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Reminder

3

f : C → ℝA function over a convex set    is called convex if

f(λx + (1 − λ)y) ≤ λf(x) + (1 − λ)f(y)

is satisfied for all              and              .x, y ∈ C λ ∈ [0,1]

C
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Reminder

3

f : C → ℝA function over a convex set    is called convex if

f(λx + (1 − λ)y) ≤ λf(x) + (1 − λ)f(y)

is satisfied for all              and              .x, y ∈ C λ ∈ [0,1]

C

This definition assumes any property of the function f
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Reminder

4

f : C → ℝA twice differentiable function over a convex set    is called convex if

d2f
dx2

≥ 0

is satisfied for all         .x ∈ C

C
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Reminder

4

f : C → ℝA twice differentiable function over a convex set    is called convex if

d2f
dx2

≥ 0

is satisfied for all         .x ∈ C

C

For a function of n variables the condition is on the Hessian which should

be positive semi-definite
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h (λw + (1 − λ)v) =
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h (λw + (1 − λ)v) = λxw + (1 − λ)vx − y
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h (λw + (1 − λ)v) = λxw + (1 − λ)vx − y

= λxw + (1 − λ)vx − λy − (1 − λ)y
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h (λw + (1 − λ)v) = λxw + (1 − λ)vx − y

= λxw + (1 − λ)vx − λy − (1 − λ)y
= λ(xw − y) + (1 − λ)(vx − y)
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h (λw + (1 − λ)v) = λxw + (1 − λ)vx − y

= λxw + (1 − λ)vx − λy − (1 − λ)y
= λ(xw − y) + (1 − λ)(vx − y)
= λh(w) + (1 − λ)h(v)
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Alternatively: we know that the function is twice differentiable
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Alternatively: we know that the function is twice differentiable

d
dx ( 1

2
x2) = x



www.qmul.ac.uk /QMUL @QMUL 10

Alternatively: we know that the function is twice differentiable

d
dx ( 1

2
x2) = x

d2

dx2 ( 1
2

x2) = 1 ≥ 0
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Problem 2

13
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X⊤Xŵ = X⊤y
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X⊤Xŵ = X⊤y

X = (
1 −c
1 0
1 c )
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X⊤Xŵ = X⊤y

X = (
1 −c
1 0
1 c ) X⊤ = ( 1 1 1

−c 0 c)
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X⊤Xŵ = X⊤y

X = (
1 −c
1 0
1 c ) X⊤ = ( 1 1 1

−c 0 c) y = (
2
2
2)
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X⊤Xŵ = X⊤y

X = (
1 −c
1 0
1 c ) X⊤ = ( 1 1 1

−c 0 c) y = (
2
2
2)

X⊤Xŵ = ( 1 1 1
−c 0 c) (

1 −c
1 0
1 c ) (w0

w1)
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X⊤Xŵ = X⊤y

X = (
1 −c
1 0
1 c ) X⊤ = ( 1 1 1

−c 0 c) y = (
2
2
2)

X⊤Xŵ = ( 1 1 1
−c 0 c) (

1 −c
1 0
1 c ) (w0

w1) = (3 0
0 2c2) (w0

w1)
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X⊤ = ( 1 1 1
−c 0 c) y = (

2
2
2)
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X⊤ = ( 1 1 1
−c 0 c) y = (

2
2
2)

(3 0
0 2c2) (w0

w1) = X⊤y = ( 1 1 1
−c 0 c) (

2
2
2)
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X⊤ = ( 1 1 1
−c 0 c) y = (

2
2
2)

(3 0
0 2c2) (w0

w1) = X⊤y = ( 1 1 1
−c 0 c) (

2
2
2)

(3 0
0 2c2) (w0

w1) = (6
0)
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(3 0
0 2c2) (w0

w1) = (6
0)
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(3 0
0 2c2) (w0

w1) = (6
0)

3w0 = 6 → w0 = 2
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(3 0
0 2c2) (w0

w1) = (6
0)

2c2w1 = 0 → w1 = 0

3w0 = 6 → w0 = 2
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(3 0
0 2c2) (w0

w1) = (6
0)

2c2w1 = 0 → w1 = 0

3w0 = 6 → w0 = 2

(w0
w1) = (2

0)
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(3 0
0 2c2) (w0

w1) = X⊤y = ( 1 1 1
−c 0 c)

2 + ϵ
2 + ϵ
2 − ϵ
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(3 0
0 2c2) (w0

w1) = X⊤y = ( 1 1 1
−c 0 c)

2 + ϵ
2 + ϵ
2 − ϵ

(3 0
0 2c2) (w0

w1) = (6 + ϵ
−2cϵ)
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(3 0
0 2c2) (w0

w1) = X⊤y = ( 1 1 1
−c 0 c)

2 + ϵ
2 + ϵ
2 − ϵ

(3 0
0 2c2) (w0

w1) = (6 + ϵ
−2cϵ)

(w0
w1) = (

2 + ϵ
3

− ϵ
c

)
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∥ŵ − ̂wδ∥ = ∑
i

(ŵi − ̂wδi)
2
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ŵ = (w0
w1) = (2

0)

∥ŵ − ̂wδ∥ = ∑
i

(ŵi − ̂wδi)
2
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ŵ = (w0
w1) = (2

0)

∥ŵ − ̂wδ∥ = ∑
i

(ŵi − ̂wδi)
2

ŵδ = (w0
w1) = (

2 + ϵ
3

− ϵ
c

)
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ŵ = (w0
w1) = (2

0)

∥ŵ − ̂wδ∥ = ∑
i

(ŵi − ̂wδi)
2

ŵδ = (w0
w1) = (

2 + ϵ
3

− ϵ
c

)
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ŵ = (w0
w1) = (2

0)

∥ŵ − ̂wδ∥ = ∑
i

(ŵi − ̂wδi)
2

ŵδ = (w0
w1) = (

2 + ϵ
3

− ϵ
c

)
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ŵ = (w0
w1) = (2

0)

∥ŵ − ̂wδ∥ = ∑
i

(ŵi − ̂wδi)
2

ŵδ = (w0
w1) = (

2 + ϵ
3

− ϵ
c

)
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∥ŵ − ̂wδ∥ =
ϵ
c

1 +
c2

9
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∥ŵ − ̂wδ∥ =
ϵ
c

1 +
c2

9

∥y − yδ∥ = ϵ 3
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∥ŵ − ̂wδ∥ =
ϵ
c

1 +
c2

9

∥y − yδ∥ = ϵ 3

∥ŵ − ̂wδ∥ ≫ ∥ y − yδ∥ for c → 0



www.qmul.ac.uk /QMUL @QMUL 19

∥ŵ − ̂wδ∥ =
ϵ
c

1 +
c2

9

∥y − yδ∥ = ϵ 3

∥ŵ − ̂wδ∥ ≫ ∥ y − yδ∥ for c → 0
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Problem 3

20
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∥a + b∥2 = ∑
i

(ai + bi)2
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∥a + b∥2 = ∑
i

(ai + bi)2

= ∑
i

(a2
i + 2aibi + b2

i )
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∥a + b∥2 = ∑
i

(ai + bi)2

= ∑
i

(a2
i + 2aibi + b2

i )

= ∥a∥2 + 2⟨a, b⟩ + ∥b∥2
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1
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1

0
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1

0
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= σ−2
1 u(1), y − yδ

2
+ σ−2

2 u(2), y − yδ
2

+
d+1

∑
j=3

σ−1
j v( j)⟨u( j), y − yδ⟩

2
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= σ−2
1 u(1), y − yδ

2
+ σ−2

2 u(2), y − yδ
2

+
d+1

∑
j=3

σ−1
j v( j)⟨u( j), y − yδ⟩

2

=
d+1

∑
j=1

σ−2
j u( j), y − yδ

2
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Problem 4

26
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X⊤ = ( 1 1
1 − c 1 + c) y = (1

1)X = (1 1 − c
1 1 + c)
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X⊤ = ( 1 1
1 − c 1 + c) y = (1

1)

X⊤Xŵ = (2 2
2 2 + 2c2) (w0

w1) = X⊤y = ( 1 1
1 − c 1 + c) (1

1)

X = (1 1 − c
1 1 + c)
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X⊤ = ( 1 1
1 − c 1 + c) y = (1

1)

X⊤Xŵ = (2 2
2 2 + 2c2) (w0

w1) = X⊤y = ( 1 1
1 − c 1 + c) (1

1)

(2 2
2 2 + 2c2) (w0

w1) = (2
2)

X = (1 1 − c
1 1 + c)
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X⊤Xvi = σ2
i vi
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X⊤Xvi = σ2
i vi

det[X⊤X − σ2
i I] = 0
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X⊤Xvi = σ2
i vi

det
2 − σ2

i 2
2 2 + 2c2 − σ2

i
= 0

det[X⊤X − σ2
i I] = 0
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X⊤Xvi = σ2
i vi

det
2 − σ2

i 2
2 2 + 2c2 − σ2

i
= 0

det[X⊤X − σ2
i I] = 0

σ4
i − 2(2 + c2)σ2

i + 4c2 = 0
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X⊤Xvi = σ2
i vi

det
2 − σ2

i 2
2 2 + 2c2 − σ2

i
= 0

det[X⊤X − σ2
i I] = 0

σ4
i − 2(2 + c2)σ2

i + 4c2 = 0
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X⊤Xvi = σ2
i vi
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X⊤Xvi = σ2
i vi

(2 2
2 2 + 2c2) (

v( j)
1

v( j)
2 ) = σ2

j (
v( j)

1

v( j)
2 )
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X⊤Xvi = σ2
i vi

(2 2
2 2 + 2c2) (

v( j)
1

v( j)
2 ) = σ2

j (
v( j)

1

v( j)
2 )

2v( j)
1 + 2v( j)

2 = σ2
j v( j)

1
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X⊤Xvi = σ2
i vi

(2 2
2 2 + 2c2) (

v( j)
1

v( j)
2 ) = σ2

j (
v( j)

1

v( j)
2 )

v( j)
2 =

σ2
j − 2

2
v( j)

1

2v( j)
1 + 2v( j)

2 = σ2
j v( j)

1
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v( j)
2 =

σ2
j − 2

2
v( j)

1
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v( j)
2 =

σ2
j − 2

2
v( j)

1

v( j) = (γ,
σ2

j − 2
2

γ)
⊤
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v( j)
2 =

σ2
j − 2

2
v( j)

1

v( j) = (γ,
σ2

j − 2
2

γ)
⊤

∥v( j)∥2 = 1
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v( j)
2 =

σ2
j − 2

2
v( j)

1

v( j) = (γ,
σ2

j − 2
2

γ)
⊤

∥v( j)∥2 = 1

∥v( j)∥2 = γ2 +
(σj − 2)2

4
γ2 = 1



www.qmul.ac.uk /QMUL @QMUL 30

v( j)
2 =

σ2
j − 2

2
v( j)

1

v( j) = (γ,
σ2

j − 2
2

γ)
⊤

∥v( j)∥2 = 1

∥v( j)∥2 = γ2 +
(σj − 2)2

4
γ2 = 1 → γ2 =

4
4 + (σ2

j − 2)2
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γ2 =
4

4 + (σ2
j − 2)2
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γ2 =
4

4 + (σ2
j − 2)2

v( j) = (γ,
σ2

j − 2
2

γ)
⊤
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v( j) =
2

4 + (σ2
j − 2)2

,
σ2

j − 2

4 + (σ2
j − 2)2

⊤

γ2 =
4

4 + (σ2
j − 2)2

v( j) = (γ,
σ2

j − 2
2

γ)
⊤
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u( j) = σ−1
j Xv( j)
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u( j) = σ−1
j Xv( j)

(
u( j)

1

u( j)
2 ) = σ−1

j (1 1 − c
1 1 + c)

2

4 + (σ2
j − 2)2

σ2
j − 2

4 + (σ2
j − 2)2
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u( j) = σ−1
j Xv( j)

(
u( j)

1

u( j)
2 ) = σ−1

j (1 1 − c
1 1 + c)

2

4 + (σ2
j − 2)2

σ2
j − 2

4 + (σ2
j − 2)2

(
u( j)

1

u( j)
2 ) = σ−1

j

σ2
j (1 − c) + 2c

4 + (σ2
j − 2)2

σ2
j (1 + c) − 2c

4 + (σ2
j − 2)2
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(2 2
2 2 + 2c2) (w0

w1) = (2
2)
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(2 2
2 2 + 2c2) (w0

w1) = (2
2)

w0 + w1 = 1
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(2 2
2 2 + 2c2) (w0

w1) = (2
2)

w0 + w1 = 1

w0 + (1 + c2)w1 = 1
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(2 2
2 2 + 2c2) (w0

w1) = (2
2)

w0 + w1 = 1

w0 + (1 + c2)w1 = 1

w0 = 1 − w1
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(2 2
2 2 + 2c2) (w0

w1) = (2
2)

w0 + w1 = 1

w0 + (1 + c2)w1 = 1

w0 = 1 − w1

1 − w1 + (1 + c2)w1 = 1
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(2 2
2 2 + 2c2) (w0

w1) = (2
2)

w0 + w1 = 1

w0 + (1 + c2)w1 = 1

w0 = 1 − w1

1 − w1 + (1 + c2)w1 = 1

ŵ = (w0
w1) = (1

0)
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ŵ = (1
0) ŵδ = (

1 − ϵ
c

ϵ
c

)
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ŵ = (1
0) ŵδ = (

1 − ϵ
c

ϵ
c

) ∥ŵ − ŵδ∥ =
ϵ2

c2
+

ϵ2

c2
=

ϵ
c

2
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ŵ = (1
0) ŵδ = (

1 − ϵ
c

ϵ
c

) ∥ŵ − ŵδ∥ =
ϵ2

c2
+

ϵ2

c2
=

ϵ
c

2

ŵ = (1
0) ŵδ = (1 + ϵ

0 )
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ŵ = (1
0) ŵδ = (

1 − ϵ
c

ϵ
c

) ∥ŵ − ŵδ∥ =
ϵ2

c2
+

ϵ2

c2
=

ϵ
c

2

ŵ = (1
0) ŵδ = (1 + ϵ

0 ) ∥ŵ − ŵδ∥ = ϵ2 = ϵ
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The smallest singular value is the most important as well as the scalar product!
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First case y = (1,1)⊤ yδ = (1 − ϵ,1 + ϵ)⊤
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First case y = (1,1)⊤ yδ = (1 − ϵ,1 + ϵ)⊤ y − yδ = ϵ(1, − 1)⊤
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First case y = (1,1)⊤ yδ = (1 − ϵ,1 + ϵ)⊤ y − yδ = ϵ(1, − 1)⊤

Second case y = (1,1)⊤ yδ = (1 + ϵ,1 + ϵ)⊤
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First case y = (1,1)⊤ yδ = (1 − ϵ,1 + ϵ)⊤ y − yδ = ϵ(1, − 1)⊤

Second case y = (1,1)⊤ yδ = (1 + ϵ,1 + ϵ)⊤ y − yδ = − ϵ(1,1)⊤
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First case y − yδ = ϵ(1, − 1)⊤
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First case y − yδ = ϵ(1, − 1)⊤

u(2) = σ−1
2

σ2
2(1 − c) + 2c

4 + (σ2
2 − 2)2

,
σ2

2(1 + c) − 2c

4 + (σ2
2 − 2)2

⊤
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First case y − yδ = ϵ(1, − 1)⊤

u(2) = σ−1
2

σ2
2(1 − c) + 2c

4 + (σ2
2 − 2)2

,
σ2

2(1 + c) − 2c

4 + (σ2
2 − 2)2

⊤

⟨u(2), y − yδ⟩ = ϵσ−1
2

σ2
2(1 − c) + 2c

4 + (σ2
2 − 2)2

−
σ2

2(1 + c) − 2c

4 + (σ2
2 − 2)2
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First case

⟨u(2), y − yδ⟩ = ϵσ−1
2

σ2
2(1 − c) + 2c

4 + (σ2
2 − 2)2

−
σ2

2(1 + c) − 2c

4 + (σ2
2 − 2)2
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First case

⟨u(2), y − yδ⟩ = ϵσ−1
2

σ2
2(1 − c) + 2c

4 + (σ2
2 − 2)2

−
σ2

2(1 + c) − 2c

4 + (σ2
2 − 2)2

= ϵσ−1
2

4c − 2cσ2
2

4 + (σ2
2 − 2)2
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Second case y − yδ = − ϵ(1,1)⊤
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Second case

u(2) = σ−1
2

σ2
2(1 − c) + 2c

4 + (σ2
2 − 2)2

,
σ2

2(1 + c) − 2c

4 + (σ2
2 − 2)2

⊤

y − yδ = − ϵ(1,1)⊤
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Second case

u(2) = σ−1
2

σ2
2(1 − c) + 2c

4 + (σ2
2 − 2)2

,
σ2

2(1 + c) − 2c

4 + (σ2
2 − 2)2

⊤

⟨u(2), y − yδ⟩ = − ϵσ−1
2

σ2
2(1 − c) + 2c

4 + (σ2
2 − 2)2

+
σ2

2(1 + c) − 2c

4 + (σ2
2 − 2)2

y − yδ = − ϵ(1,1)⊤
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Second case
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Second case

⟨u(2), y − yδ⟩ = − ϵσ−1
2

σ2
2(1 − c) + 2c

4 + (σ2
2 − 2)2

+
σ2

2(1 + c) − 2c

4 + (σ2
2 − 2)2
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Second case

⟨u(2), y − yδ⟩ = − ϵσ−1
2

σ2
2(1 − c) + 2c

4 + (σ2
2 − 2)2

+
σ2

2(1 + c) − 2c

4 + (σ2
2 − 2)2

= − ϵσ−1
2

2σ2
2

4 + (σ2
2 − 2)2
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Second case

⟨u(2), y − yδ⟩ = − ϵσ−1
2

σ2
2(1 − c) + 2c

4 + (σ2
2 − 2)2

+
σ2

2(1 + c) − 2c

4 + (σ2
2 − 2)2

= − ϵσ−1
2

2σ2
2

4 + (σ2
2 − 2)2

= − 2ϵ
2σ2

4 + (σ2
2 − 2)2
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Second case ⟨u(2), y − yδ⟩ = = − 2ϵ
2σ2

4 + (σ2
2 − 2)2

First case ⟨u(2), y − yδ⟩ = ϵσ−1
2

4c − 2cσ2
2

4 + (σ2
2 − 2)2
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Second case ⟨u(2), y − yδ⟩ = = − 2ϵ
2σ2

4 + (σ2
2 − 2)2

First case ⟨u(2), y − yδ⟩ = ϵσ−1
2

4c − 2cσ2
2

4 + (σ2
2 − 2)2

σ2→0 ⟨u(2), y − yδ⟩ ∼ σ−1
2
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Second case ⟨u(2), y − yδ⟩ = = − 2ϵ
2σ2

4 + (σ2
2 − 2)2

First case ⟨u(2), y − yδ⟩ = ϵσ−1
2

4c − 2cσ2
2

4 + (σ2
2 − 2)2

σ2→0 ⟨u(2), y − yδ⟩ ∼ σ−1
2

σ2→0 ⟨u(2), y − yδ⟩ ∼ σ2


