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plot y=exp(-1/x); 0<x<0.1

Input interpretation

1
plot y= exp(— ;) x=0to0.1

Plot
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Question 2 [35 marks]. Two dimensional systems

e,

O (a) For each of the following systems, find the fixed points and classify them, sketch the
(L null-clines and the vector field, and suggest a plausible phase portrait.

@ :

x=x+y, y=1l—e".
[6]
(ii)
J&:xz—y, y=x-y.
(6]

(b) Consider the system
2

I=xy, y=-—x"
(i) Show that the quantity E(x,y) = x% +y? is conserved over time. [4]
(ii) Show that the origin is not an isolated fixed point. [4]
(iii) Sketch the phase portrait. [3]

(c) A certain two dimensional system is known to have three fixed points, one saddle and
two unstable nodes. Sketch a plausible phase portrait which has, as its only periodic
orbits, the three fixed points described and a single stable limit cycle. [6]

(d) Find a dynamical system in polar coordinates in the form # = f(r,0), § = g(r,8), where
f,8 are suitably chosen functions, which exhibits a planar phase portrait with an
unstable spiral focus at the origin surrounded by two circular limit cycles given by
r =1 (stable), and r = 2 (unstable), with anti-clockwise flow on the inner limit cycle,
and clockwise flow on the outer limit cycle. [6]

© Queen Mary University of London (2020) Continue to next page




: X ial \ X=0, y=0 | i
(b) Consider the system of differential equations ) 3 3 +4Y .01

% =x(1-32-y") —y(1+x), §=y(1 -3 - ) +3x(1 + ). 4)

(i) Compute the fixed points of the system (4). For each fixed point determine the
stability using linear stability analysis. [8]
(ii) Consider the quantity L = (1 —3x? — y*). Show that 4 < 0. When does 4 = 02  [6]
(iii) Using the results of part (b)(ii), or otherwise, show that the system (4) has a unique
limit cycle. Is the limit cycle stable or unstable? Give reasons for your answer. [6]

(iv) Using the results of part (b)(i-iii), or otherwise, sketch the phase portrait of the

system (4). : [4]
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= % WolframAlpha h

’[ streamplot{x(1-3x"2-y"2)-y(1+x),y(1... E]\

(O

Input interpretation

stream plot  (—(1+x)y+x(1-3x*-y?),

3x(1+x)+y(1—3x2_y2))

Plot
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Question 3. [40 marks] Consider the second-order differential equation on R
¥+2(Q(x, ) —p)+2x=0  Q(x,x) =222+ 2
where y is a real parameter.
(a) Rewrite (3) as a vector field on the plane: z = v(z), z = (x, y) € R2,

(b) Show that this system has a unique fixed point and classify it for all non-zero parameter
values (including bifurcation values).

(c) Derive an equation for Q: dQ/dt.

(d) Let u < 0. Show that Q is a Lyapounov function for z = v(z). Hence prove that all
orbits converge to the origin.

(e) Let u > 0. Construct a trapping region for the flow; from it deduce the existence of at
least one limit cycle.

(f) Show that there is just one cycle, and write its equation. Verify that the vector field v(z)
is tangent to the cycle.
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Question 3. [44 marks] (Two-dimensional systems)

(a) Classify the fixed point x* = (0,0) for each of the following two-dimensional
linear systems and state, with justification, whether x* is either attracting,
Liapunov stable, asymptotically stable, or neither.

(i) x=x+3y,y=1+2y.
(i) *=4x+y,y=—3x.
(i) * = —2x,y=x—2y.
(b) Consider the following two-dimensional system

x=x3—-x, y=y+1-¢.

(i) Identify the fixed points and classify the type of each fixed point by
performing a linear stability analysis.

(ii) Find equations for all the nullclines; sketch these in the phase plane,
indicating the direction of motion along each nullcline.

(iii) Using Parts (i) and (ii) sketch the entire phase portrait, indicating typical
trajectories and the direction of motion along these trajectories.

(c) Consider the following conservative system

dV(x)
dx '

i=rx—e = — r>0. (1)

(i) Find an expression for V(x) and show that for 0 < r < e the potential V'(x)
has no stationary points and for r > e the potential V' (x) has two
stationary points.

(i) Sketch the graph of V(x) when0 <r < eandr > e.

(iii) Perform a transformation to turn the second-order equation in (1) into a
system of two coupled first-order differential equations and find the
associated conserved quantity.

(iv) Using Parts (i), (ii) and (iii) sketch the phase portrait when 0 < r < e and
r > e, indicating typical trajectories, the direction of motion along these
trajectories and, where appropriate, any homoclinic orbits.
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Question 2. [34 marks] Bifurcations
Consider the differential equation
¥=rx—x>+x* ,
which depends on a real parameter r.
a) Compute the range of parameter values for which the trivial fixed point
x, = 0 is linearly stable and the range of parameter values for which it is
linearly unstable. If you find bifurcations of the trivial fixed point, compute

the parameter value of the bifurcation point and state with a reason the type
of the bifurcation. [8]

b) Compute the parameter values r = r, and the points x = x, in phase space
where nontrivial fixed points, x, # 0, undergo a saddle node bifurcation. [8]

¢) For each saddle node bifurcation computed in part b) decide whether the pair
of fixed points is generated for r < r, or r > r,. [10]

d) Using the results from parts a) - c), or otherwise, sketch the bifurcation
diagram of the differential equation. Your diagram should indicate the
stability of each fixed point. The diagram should also contain phase portraits
for parameter values where phase portraits qualitatively differ. [8]
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Question 3. [36 marks] Two-dimensional systems

Consider the system of two differential equations

i=y , y=-x+x-y

a) Compute the fixed points of this two dimensional dynamical system. For
each fixed point perform a linear stability analysis and classify the type of
fixed point. [6]

b) Is this system conservative? Is it a gradient system? Is it reversible? State
reasons and compute, if appropriate, the potential. [12]

¢) Sketch the flow in the phase plane in a small neighbourhood of each fixed
point. (4]

d) Construct a nullcline diagram for this system as follows:

(i) Compute the nullclines of the system of differential equations.
(ii) Sketch the nullclines in the phase plane.

(iii) The nullclines partition the phase plane into different regions. For each
region, and on each nullcline, indicate the direction of the flow. (8]

e) Using the results from parts c) - d), or otherwise, sketch the full phase
portrait of the two dimensional system. The phase portrait should be
consistent with the diagram produced in part d). If the system has a stable
fixed point then shade its basin of attraction. [6]










