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Matrices and Vectors

3

X =

x11 x12 … x1d
x21 x22 … x2d
⋮ ⋱ ⋮

xs1 xs2 … xsd

∈ ℝs×dMatrix:
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Matrix-vector multiplication: X w = y
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x11 x12 … x1d
x21 x22 … x2d
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You need to pay attention to the dimensions!
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X w = y ⇔
d

∑
j=1

xijwj = yi ∀i ∈ {1,…, s}

The row times column rule can be written as
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(
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b2) a, b ∈ ℝ2×1
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a ⋅ a =
d

∑
j=1

ajaj =
d

∑
j=1

a2
j

Inner/dot/scalar product
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a ⋅ a =
d

∑
j=1

ajaj =
d

∑
j=1

a2
j

a ⋅ a = ∥a∥2

Inner/dot/scalar product
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∥a∥ := ⟨a, a⟩ :=
d

∑
j=1

a2
j

Norm:

a ⋅ a =
d

∑
j=1

ajaj =
d

∑
j=1

a2
j

a ⋅ a = ∥a∥2

Inner/dot/scalar product
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Eigenvalues and Eigenvectors

Given a squared matrix  a vector   that satisfies this equation X ∈ ℝd×d wi ∈ ℝd×1

Xwi = λiwi
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Eigenvalues and Eigenvectors

Given a squared matrix  a vector   that satisfies this equation X ∈ ℝd×d wi ∈ ℝd×1

Xwi = λiwi

It is called eigenvector of the matrix and lambda is the correspondent eigenvalue
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Eigenvalues and Eigenvectors

Xwi = λiwi
The equation
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Eigenvalues and Eigenvectors

Xwi = λiwi
The equation

Can be written as
(X − λiI)wi = 0

This has non zero solutions if and only if

det (X − λiI) = 0

Hence the goal is find solutions of this so-called characteristic equation
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Eigenvalues and Eigenvectors

det (X − λiI) = 0
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Eigenvalues and Eigenvectors

det (X − λiI) = 0

If the matrix is  we have  solutions (some might be complex, some might 
have an algebraic multiplicity >1)

d × d d
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Eigenvalues and Eigenvectors

det (X − λiI) = 0

If the matrix is  we have  solutions (some might be complex, some might 
have an algebraic multiplicity >1)

d × d d

Symmetric matrices lead to  real solutions and orthogonal eigenvectors!d
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(3 4
0 5) (

u(1)
1

u(2)
1 ) = λ1 (

u(1)
1

u(2)
1 ) = (

3u(1)
1

3u(2)
1 )

2
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Singular value decomposition (SVD)

As we will see soon, in most cases we will work with data matrices that are 
rarely squared. So how can we decompose such matrices?
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Singular value decomposition (SVD)

Given a  the transpose is  hence   X ∈ ℝs×d X⊤ ∈ ℝd×s X⊤X ∈ ℝd×d

As we will see soon, in most cases we will work with data matrices that are 
rarely squared. So how can we decompose such matrices?
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Singular value decomposition (SVD)

It can be shown that for any matrix  there exist  

vectors   and vectors  such that

X ∈ ℝs×d σ1 ≥ σ2 ≥ … ≥ σmin(s,d)
Ui (i ∈ [0,s]) Vj ( j ∈ [1,d])
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It can be shown that for any matrix  there exist  

vectors   and vectors  such that
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 are called singular valuesσi

Important for rectangular matrices
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Singular value decomposition (SVD)

We then define  such that of  V ∈ ℝd×d X⊤XVi = σ2
i Vi
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Singular value decomposition (SVD)

We then define  such that of  V ∈ ℝd×d X⊤XVi = σ2
i Vi

Each  is an eigenvector of  correspondent to the eigenvalue Vi X⊤X σ2
i
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Singular value decomposition (SVD)

We then define  such that of  U ∈ ℝs×s XX⊤Ui = σ2
i Ui
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Singular value decomposition (SVD)

We then define  such that of  U ∈ ℝs×s XX⊤Ui = σ2
i Ui

Each  is an eigenvector of  correspondent to the eigenvalue Ui XX⊤ σ2
i

mailto:n.perra@qmul.ac.uk


n.perra@qmul.ac.uk 17

Summarizing

X⊤XV = σ2V

XX⊤U = σ2U

Singular value decomposition (SVD)

Also

X = UΣV⊤
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We have two options:

B⊤BVi = σ2
i Vi

BB⊤Ui = σ2
i Ui

The results are the same, but one is more convenient than the other

B⊤B → 2x3 × 3x2 → 2 × 2
BB⊤ → 3x2 × 2x3 → 3 × 3

Hence, it is a good idea picking the first!
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( 1 1 0
−2 1 0) (

1 −2
1 1
0 0 )B⊤B =
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= ( 2 −1
−1 5 )( 1 1 0

−2 1 0) (
1 −2
1 1
0 0 )B⊤B =
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= ( 2 −1
−1 5 )( 1 1 0

−2 1 0) (
1 −2
1 1
0 0 )B⊤B =

To find the singular values, we need to compute the eingevalues of this matrix!
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= ( 2 −1
−1 5 )( 1 1 0

−2 1 0) (
1 −2
1 1
0 0 )B⊤B =

To find the singular values, we need to compute the eingevalues of this matrix!

B⊤BV = σ2V
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= ( 2 −1
−1 5 )( 1 1 0

−2 1 0) (
1 −2
1 1
0 0 )B⊤B =

To find the singular values, we need to compute the eingevalues of this matrix!

B⊤BV = σ2V
(B⊤B − σ2I)V = 0
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= ( 2 −1
−1 5 )( 1 1 0

−2 1 0) (
1 −2
1 1
0 0 )B⊤B =

To find the singular values, we need to compute the eingevalues of this matrix!

B⊤BV = σ2V
(B⊤B − σ2I)V = 0

Non-zero solutions exist if and only if
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= ( 2 −1
−1 5 )( 1 1 0

−2 1 0) (
1 −2
1 1
0 0 )B⊤B =

To find the singular values, we need to compute the eingevalues of this matrix!

B⊤BV = σ2V
(B⊤B − σ2I)V = 0

Non-zero solutions exist if and only if

det[B⊤B − σ2I] = 0
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det 2 − σ2 −1
−1 5 − σ2

= 0
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det 2 − σ2 −1
−1 5 − σ2

= 0

(2 − σ2)(5 − σ2) − 1 = 0
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det 2 − σ2 −1
−1 5 − σ2

= 0

(2 − σ2)(5 − σ2) − 1 = 0

σ4 − 7σ2 + 9 = 0
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det 2 − σ2 −1
−1 5 − σ2

= 0

(2 − σ2)(5 − σ2) − 1 = 0

σ4 − 7σ2 + 9 = 0

σ2
1,2 =

7 ± 13
2
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B⊤BV1 = σ2
1V1

( 2 −1
−1 5 ) (

V(1)
1

V(2)
1 ) = σ2

1 (
V(1)

1

V(2)
1 )
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B⊤BV1 = σ2
1V1

( 2 −1
−1 5 ) (

V(1)
1

V(2)
1 ) = σ2

1 (
V(1)

1

V(2)
1 )

{
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B⊤BV1 = σ2
1V1

( 2 −1
−1 5 ) (

V(1)
1

V(2)
1 ) = σ2

1 (
V(1)

1

V(2)
1 )

2V(1)
1 − V(2)

1 = σ2
1V(1)

1{
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B⊤BV1 = σ2
1V1

( 2 −1
−1 5 ) (

V(1)
1

V(2)
1 ) = σ2

1 (
V(1)

1

V(2)
1 )

2V(1)
1 − V(2)

1 = σ2
1V(1)

1
−V(1)

1 + 5V(2)
1 = σ2

1V(2)
1{
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B⊤BV1 = σ2
1V1

( 2 −1
−1 5 ) (

V(1)
1

V(2)
1 ) = σ2

1 (
V(1)

1

V(2)
1 )

2V(1)
1 − V(2)

1 = σ2
1V(1)

1
−V(1)

1 + 5V(2)
1 = σ2

1V(2)
1{ V(2)

1 = V(1)
1 (2 − σ2

1)
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B⊤BV1 = σ2
1V1

( 2 −1
−1 5 ) (

V(1)
1

V(2)
1 ) = σ2

1 (
V(1)

1

V(2)
1 )

2V(1)
1 − V(2)

1 = σ2
1V(1)

1
−V(1)

1 + 5V(2)
1 = σ2

1V(2)
1{ V(2)

1 = V(1)
1 (2 − σ2

1)= − V(1)
1

3 + 13
2
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B⊤BV1 = σ2
1V1

( 2 −1
−1 5 ) (

V(1)
1

V(2)
1 ) = σ2

1 (
V(1)

1

V(2)
1 )

V1 = (c, − c
3 + 13

2 )
⊤

2V(1)
1 − V(2)

1 = σ2
1V(1)

1
−V(1)

1 + 5V(2)
1 = σ2

1V(2)
1{ V(2)

1 = V(1)
1 (2 − σ2

1)= − V(1)
1

3 + 13
2
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B⊤BV1 = σ2
1V1

( 2 −1
−1 5 ) (

V(1)
1

V(2)
1 ) = σ2

1 (
V(1)

1

V(2)
1 )

V1 = (c, − c
3 + 13

2 )
⊤

2V(1)
1 − V(2)

1 = σ2
1V(1)

1
−V(1)

1 + 5V(2)
1 = σ2

1V(2)
1{ V(2)

1 = V(1)
1 (2 − σ2

1)= − V(1)
1

3 + 13
2

Another solution can be obtained from the second equation, the two  
Are just proportional! 
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B⊤BV2 = σ2
2v2

( 2 −1
−1 5 ) (

V(1)
2

V(2)
2 ) = σ2

2 (
V(1)

2

V(2)
2 )

2V(1)
2 − V(2)

2 = σ2
2V(1)

2
−V(1)

2 + 5V(2)
2 = σ2

2V(2)
2{



www.qmul.ac.uk /QMUL @QMUL 22

B⊤BV2 = σ2
2v2

( 2 −1
−1 5 ) (

V(1)
2

V(2)
2 ) = σ2

2 (
V(1)

2

V(2)
2 )

2V(1)
2 − V(2)

2 = σ2
2V(1)

2
−V(1)

2 + 5V(2)
2 = σ2

2V(2)
2{ V(2)

2 = V(1)
2 (2 − σ2

2)
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B⊤BV2 = σ2
2v2

( 2 −1
−1 5 ) (

V(1)
2

V(2)
2 ) = σ2

2 (
V(1)

2

V(2)
2 )

2V(1)
2 − V(2)

2 = σ2
2V(1)

2
−V(1)

2 + 5V(2)
2 = σ2

2V(2)
2{ V(2)

2 = V(1)
2 (2 − σ2

2)= V(1)
2

13 − 3
2
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B⊤BV2 = σ2
2v2

( 2 −1
−1 5 ) (

V(1)
2

V(2)
2 ) = σ2

2 (
V(1)

2

V(2)
2 )

V2 = (b, b
13 − 3

2 )
⊤

2V(1)
2 − V(2)

2 = σ2
2V(1)

2
−V(1)

2 + 5V(2)
2 = σ2

2V(2)
2{ V(2)

2 = V(1)
2 (2 − σ2

2)= V(1)
2

13 − 3
2
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B⊤BV2 = σ2
2v2

( 2 −1
−1 5 ) (

V(1)
2

V(2)
2 ) = σ2

2 (
V(1)

2

V(2)
2 )

V2 = (b, b
13 − 3

2 )
⊤

2V(1)
2 − V(2)

2 = σ2
2V(1)

2
−V(1)

2 + 5V(2)
2 = σ2

2V(2)
2{ V(2)

2 = V(1)
2 (2 − σ2

2)= V(1)
2

13 − 3
2

Another solution can be obtained from the second equation, the two  
Are just proportional! 
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U1 = σ−1
1 BV1

To compute the left singular vectors we can use
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U1 = σ−1
1 BV1

To compute the left singular vectors we can use

Or….we could compute solve the eingevalues/eingevectors problem for BB⊤
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U1 = σ−1
1 BV1

U1 =
2

7 + 13 (
1 −2
1 1
0 0 ) (

c

−c
3 + 13

2 )

To compute the left singular vectors we can use

Or….we could compute solve the eingevalues/eingevectors problem for BB⊤
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U1 = σ−1
1 BV1

U1 =
2

7 + 13 (
1 −2
1 1
0 0 ) (

c

−c
3 + 13

2 )

To compute the left singular vectors we can use

Or….we could compute solve the eingevalues/eingevectors problem for BB⊤

= c ×
2

7 + 13

4 + 13

−
1 + 13

2

0
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U1 = σ−1
1 BV1

U1 =
2

7 + 13 (
1 −2
1 1
0 0 ) (

c

−c
3 + 13

2 )

To compute the left singular vectors we can use

Or….we could compute solve the eingevalues/eingevectors problem for BB⊤

= c ×
2

7 + 13

4 + 13

−
1 + 13

2

0

Notice the dimension of this vector!



www.qmul.ac.uk /QMUL @QMUL 24

U2 = σ−1
2 BV2

U2 =
2

7 − 13 (
1 −2
1 1
0 0 ) (

b

b
13 − 3

2
)

To compute the left singular vectors we can use

= b
2

7 − 13

4 − 13
13 − 1

2

0

Notice the dimension of this vector!
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Important note:  
1) The matrix is a 3x3 matrix with another eigenvalue equal to zero 
2) the associate vector needs to be orthogonal to the others, hence

BB⊤

U3 = (0,0,d)⊤
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X⊤Xŵ = X⊤y
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X⊤Xŵ = X⊤y

X = (
1 −c
1 0
1 c )
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X⊤Xŵ = X⊤y

X = (
1 −c
1 0
1 c ) X⊤ = ( 1 1 1

−c 0 c)
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X⊤Xŵ = X⊤y

X = (
1 −c
1 0
1 c ) X⊤ = ( 1 1 1

−c 0 c) y = (
2
2
2)
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X⊤Xŵ = X⊤y

X = (
1 −c
1 0
1 c ) X⊤ = ( 1 1 1

−c 0 c) y = (
2
2
2)

X⊤Xŵ = ( 1 1 1
−c 0 c) (

1 −c
1 0
1 c ) (w0

w1)
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X⊤Xŵ = X⊤y

X = (
1 −c
1 0
1 c ) X⊤ = ( 1 1 1

−c 0 c) y = (
2
2
2)

X⊤Xŵ = ( 1 1 1
−c 0 c) (

1 −c
1 0
1 c ) (w0

w1) = (3 0
0 2c2) (w0

w1)
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X⊤ = ( 1 1 1
−c 0 c) y = (

2
2
2)
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X⊤ = ( 1 1 1
−c 0 c) y = (

2
2
2)

(3 0
0 2c2) (w0

w1) = X⊤y = ( 1 1 1
−c 0 c) (

2
2
2)
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X⊤ = ( 1 1 1
−c 0 c) y = (

2
2
2)

(3 0
0 2c2) (w0

w1) = X⊤y = ( 1 1 1
−c 0 c) (

2
2
2)

(3 0
0 2c2) (w0

w1) = (6
0)
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(3 0
0 2c2) (w0

w1) = (6
0)
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(3 0
0 2c2) (w0

w1) = (6
0)

3w0 = 6 → w0 = 2
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(3 0
0 2c2) (w0

w1) = (6
0)

2c2w1 = 0 → w1 = 0

3w0 = 6 → w0 = 2



www.qmul.ac.uk /QMUL @QMUL 28

(3 0
0 2c2) (w0

w1) = (6
0)

2c2w1 = 0 → w1 = 0

3w0 = 6 → w0 = 2

(w0
w1) = (2

0)
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(3 0
0 2c2) (w0

w1) = X⊤y = ( 1 1 1
−c 0 c)

2 + ϵ
2 + ϵ
2 − ϵ
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(3 0
0 2c2) (w0

w1) = X⊤y = ( 1 1 1
−c 0 c)

2 + ϵ
2 + ϵ
2 − ϵ

(3 0
0 2c2) (w0

w1) = (6 + ϵ
−2cϵ)
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(3 0
0 2c2) (w0

w1) = X⊤y = ( 1 1 1
−c 0 c)

2 + ϵ
2 + ϵ
2 − ϵ

(3 0
0 2c2) (w0

w1) = (6 + ϵ
−2cϵ)

(w0
w1) = (

2 + ϵ
3

− ϵ
c

)
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∥ŵ − ̂wδ∥ = ∑
i

(ŵi − ̂wδi)
2
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ŵ = (w0
w1) = (2

0)

∥ŵ − ̂wδ∥ = ∑
i

(ŵi − ̂wδi)
2
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ŵ = (w0
w1) = (2

0)

∥ŵ − ̂wδ∥ = ∑
i

(ŵi − ̂wδi)
2

ŵδ = (w0
w1) = (

2 + ϵ
3

− ϵ
c

)
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ŵ = (w0
w1) = (2

0)

∥ŵ − ̂wδ∥ = ∑
i

(ŵi − ̂wδi)
2

ŵδ = (w0
w1) = (

2 + ϵ
3

− ϵ
c

)
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ŵ = (w0
w1) = (2

0)

∥ŵ − ̂wδ∥ = ∑
i

(ŵi − ̂wδi)
2

ŵδ = (w0
w1) = (

2 + ϵ
3

− ϵ
c

)
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ŵ = (w0
w1) = (2

0)

∥ŵ − ̂wδ∥ = ∑
i

(ŵi − ̂wδi)
2

ŵδ = (w0
w1) = (

2 + ϵ
3

− ϵ
c

)



www.qmul.ac.uk /QMUL @QMUL 31



www.qmul.ac.uk /QMUL @QMUL 31

∥ŵ − ̂wδ∥ =
ϵ
c

1 +
c2

9
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∥ŵ − ̂wδ∥ =
ϵ
c

1 +
c2

9

∥y − yδ∥ = ϵ 3



www.qmul.ac.uk /QMUL @QMUL 31

∥ŵ − ̂wδ∥ =
ϵ
c

1 +
c2

9

∥y − yδ∥ = ϵ 3

∥ŵ − ̂wδ∥ ≫ ∥ y − yδ∥ for c → 0
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∥ŵ − ̂wδ∥ =
ϵ
c

1 +
c2

9

∥y − yδ∥ = ϵ 3

∥ŵ − ̂wδ∥ ≫ ∥ y − yδ∥ for c → 0
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X⊤ = ( 1 1
1 − c 1 + c) y = (1

1)X = (1 1 − c
1 1 + c)
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X⊤ = ( 1 1
1 − c 1 + c) y = (1

1)

X⊤Xŵ = (2 2
2 2 + 2c2) (w0

w1) = X⊤y = ( 1 1
1 − c 1 + c) (1

1)

X = (1 1 − c
1 1 + c)



www.qmul.ac.uk /QMUL @QMUL 32

X⊤ = ( 1 1
1 − c 1 + c) y = (1

1)

X⊤Xŵ = (2 2
2 2 + 2c2) (w0

w1) = X⊤y = ( 1 1
1 − c 1 + c) (1

1)

(2 2
2 2 + 2c2) (w0

w1) = (2
2)

X = (1 1 − c
1 1 + c)
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X⊤Xvi = σ2
i vi
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X⊤Xvi = σ2
i vi

det[X⊤X − σ2
i I] = 0
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X⊤Xvi = σ2
i vi

det
2 − σ2

i 2
2 2 + 2c2 − σ2

i
= 0

det[X⊤X − σ2
i I] = 0
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X⊤Xvi = σ2
i vi

det
2 − σ2

i 2
2 2 + 2c2 − σ2

i
= 0

det[X⊤X − σ2
i I] = 0

σ4
i − 2(2 + c2)σ2

i + 4c2 = 0
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X⊤Xvi = σ2
i vi

det
2 − σ2

i 2
2 2 + 2c2 − σ2

i
= 0

det[X⊤X − σ2
i I] = 0

σ4
i − 2(2 + c2)σ2

i + 4c2 = 0
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X⊤Xvi = σ2
i vi
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X⊤Xvi = σ2
i vi

(2 2
2 2 + 2c2) (

v( j)
1

v( j)
2 ) = σ2

j (
v( j)

1

v( j)
2 )
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X⊤Xvi = σ2
i vi

(2 2
2 2 + 2c2) (

v( j)
1

v( j)
2 ) = σ2

j (
v( j)

1

v( j)
2 )

2v( j)
1 + 2v( j)

2 = σ2
j v( j)

1
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X⊤Xvi = σ2
i vi

(2 2
2 2 + 2c2) (

v( j)
1

v( j)
2 ) = σ2

j (
v( j)

1

v( j)
2 )

v( j)
2 =

σ2
j − 2

2
v( j)

1

2v( j)
1 + 2v( j)

2 = σ2
j v( j)

1
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v( j)
2 =

σ2
j − 2

2
v( j)

1
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v( j)
2 =

σ2
j − 2

2
v( j)

1

v( j) = (γ,
σ2

j − 2
2

γ)
⊤
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v( j)
2 =

σ2
j − 2

2
v( j)

1

v( j) = (γ,
σ2

j − 2
2

γ)
⊤

∥v( j)∥2 = 1
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v( j)
2 =

σ2
j − 2

2
v( j)

1

v( j) = (γ,
σ2

j − 2
2

γ)
⊤

∥v( j)∥2 = 1

∥v( j)∥2 = γ2 +
(σj − 2)2

4
γ2 = 1
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v( j)
2 =

σ2
j − 2

2
v( j)

1

v( j) = (γ,
σ2

j − 2
2

γ)
⊤

∥v( j)∥2 = 1

∥v( j)∥2 = γ2 +
(σj − 2)2

4
γ2 = 1 → γ2 =

4
4 + (σ2

j − 2)2
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γ2 =
4

4 + (σ2
j − 2)2
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γ2 =
4

4 + (σ2
j − 2)2

v( j) = (γ,
σ2

j − 2
2

γ)
⊤
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v( j) =
2

4 + (σ2
j − 2)2

,
σ2

j − 2

4 + (σ2
j − 2)2

⊤

γ2 =
4

4 + (σ2
j − 2)2

v( j) = (γ,
σ2

j − 2
2

γ)
⊤
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u( j) = σ−1
j Xv( j)
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u( j) = σ−1
j Xv( j)

(
u( j)

1

u( j)
2 ) = σ−1

j (1 1 − c
1 1 + c)

2

4 + (σ2
j − 2)2

σ2
j − 2

4 + (σ2
j − 2)2
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u( j) = σ−1
j Xv( j)

(
u( j)

1

u( j)
2 ) = σ−1

j (1 1 − c
1 1 + c)

2

4 + (σ2
j − 2)2

σ2
j − 2

4 + (σ2
j − 2)2

(
u( j)

1

u( j)
2 ) = σ−1

j

σ2
j (1 − c) + 2c

4 + (σ2
j − 2)2

σ2
j (1 + c) − 2c

4 + (σ2
j − 2)2
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w1) = (2
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(2 2
2 2 + 2c2) (w0

w1) = (2
2)

w0 + w1 = 1
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(2 2
2 2 + 2c2) (w0

w1) = (2
2)

w0 + w1 = 1

w0 + (1 + c2)w1 = 1
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(2 2
2 2 + 2c2) (w0

w1) = (2
2)

w0 + w1 = 1

w0 + (1 + c2)w1 = 1

w0 = 1 − w1
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(2 2
2 2 + 2c2) (w0

w1) = (2
2)

w0 + w1 = 1

w0 + (1 + c2)w1 = 1

w0 = 1 − w1

1 − w1 + (1 + c2)w1 = 1



www.qmul.ac.uk /QMUL @QMUL 38

(2 2
2 2 + 2c2) (w0

w1) = (2
2)

w0 + w1 = 1

w0 + (1 + c2)w1 = 1

w0 = 1 − w1

1 − w1 + (1 + c2)w1 = 1

ŵ = (w0
w1) = (1

0)
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ŵ = (1
0) ŵδ = (

1 − ϵ
c

ϵ
c

)
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ŵ = (1
0) ŵδ = (

1 − ϵ
c

ϵ
c

) ∥ŵ − ŵδ∥ =
ϵ2

c2
+

ϵ2

c2
=

ϵ
c

2
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ŵ = (1
0) ŵδ = (

1 − ϵ
c

ϵ
c

) ∥ŵ − ŵδ∥ =
ϵ2

c2
+

ϵ2

c2
=

ϵ
c

2

ŵ = (1
0) ŵδ = (1 + ϵ

0 )
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ŵ = (1
0) ŵδ = (

1 − ϵ
c

ϵ
c

) ∥ŵ − ŵδ∥ =
ϵ2

c2
+

ϵ2

c2
=

ϵ
c

2

ŵ = (1
0) ŵδ = (1 + ϵ

0 ) ∥ŵ − ŵδ∥ = ϵ2 = ϵ



CALCULUS

42



n.perra@qmul.ac.uk 43

Calculus

Assume we have a function f(x) = f(x1, x2, …, xd)

Where x = (x1, x2, …, xd)

mailto:n.perra@qmul.ac.uk


n.perra@qmul.ac.uk 43

∇f(x) =

∂
∂x1

f(x)
∂

∂x2
f(x)

⋮
∂

∂xd
f(x)

Calculus

Assume we have a function f(x) = f(x1, x2, …, xd)

Where x = (x1, x2, …, xd)

The gradient is defined as
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∇f(x) =

∂
∂x1

f(x)
∂

∂x2
f(x)

⋮
∂

∂xd
f(x)

Calculus

Assume we have a function f(x) = f(x1, x2, …, xd)

Where x = (x1, x2, …, xd)

The gradient is defined as

It is a vector that indicates the direction of fastest increase of the function

mailto:n.perra@qmul.ac.uk


n.perra@qmul.ac.uk 44

Calculus
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Example: f(x1, x2) = (x1x2 − y)2

Calculus

mailto:n.perra@qmul.ac.uk


n.perra@qmul.ac.uk 44

Example: f(x1, x2) = (x1x2 − y)2

∂
∂x1

f(x) = 2(x1x2 − y)x2

∂
∂x2

f(x) = 2x1(x1x2 − y)
Then

Calculus
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Example: f(x1, x2) = (x1x2 − y)2

⇒ ∇f(x) = 2 (x1x2
2 − yx2

x2
1 x2 − x1y)

∂
∂x1

f(x) = 2(x1x2 − y)x2

∂
∂x2

f(x) = 2x1(x1x2 − y)
Then

Calculus
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Example: f(x1, …, xd) = ∥x∥2

Calculus
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Example: f(x1, …, xd) = ∥x∥2

Calculus

=
d

∑
i=1

x2
i
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Example: f(x1, …, xd) = ∥x∥2

Calculus

=
d

∑
i=1

x2
i

Very simple to get the gradient!
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Example: f(x1, …, xd) = ∥x∥2
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∂
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∑
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i =

d

∑
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Example: f(x1, …, xd) = ∥x∥2

Calculus

=
d

∑
i=1

x2
i

Very simple to get the gradient!
∂

∂x1
f(x) =

∂
∂x1

d

∑
i=1

x2
i =

d

∑
i=1

∂
∂x1

x2
i = 2x1

Let’s see the details

d

∑
i=1

∂
∂x1

x2
i =

∂
∂x1

x2
1 +

∂
∂x1

x2
2 + … +
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Example: f(x1, …, xd) = ∥x∥2
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Example: f(x1, …, xd) = ∥x∥2

Calculus

=
d

∑
i=1

x2
i
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Example: f(x1, …, xd) = ∥x∥2

Calculus

=
d

∑
i=1

x2
i

∂
∂xp

f(x) = ∂xp

d

∑
i=1

x2
i = 2xp
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Example: f(x1, …, xd) = ∥x∥2

Calculus

=
d

∑
i=1

x2
i

∂
∂xp

f(x) = ∂xp

d

∑
i=1

x2
i = 2xp

∇f(x) = 2x
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1
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⟨x, Ax⟩ + ⟨u, x⟩
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f(x) =
1
2

⟨x, Ax⟩ + ⟨u, x⟩

f(x) =
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2 ∑
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x⊤
i ∑

j

Aijxj + ∑
i

u⊤
i xi
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f(x) =
1
2

⟨x, Ax⟩ + ⟨u, x⟩

f(x) =
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2 ∑

i

x⊤
i ∑

j

Aijxj + ∑
i

u⊤
i xi
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f(x) =
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i

x⊤
i )∑

j

Aijxj +
1
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i ∂xp ∑

j
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i
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i xi
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f(x) =
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∂xp
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1
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∂xp
f(x) =
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Reminder

49

f : C → ℝA function over a convex set    is called convex if

f(λx + (1 − λ)y) ≤ λf(x) + (1 − λ)f(y)

is satisfied for all              and              .x, y ∈ C λ ∈ [0,1]

C
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Reminder

49

f : C → ℝA function over a convex set    is called convex if

f(λx + (1 − λ)y) ≤ λf(x) + (1 − λ)f(y)

is satisfied for all              and              .x, y ∈ C λ ∈ [0,1]

C

This definition assumes any property of the function f
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Reminder

50

f : C → ℝA twice differentiable function over a convex set    is called convex if

d2f
dx2

≥ 0

is satisfied for all         .x ∈ C

C
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Reminder

50

f : C → ℝA twice differentiable function over a convex set    is called convex if

d2f
dx2

≥ 0

is satisfied for all         .x ∈ C

C

For a function of n variables the condition is on the Hessian which should 
be positive semi-definite
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Alternatively: we know that the function is twice differentiable
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Alternatively: we know that the function is twice differentiable

d
dx ( 1

2
x2) = x
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Alternatively: we know that the function is twice differentiable

d
dx ( 1

2
x2) = x

d2

dx2 ( 1
2

x2) = 1 ≥ 0



www.qmul.ac.uk /QMUL @QMUL 52



www.qmul.ac.uk /QMUL @QMUL 52

Alternatively: we know that the function is twice differentiable
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Alternatively: we know that the function is twice differentiable

d
dx (ax2) = 2ax
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Alternatively: we know that the function is twice differentiable

d
dx (ax2) = 2ax

d2

dx2 (ax2) = 2a ≥ 0 for a ≥ 0
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Alternatively: we know that the function is twice differentiable
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Alternatively: we know that the function is twice differentiable

d
dx (−a log x) = −

a
x
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Alternatively: we know that the function is twice differentiable

d
dx (−a log x) = −

a
x

d2

dx2 (−a log x) =
a
x2

≥ 0 for a ≥ 0



PROBABILITY & STATISTICS

54



n.perra@qmul.ac.uk

Probability & statistics

55

Assume we have a random variable  with a finite no. of outcomes  and 
probabilities . The expectation of 

 is defined as

X x1, x2, …, xs
ρ1 = P(X = x1), ρ2 = P(X = x2), …, ρs = P(X = xs)

X

𝔼x[xi] :=
s

∑
i=1

xi ρi
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Probability & statistics

55

Assume we have a random variable  with a finite no. of outcomes  and 
probabilities . The expectation of 

 is defined as

X x1, x2, …, xs
ρ1 = P(X = x1), ρ2 = P(X = x2), …, ρs = P(X = xs)

X

𝔼x[xi] :=
s

∑
i=1

xi ρi

It is simply a weighted average!
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𝔼x[xi] :=
s

∑
i=1

xi ρi
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Probability & statistics

56

𝔼x[xi] :=
s

∑
i=1

xi ρi

Example: ,  ( ),  ( ),  ( )s = 3 x1 = 1 ρ1 = 1/2 x2 = 11/10 ρ2 = 1/3 x3 = 1/2 ρ3 = 1/6
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56

𝔼x[xi] :=
s

∑
i=1

xi ρi

Example: ,  ( ),  ( ),  ( )s = 3 x1 = 1 ρ1 = 1/2 x2 = 11/10 ρ2 = 1/3 x3 = 1/2 ρ3 = 1/6

⟹ 𝔼x[xi] =
3

∑
i=1

xi ρi =
1
2

+
11
30

+
1
12

=
19
20

= 0.95
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Assume we have an absolutely continuous random variable  with probability 
density function . The expectation of  is defined as

X
ρ X

𝔼x[x] := ∫ℝ
x ρ(x) dx
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Example: uniform random variable  in  with X [a, b] ρ(x) = {
1

b − a x ∈ [a, b]
0 otherwise
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Example: uniform random variable  in  with X [a, b] ρ(x) = {
1

b − a x ∈ [a, b]
0 otherwise

⟹ 𝔼x[x] = ∫ℝ
x ρ(x) dx =

1
b − a ∫

b

a
x dx
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Example: uniform random variable  in  with X [a, b] ρ(x) = {
1

b − a x ∈ [a, b]
0 otherwise

⟹ 𝔼x[x] = ∫ℝ
x ρ(x) dx =

1
b − a ∫

b

a
x dx =

b2 − a2

2(b − a)
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Example: uniform random variable  in  with X [a, b] ρ(x) = {
1

b − a x ∈ [a, b]
0 otherwise

⟹ 𝔼x[x] = ∫ℝ
x ρ(x) dx =

1
b − a ∫

b

a
x dx =

b2 − a2

2(b − a)
=

(b − a)(b + a)
2(b − a)
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Example: uniform random variable  in  with X [a, b] ρ(x) = {
1

b − a x ∈ [a, b]
0 otherwise

⟹ 𝔼x[x] = ∫ℝ
x ρ(x) dx =

1
b − a ∫

b

a
x dx =

b2 − a2

2(b − a)
=

(b − a)(b + a)
2(b − a) =

a + b
2
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Probability & statistics
The variance of a random variable  is defined as X

Varx[x] := 𝔼x [(x − 𝔼x[x])2]
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Probability & statistics
The variance of a random variable  is defined as X

Varx[x] := 𝔼x [(x − 𝔼x[x])2] = 𝔼x[x2] − 𝔼x[x]2
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Probability & statistics
The variance of a random variable  is defined as X

Varx[x] := 𝔼x [(x − 𝔼x[x])2] = 𝔼x[x2] − 𝔼x[x]2

Varx[x]= 𝔼x [x2 − 2x𝔼x[x] + 𝔼x[x]2]
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Probability & statistics
The variance of a random variable  is defined as X

Varx[x] := 𝔼x [(x − 𝔼x[x])2]
= 𝔼x[x2] − 𝔼x[x]2

Its square-root

σx := Varx[x] is known as standard deviation
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Probability & statistics
Two random variables  and  are independent if their joint PDF factors, i.e.X Y

ρ(x, y) = ρX(x) ρY(y)
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∏
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Two random variables  and  are independent if their joint PDF factors, i.e.X Y

ρ(x, y) = ρX(x) ρY(y)

An arbitrary no. of  random variables  is independent ifn {Xi}n
i=1

ρ(x1, …, xn) =
n

∏
i=1

ρXi
(xi)

The collection of random variables is independent and identically distributed 
(i.i.d.) if in addition we have

ρX1
= ρX2

= ⋯ = ρXn
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𝔼[x] = ∫
b

a
xρ(x)dx = ⟨x⟩

The expectation value is also known as the first moment of the distribution
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𝔼[x] = ∫
b

a
xρ(x)dx = ⟨x⟩

The expectation value is also known as the first moment of the distribution

And the expectation value of x^2 is known as the second moment

𝔼[x2] = ∫
b

a
x2ρ(x)dx = ⟨x2⟩
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∫
b

a
ρ(x)dx = 1

PDFs are defined in such a way that
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First key point, what is the PDF? 
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ρ(x) = 1 ∈ [0,1]

First key point, what is the PDF? 

The variable is UNIFORM in [0,1] hence
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Now we have the PDF and we can compute the expectation value of f(x)
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𝔼[x] = ∫
b

a
xρ(x)dx = ⟨x⟩

𝔼[ f(x)] = ∫
b

a
f(x)ρ(x)dx = ⟨ f(x)⟩

𝔼[ f(x)] = ∫
1

0
f(x)dx = ⟨ f(x)⟩

ρ(x) = 1 ∈ [0,1]In our case: 
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Furthermore
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𝔼[ f(x)] = − ∫
1
5

0
log(x)dx

Furthermore



www.qmul.ac.uk /QMUL @QMUL 66

𝔼[ f(x)] = − ∫
1
5

0
log(x)dx

Furthermore

= − x log(x) + x |1/5
0
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Varx[x] = 𝔼 [(x − 𝔼[x])2]
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Varx[x] = 𝔼 [(x − 𝔼[x])2] = 𝔼 [x2] − 𝔼2[x]
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Varx[ax + b] = 𝔼[(ax + b)2] − 𝔼[ax + b]2

Varx[x] = 𝔼 [(x − 𝔼[x])2] = 𝔼 [x2] − 𝔼2[x]
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Varx[ax + b] = 𝔼[(ax + b)2] − 𝔼[ax + b]2

Varx[x] = 𝔼 [(x − 𝔼[x])2] = 𝔼 [x2] − 𝔼2[x]

= 𝔼[a2x2 + b2 + 2axb] − 𝔼[ax + b]2
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∫
∞

1
x−α =

1
1 − α

x1−α |∞
1
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∫
∞

1
x−α =

1
1 − α

x1−α |∞
1 Which is defined only for a > 1

In this case A = 1 − α
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