the normal equation for this problem.

1 1-c¢ T
X= X — p—
1 1+c l—c 1+c Y
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for data points (z,yM) with 2(!) =1 —cand yV) =1, (z?,y?) with 22 =1+ ¢ and
y?) = 1 for some constant ¢ > 0.

1. Derive the normal equation for this problem.

1 1-c¢ T
X= X — p—
1 1+c l—c 1+c Y

X'Xw = = X'y =
2 2+202) \w Y
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for data points (z,yM) with 2(!) =1 —cand yV) =1, (z?,y?) with 22 =1+ ¢ and
y?) = 1 for some constant ¢ > 0.

1. Derive the normal equation for this problem.

1 1-c¢ T | | |
X= X — p—
(1 1+c> (l—c 1+c) Y (1)

of

www.gmul.ac.uk




2. For the matrix X you have set up find its singular values and left-/right- singular
vectors.
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2. For the matrix X you have set up find its singular values and left-/right- singular
vectors.
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2. For the matrix X you have set up find its singular values and left-/right- singular
vectors.

det[X'X — 6711 = 0
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2. For the matrix X you have set up find its singular values and left-/right- singular
vectors.

det[X'X — 6711 = 0

det l = ()
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2. For the matrix X you have set up find its singular values and left-/right- singular
vectors.

det(X'X — 611 =0

2 — o7 2
det =0
2 2+2c* -0

6! =22+ c*)o7 +4c* =0
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2. For the matrix X you have set up find its singular values and left-/right- singular
vectors.

det(X'X — 611 =0

2 — o7 2
det =0
2 2+2c* -0

6! =22+ c*)o7 +4c* =0

01:\/cz+2+\/c4—|—4,

4 oo =2 +2— A+ 4
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2. For the matrix X you have set up find its singular values and left-/right- singular
vectors.
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2. For the matrix X you have set up find its singular values and left-/right- singular
vectors.
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2. For the matrix X you have set up find its singular values and left-/right- singular

0 0 Vl(J) _ VI(J)
2 2 —+ 2C2 Vé]) J Véj)
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2. For the matrix X you have set up find its singular values and left-/right- singular

0 0 Vl(J) _ VI(J)
2 2 —+ 2C2 Vé]) J Véj)

(J) () — ~2,,())
2\/1 + 2\/2 =07V,
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2. For the matrix X you have set up find its singular values and left-/right- singular

0 0 Vl(J) _ VI(J)
2 2 —+ 2C2 Vé]) J Véj)

(J) () — ~2,,())
2\/1 + 2\/2 =07V,

9)
O; 2

2

(J) — (J)
Vo = i

of
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2. For the matrix X you have set up find its singular values and left-/right- singular
vectors.
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2. For the matrix X you have set up find its singular values and left-/right- singular
vectors.
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2. For the matrix X you have set up find its singular values and left-/right- singular
vectors.
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2. For the matrix X you have set up find its singular values and left-/right- singular
vectors.
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2. For the matrix X you have set up find its singular values and left-/right- singular
vectors.
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2. For the matrix X you have set up find its singular values and left-/right- singular
vectors.
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2. For the matrix X you have set up find its singular values and left-/right- singular
vectors.
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2. For the matrix X you have set up find its singular values and left-/right- singular
vectors.

4

2 _
4+ (07 —2)°

Y
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2. For the matrix X you have set up find its singular values and left-/right- singular
vectors.

4

2 _
4+ (07 —2)°

Y

.
| oz —2
v =y, ——=—7

2
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2. For the matrix X you have set up find its singular values and left-/right- singular
vectors.

, 4
}/ —
4+ (07 —2)°
> — 2 !
v = y,——7
2
]
2
2 _ 9
L0) — 2 i

\/4+(0j2—2)2,\/4+(0j2—2)2

of
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2. For the matrix X you have set up find its singular values and left-/right- singular
vectors.
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2. For the matrix X you have set up find its singular values and left-/right- singular
vectors.

U = 671 xp0
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2. For the matrix X you have set up find its singular values and left-/right- singular

U = 6= Xy
2
‘ 4 + (67 — 2)?
ufj) . 0_1 1 1-c¢ \/ K
Ul I \1 1+c¢ oj —2

VA (6 =22
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2. For the matrix X you have set up find its singular values and left-/right- singular

U = 6= Xy
2
‘ 4 + (67 — 2)?
ufj) . 0_1 1 1-c¢ \/ K
"y 7 \1 1+4c 0 =2

VA (6 =22

0].2(1 —c)+ 2c

ne) » \/4+(aj2—2)2

uéj) | of(14+¢)—2c
VA (6 =22
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3. Solve the normal equations for your weights w = (w(®, @) T,
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3. Solve the normal equations for your weights w = (w(®, @) T,

2 2 Wo 2
2 2+ 2c? W 2
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3. Solve the normal equations for your weights w = (w(®, @) T,

2 2 Wo 2
2 2+ 2c? W 2
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3. Solve the normal equations for your weights w = (w(®, @) T,

wy + (1 +cz)w1 = ]

of
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3. Solve the normal equations for your weights w = (w(®, @) T,

(2 222) ()= ()

WO+W1:1 WOZI_WI

wy + (1 +cz)w1 = ]

of
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3. Solve the normal equations for your weights w = (w(®, @) T,

(2 222) ()= ()

WO+W1:1 WOZI_WI

wo+ (1 +cHw; = 1 1 —w +(1+cHw =1

of
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3. Solve the normal equations for your weights w = (w(®, @) T,

(2 222) ()= ()

WO+W1:1 WOZI_WI

wo+ (1 +cHw; = 1 1 —w +(1+cHw =1
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www.gmul.ac.uk




4. Repeat the previous exercise, but this time assume you make an error in your
measurement. Consider two cases of the new, perturbed measurements

e ys reads y((sl) =1—g¢, yéz) =1+e.

e y; reads y((sl) =1+¢, y§2) =1+e.
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4. Repeat the previous exercise, but this time assume you make an error in your
measurement. Consider two cases of the new, perturbed measurements

e ys reads y((sl) =1—g¢, yéz) =1+e.
e y; reads y((sl) =1+¢, y§2) =1+e.

Repeating the previous exercise with the perturbed data ys; = (1 — € 1—{—5)T

ylelds the normal equation
2 2 . _(1 1 |
2 24922) T \1—¢ 14¢)Y9
B 2
-\ 24 2¢ce )
with the solution
: ] — &
Ws = gc

'i/QMUL y@QMUL
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4. Repeat the previous exercise, but this time assume you make an error in your
measurement. Consider two cases of the new, perturbed measurements

e ys reads y((sl) =1—g¢, yéz) =1+e.

e y; reads y((sl) =1+¢, y§2) =1+e.
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4. Repeat the previous exercise, but this time assume you make an error in your
measurement. Consider two cases of the new, perturbed measurements

e ys reads y((sl) =1—g¢, yéz) =1+e.

e y; reads y((sl) =1+¢, y§2) =1+e.

-
For the perturbed data ygzz(l—FS' 14-8) the normal equation takes

the form
2 2 . 11\
2 2422 l—c 14¢)Y9

2+ 2¢
2+2¢ )

z
||

with the solution
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5. In both cases compute the error between w and w;s in the Euclidean norm and
compare with the data error ¢ := ||y — ys||?
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5. In both cases compute the error between w and w;s in the Euclidean norm and
compare with the data error ¢ := ||y — ys||?

S
[
o
[
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5. In both cases compute the error between w and w;s in the Euclidean norm and
compare with the data error ¢ := ||y — ys||?

A\

=
1
S
Q§>
1
E
|
§>
N
-
‘ M
_|_
‘ M
|
| ¢
S
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5. In both cases compute the error between w and w;s in the Euclidean norm and
compare with the data error ¢ := ||y — ys||?

A A C R R € € €
W= ws={ . uw—wgu=\—+—=—ﬁ
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5. In both cases compute the error between w and w;s in the Euclidean norm and
compare with the data error ¢ := ||y — ys||?

A\

=
1
-
Q§>
1
B
|
§>
N
-
‘ M
+
‘ M
1
| ¢
S
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39 ALCULUS




Calculus

Assume we have a function f(X) = f(x{, X5, ..., X))

Where X = (X, X, ..., X))

b
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Calculus

Assume we have a function f(X) = f(x{, X5, ..., X))

Where X = (X, X, ..., X))
= f(x)

ox 1

0
The gradient is defined as Vix) =] ™ J%)

by 2 fx
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Calculus

Assume we have a function f(X) = f(x{, X5, ..., X))

Where X = (X, X, ..., X))
= f(x)

ox 1

0
The gradient is defined as Vix) =] ™ J%)

by 2 fx
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Calculus
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Calculus

Example:  f(x;, X)) = (x;x, — y)°

b

)

n.perra@gmul.ac.uk


mailto:n.perra@qmul.ac.uk

Calculus

Example:  f(x;, X)) = (x;x, — y)°

%,
—f(x) = 2(x1% — y)x,
Oxl
Then

0
a—f (x) = 2x;(x1x, — y)
%%

b
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Calculus

Example:  f(x;, X)) = (x;x, — y)°

%,
— f(x) = 2(x1x, — y)x, 5
0X1 XXy — VX
Then ] = VIx) =2 ( > )

X{ Xy — Xy
— f(x) = 2x(xx, — y) e
aXQ
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Calculus

Example:  flx;,...,x,) = [IX||*
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Example:  flx,....x) = ||Ix]|* = le-z
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Calculus

d
Example:  flx,....x) = ||Ix]|* = le-z
=1

Very simple to get the gradient!
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Calculus

d
Example:  flx,....x) = ||Ix]|* = le-z
=1

0 0 &
Very simple to get the gradient! a—f(X) == in
X1 6)61 i1
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Calculus

d
Example:  flx,....x) = ||Ix]|* = le-z

0
Very simple to get the gradient! a—f(X) = lez = —xl
Xl 6)61 )
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Calculus

d
Example:  flx},...,x) = [Ix]|* = le-z
=1
d d 5

Very simple to get the gradient! iJ”(X)=iz:x?= — x2=2x
Y SIMPIE 10 S 5 ' ox, ox, &7 T gy T
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Calculus

d
Example:  flx;,....,xp) = [IX||* = le-z
=1

0 d 49
. . ' — (X)) = — X.z — S 2: 2.x
Very simple to get the gradient! ox. J(X) o, &= L X 1
Let’s see the details
d
0 0 0 0
s S R e QU S s
axl dxl Oxl

’ i1 6)61
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Calculus

d
Example:  f(xg, - xp) = X[ =) &
=1
0 S, G 0
. . ! N (X) — — Xl. — —_X.2: 2X
Very simple to get the gradient ox. J o, & 2450, 1

Let’s see the details
d
%, 0 0
l’ —xl.z — —x12 +X622 + ...+ —xj

’ i1 6)61 a.xl Oxl
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Calculus

d
Example:  flx;,....,xp) = [IX||* = le-z

0
Very simple to get the gradient! a—f(X) = lez = —X, 2x,
X1 6)61 )

Let’s see the details
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Calculus

d
Example:  flx;,....,xp) = [IX||* = le-z

. . 0 2 2
Very simple to get the gradient! P f(X) = in = X; = 2x
X1 6)61 )

Let’s see the details
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Example:  flx,....x) = ||Ix]|* = le-z
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Calculus

d
Example:  flx,....x) = ||Ix]|* = le-z
=1

0 d
—fx) =0, ¥ 1 =2x
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Calculus

d
Example:  flx,....x) = ||Ix]|* = le-z
=1

0 d
—fx) =0, ¥ 1 =2x
A Z} .

b

: 4 V(X)) = 2x
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1. Show that the gradient V f is given by Vf (x) = Ax + u.
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1. Show that the gradient V f is given by Vf (x) = Ax + u.

Jx) = %(X, AX) + <M9x>
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1. Show that the gradient V f is given by Vf (x) = Ax + u.

Jx) = %(X, AX) + <M9x>

l

f(x) = % Z xl.T Z Aijxj + Z uiTxl-
j i
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1. Show that the gradient V f is given by Vf (x) = Ax + u.

Jx) = %(X, AX) + (u,x)

f(x) = % Z xl.T Z Al-jxj + Z uiTxl-
j i

l

O, fx) = % (6xp Z xiT> Z A;iX; + % Z x! 2 2 AyX; | + 0y Z ! x,
i Jj i Jj i
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1. Show that the gradient V f is given by Vf (x) = Ax + u.

O, f(x) = % (8xp Z xiT) Z A;iX; + % Z x! 2 2 AyX; | + 0y Z ! x,
i Jj i Jj i
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1. Show that the gradient V f is given by Vf (x) = Ax + u.

O, f(x) = % (8xp Z xiT) Z A;iX; + % Z x! 2 2 AyX; | + 0y Z ! x,
i Jj i Jj i

I=p
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1. Show that the gradient V f is given by Vf (x) = Ax + u.

O, f(x) = % (8xp Z xiT) Z A;iX; + % Z x! 2 2 AyX; | + 0y Z ! x,
Jj i | i

l

. J
I=p J=P
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1. Show that the gradient V f is given by Vf (x) = Ax + u.

6f(x)—l< Z )ZAl]x+ Z ZAl]x + 0, Zi:ux
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1. Show that the gradient V f is given by Vf (x) = Ax + u.

6f(x)—l< Z )ZAl]x+ Z ZAl]x + 0, Zi:ux

|p JP

6f(x)— Z X+ = Z TA + U,
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1. Show that the gradient V f is given by Vf (x) = Ax + u.

6f(x)—l< Z )ZA,]x+ Z ZAl]x + 0, Zi:ux

|p JP

6f(x)— Z X+ = Z TA + U,

0, f(x)— z X+ = ZApTlxl+u

b
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1. Show that the gradient V f is given by Vf (x) = Ax + u.

6f(x)—l< Z )ZA,]x+ Z ZAl]x + 0, Zi:ux

|p JP

6f(x)— Z X+ = Z TA + U,

0, f(x)— z X+ = ZApTlxl+u

I T
dxpf(x)= E(A +A' )x+u

b

P
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Reminder

A function f: C - R over a convex set C is called convex if

JOx + (1 = 2)y) < A0 + (1 = DA(y)

is satisfied for all x,y € C and 4 € [0,1].

b
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Reminder

A function f: C - R over a convex set C is called convex if

JOx + (1 = 2)y) < A0 + (1 = DA(y)

is satisfied for all x,y € C and 4 € [0,1].

b

; J This definition assumes any property of the function f
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Reminder

A twice differentiable function f: C = R gver a convex set C is called convex if

2
x > ()
dx?

is satisfied for all x € C.

b
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Reminder

A twice differentiable function f: C = R gver a convex set C is called convex if

2
x > 0
dx?
is satisfied for all x € C.
l’ For a function of n variables the condition is on the Hessian which should

' be positive semi-definite
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5. Verify that the function g : R — R with g(z) := %:1:2 1S convex.
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5. Verify that the function g : R — Ry with g(z) := 52* is convex.

Alternatively: we know that the function is twice differentiable
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5. Verify that the function g : R — Ry with g(z) := 52* is convex.

Alternatively: we know that the function is twice differentiable
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5. Verify that the function g : R — Ry with g(z) := 52* is convex.

Alternatively: we know that the function is twice differentiable

d (1 ,
— | —x]) =120
l' dx? \ 2
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(c) Discuss the convex properties of the function f(x) = ax? wherea € R .
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(c) Discuss the convex properties of the function f(x) = ax? wherea € R .

Alternatively: we know that the function is twice differentiable
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(c) Discuss the convex properties of the function f(x) = ax? wherea € R .

Alternatively: we know that the function is twice differentiable

d 2\ _
E(ax)—Zax
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(c) Discuss the convex properties of the function f(x) = ax? wherea € R .

Alternatively: we know that the function is twice differentiable

d 2\ _
E(ax)—Zax

d2
—(ax2)=2a20 for a >0

l' dx?
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(d) Discuss the convex properties the function f(x) = —alog(x) where a € R.
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(d) Discuss the convex properties the function f(x) = —alog(x) where a € R.

Alternatively: we know that the function is twice differentiable
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(d) Discuss the convex properties the function f(x) = —alog(x) where a € R.

Alternatively: we know that the function is twice differentiable

d a
E (—CllOgX) = — ;
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(d) Discuss the convex properties the function f(x) = —alog(x) where a € R.

Alternatively: we know that the function is twice differentiable

d a
E (—CllOgX) = — ;
d2

a
l' ﬁ(—alogx)=;20 Jor a >0
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Probability & statistics

Assume we have a random variable X with a finite no. of outcomes x, x,, ..., x, and
probabilities p; = P(X = x;),p, = P(X = x,), ..., p, = P(X = x,). The expectation of
X is defined as

S

lq = ] = izzlxi Pi

)
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Probability & statistics

Assume we have a random variable X with a finite no. of outcomes x, x,, ..., x, and
probabilities p; = P(X = x;),p, = P(X = x,), ..., p, = P(X = x,). The expectation of
X is defined as

S

lq = ] = izzlxi Pi

!4 It is simply a weighted average!
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Probability & statistics
— bl = ixi Pi

=1
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Probability & statistics

S

= = in Pi

=1

Example: s =3, x; = 1 (p; = 1/2), x, = 11/10 (p, = 1/3), x, = 1/2 (py = 1/6)

b

)

n.perra@gmul.ac.uk


mailto:n.perra@qmul.ac.uk

Probability & statistics

S

= = in Pi

=1

Example: s =3, x, = 1 (p; = 1/2), x, = 11/10 (p, = 1/3), x, = 1/2 (p; = 1/6)

3
1 11 1 19
' N - [x] = Z'Xi pi=+oo =5 =095
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Probability & statistics

Assume we have an absolutely continuous random variable X with probability
density function p. The expectation of X is defined as

- [x] = J xp(x)dx
R

b
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Probability & statistics

1

Example: uniform random variable X in [a, b] with p(x) = { b —a
0 otherwise

X € |a, b]

b
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Probability & statistics

1

Example: uniform random variable X in [a, b] with p(x) = { b —a
0 otherwise

X € |a, b]

b
lﬂ — L] =J X p(x) dx = : J X dx
R b—a a

)
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Probability & statistics

|
Example: uniform random variable X in [a, b] with p(x) = { b-a

X € |a, b]

0 otherwise

b
=[x} =J xp(x)dx = : J xdx =
R b—a a
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Probability & statistics

|
Example: uniform random variable X in [a, b] with p(x) = { b-a

X € |a, b]

0 otherwise

b* — a’ - (b=a)b+a)
2b—a)  2(b—a)

b
. = E,[ =[ () dx = — J xdx =
R b—a a
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Probability & statistics

1

Example: uniform random variable X in [a, b] with p(x) = { b —a
0 otherwise

X € |a, b]

b* — a’ - b-a)b+a) 44p
2b—a)  2(b-a) 5

b
. = E,[ =[ () dx = — J xdx =
R b—a a
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Probability & statistics

The variance of a random variable X is defined as

Var,[x] := E. l(x— —x[x])zl

b
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Probability & statistics

The variance of a random variable X is defined as

Var,[x] = E, | (x = E,[x])°| = E ] - EJa?
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Probability & statistics

The variance of a random variable X is defined as

Var,[x] = E, | (x = E,[x])°| = E ] - EJa?

Vardxl= E, [x* - 24E,[x] + E,+)]

b
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Probability & statistics

The variance of a random variable X is defined as

Var,[x] = E, | (x = E,[x])°| = E ] - EJa?

Vardxl= E, [x* - 24E,[x] + E,+)]

E [x%] = 2E,[x]E, [x] + E, |E,[x]*|

b
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Probability & statistics

The variance of a random variable X is defined as

Var,[x] = E, | (x = E,[x])°| = E ] - EJa?

Var,[x]= E, [x? — 2xE,[x] + E,[x]*| =X =) X p;

/ )

E [x7] = 2E,[x]E,[x] + E, |E,[x]*|
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Probability & statistics

The variance of a random variable X is defined as

Var,[x] = E, | (x = E,[x])°| = E ] - EJa?

Var [x]= E, [x* — 2xE,[x] + E,[x]? =] =) xp,
=1

___—7"  If xis a constant?

E [x7] = 2E,[x]E,[x] + E, |E,[x]*|
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Probability & statistics

The variance of a random variable X is defined as

Var,[x] = E, | (x = E,[x])°| = E ] - EJa?

\)

Var [x]= E, [x* — 2xE,[x] + E,[x]? =] =) xp,
=1
If X 1s a constant?
— —x[xz] — 2 [x]E, [x] + E, [—x[x]z] / s

= el = Z &Y
s
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Probability & statistics

The variance of a random variable X is defined as

Var,[x] = E, | (x = E,[x])°| = E ] - EJa?

\)

Var [x]= E, [x* — 2xE,[x] + E,[x]? =] =) xp,
=1
If X 1s a constant?
— —x[xz] — 2 [x]E, [x] + E, [—x[x]z] / s

= el = Z &Y
l’ .

=1
24 Elcli=c ) p=c
=1

n.perra@gmul.ac.uk


mailto:n.perra@qmul.ac.uk

Probability & statistics

The variance of a random variable X is defined as

Var,[x] = E, | (x = E,[x])°| = E ] - EJa?

\)

Var [x]= E, [x* — 2xE,[x] + E,[x]? =] =) xp,
=1
If X 1s a constant?
— —x[xz] — 2 [x]E, [x] + E, [—x[x]z] / s

= el = Z &Y
l’ .

= [x2] = 2E [x]* + E [x]? =
24 lcli=c ) p=c
=1
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Probability & statistics

The variance of a random variable X is defined as

Var,[x] = E, | (x = E,[x])°| = E ] - EJa?

\)

Var [x]= E, [x* — 2xE,[x] + E,[x]? =] =) xp,
=1
If X 1s a constant?
— —x[xz] — 2 [x]E, [x] + E, [—x[x]z] / s

= el = Z &Y
l’ .

= [x%] = 2E [x)* + E [x)°

=1
4 lcli=c ) p=c
= E,[x°] — E,[x]’ =1
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Probability & statistics

The variance of a random variable X is defined as

Var [x] :

= [x]) 2]

X = [x]°

|
I
S
—
~
&=
|

|

I
s

<
\®)
S—

|

Its square-root

l’ 4 o, :=+/Var,[x] iIs known as standard deviation
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Probability & statistics

Two random variables X and Y are independent if their joint PDF factors, i.e.

px,y) = px(x) py(y)

b
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Probability & statistics

Two random variables X and Y are independent if their joint PDF factors, i.e.
P, ) = px(x) py(y)

An arbitrary no. of n random variables {X;}'_, is independent if

p(xla °°°9-xn) — H'DXi(xi)
=1

b
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Probability & statistics

Two random variables X and Y are independent if their joint PDF factors, i.e.
P, ) = px(x) py(y)

An arbitrary no. of n random variables {X;}'_, is independent if

P(Xs .ees X)) = prl.(x,-)

The collection of random variables is independent and identically distributed

4 (1.1.d.) if in addition we have
=Px,= " = Px

I’l
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Reminder

The expectation value is also known as the first moment of the distribution

b
“[x] = J xp(x)dx = (x)

b
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Reminder

The expectation value is also known as the first moment of the distribution

b
“[x] = J xp(x)dx = (x)

And the expectation value of x"2 is known as the second moment

b

)
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Reminder

The expectation value is also known as the first moment of the distribution

b
“[x] = J xp(x)dx = (x)

And the expectation value of x"2 is known as the second moment

b
lﬂ E[x°] = [ x*p(x)dx = (x*)

)
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Reminder

PDFs are defined in such a way that

b
J p(x)dx =1

b

)
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For a uniform (and absolutely continuous) random variable X in |0, 1| compute the
expectation of f(X) for

0 otherwise

{—log(:z:) r € [0,1/5]
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For a uniform (and absolutely continuous) random variable X in [0, 1| compute the
expectation of f(X) for

0 otherwise

F(a) = {_log(f) v €[0,1/5

First key point, what is the PDF?
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For a uniform (and absolutely continuous) random variable X in [0, 1| compute the
expectation of f(X) for

0 otherwise

F(a) = {_log(f) v €[0,1/5

First key point, what is the PDF?

The variable is UNIFORM in [0,1] hence

b
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For a uniform (and absolutely continuous) random variable X in [0, 1| compute the
expectation of f(X) for

0 otherwise

() = {—log(:z,’) r € [0,1/5]

First key point, what is the PDF?

The variable is UNIFORM in [0,1] hence

p(x)=1¢€]0,1]

b
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Now we have the PDF and we can compute the expectation value of f(x)

b
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Now we have the PDF and we can compute the expectation value of f(x)

b
~[x] = J xp(x)dx = (x)

b

)

www.gmul.ac.uk n/QMUL y@QMUL




Now we have the PDF and we can compute the expectation value of f(x)

b
“[x] = J xp(x)dx = (x)

b
L) = J FOpodx = (f)

b

)
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Now we have the PDF and we can compute the expectation value of f(x)

b
~[x] = J xp(x)dx = (x)

b
L) = J FOpodx = (f)

In our case: px)=1¢€]0,1]

b

)
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Now we have the PDF and we can compute the expectation value of f(x)

b
~[x] = J xp(x)dx = (x)

b
L) = J FOpodx = (f)

In our case: px)=1¢€]0,1]

b

1
2 ' —[f(x0)] = I f)dx = (f(x))
0
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Furthermore

{—log(:zf) v €0,1/5)

0 otherwise
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Furthermore

f@y_{;bﬂ@ v €0.1/5

otherwise

[ ()] = — r log(x)dx

0

of
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Furthermore

f@y_{;bﬂ@ v €0.1/5

otherwise

[ ()] = — r log(x)dx

0

= —xlog(x) + x \(1)/5
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1. Let X be a random variable with expectation p and variance o?. Show that the
variance of a X + b, where a,b € R, 1s

Var, [ax + b] = a*0” .
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1. Let X be a random variable with expectation p and variance o?. Show that the
variance of a X + b, where a,b € R, 1s

Var, [ax + b] = a*0” .

Varfx] = E (¢ = Elx)| = E [ - E¥x

“[(ax + b)?] — E[ax + b]?

Var |ax + b]

“[a’x? + b* + 2axb] — Elax + b]?

www.gmul.ac.uk n/QMUL y@QMUL




1. Let X be a random variable with expectation p and variance o?. Show that the
variance of a X + b, where a,b € R, 1s

Var, [ax + b] = a*0” .

Var,|x] = E [(x— -[X])zl = E |x*| — E*[x]

“[(ax + b)?] — E[ax + b]?

Var |ax + b]

“[a’x? + b* + 2axb] — Elax + b]?
a’E[x?] + b? + 2abE[x] — E[ax + b]?
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1. Let X be a random variable with expectation p and variance o?. Show that the
variance of a X + b, where a,b € R, 1s

Var, [ax + b] = a*0” .

Var,|x] = E [(x— -[X])zl = E |x*| — E*[x]

“[(ax + b)?] — E[ax + b]?

Var |ax + b]

“[a’x? + b* + 2axb] — Elax + b]?
a’E[x?*] + b* + 2abE[x] — E[ax + b]?
a’E[x?] + b* + 2abE[x] — (aE[x] + b)?
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1. Let X be a random variable with expectation p and variance o?. Show that the
variance of a X + b, where a,b € R, 1s

Var, [ax + b] = a*0” .

Var,|x] = E [(x— -[X])zl = E |x*| — E*[x]
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1. Let X be a random variable with expectation p and variance o?. Show that the
variance of a X + b, where a,b € R, 1s

Var, [ax + b] = a*o?.

Var,|x] = E [(x— -[X])zl = E |x*| — E*[x]

Var |ax + b] = E[(ax + b)?] — E[ax + b]?

“[a’x? + b* + 2axb] — Elax + b]?
’E[x?*] 4+ b* + 2abE[x] — E[ax + b]?
’E[x?] + b” + 2abE[x] — (aE[x] + b)?

’E[x°] + b? + 2abE[x] — a’E[x]? — b? — 2abE|[x]

J 2 _[XZ] . Cl2 _[X]Z
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1. Let X be a random variable with expectation p and variance o?. Show that the
variance of a X + b, where a,b € R, 1s

Var, [ax + b] = a*o?.

Var,|x] = E [(x— -[X])zl = E |x*| — E*[x]

Var |ax + b] = E[(ax + b)?] — E[ax + b]?

“[a’x? + b* + 2axb] — Elax + b]?
’E[x?*] 4+ b* + 2abE[x] — E[ax + b]?
’E[x?] + b” + 2abE[x] — (aE[x] + b)?

’E[x°] + b? + 2abE[x] — a’E[x]? — b? — 2abE|[x]

J ’E[x*] — a’E[x]* = aX(E[x?] — E[x])
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(a) Consider the following probability density function of a (continuous) random

variable x: p(x|a) = Ax™* for x > 1 where A € R and a € R. Compute the
value A as function of & and discuss where it is defined.

Since the PDF need to be normalized and the variable is continuous we can

write -
/ p(x|a)dx
1

|
el

or

A/ X dx -1 A —
1 i
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(a) Consider the following probability density function of a (continuous) random

variable x: p(x|a) = Ax™* for x > 1 where A € R and a € R. Compute the
value A as function of & and discuss where it is defined.

Since the PDF need to be normalized and the variable is continuous we can

write -
/ p(x|a)dx =1
1
or . ]
A/ X dx 1A=
1 i
0
—a 1 l—a |0 : : :
e Which is defined only for a > 1
1 _
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(a) Consider the following probability density function of a (continuous) random

variable x: p(x|a) = Ax™* for x > 1 where A € R and a € R. Compute the
value A as function of & and discuss where it is defined.

Since the PDF need to be normalized and the variable is continuous we can

write -
/ p(x|a)dx =1
1
or . ]
A/ X dx 1A=
1 i
0
—a 1 l—a |0 : : :
o= Which is defined only for a > 1
1 _

Inthiscase A =1 —«
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(b) Compute the expectation value E|x| and the second moment of the distribution
[E[x?] as function of a and discuss where they are defined.
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(b) Compute the expectation value E|x| and the second moment of the distribution
[E[x?] as function of a and discuss where they are defined.

(b) By definition the expectation value is

E|x] /xp(xloc)dx = (a —1) /1OO atad b (24)
1

- ((X_l)Z—oc

£

It can be easily seen how for any a < 2 the expectation value is divergent. For

_ a—1
a > 2wegetE|x| = =
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(b) Compute the expectation value E|x| and the second moment of the distribution
[E[x?] as function of a and discuss where they are defined.

By definition the second moment of the distribution reads

E [xz]

/xzp(x\a)dx = (a—1) /100 Eal b
1

(a—D3_a

i

It can be easily seen how for any a < 3 the second moment is divergent. For
lq x > 3 we get E[x?] = &=1

n—23
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