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Mathematical formulation of the regression problem:
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Recap of last week

Mathematical formulation of the regression problem:

Given input/output pairs {(x;,y)};_; find function f with

y: & f(X;) Viell,... s}

lq Important to notice how each X; is a vector describing d

!4 Xi = (Xiq5 .ees Xig)
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Example: linear regression

iR fx)  Vie{l...s] How do we parametrise f ?

d
Example: J(Xp) = wy + Z AiiWj
j=1
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Example: linear regression

iR fx)  Vie{l...s] How do we parametrise f ?

d
Example: J(Xp) = wy + Z AiiWj
j=1

b

! ’ Linear transformation of vector X; = (x;;, ..., X;;) with weights w € R?*!




Example: linear regression
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Notation: f(X;) = wy + Z wix; = (W, X;)
j=1
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Example: linear regression
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Notation:  f(X;) = wy + Z Wik = (W, X)=W X; = X; W
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Example: linear regression

d
. o _ — v v — % |
Notation:  f(X;) = wy + Z Wik = (W, X)=W X; = X; W
=1
1 o
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Example: linear regression

d
Notation: f(X;) = wy + Z WiX;: = (W, Xi>= WTXi = XiTW

Jj=1
Where this comes from?




Example: linear regression

d
Notation: f(X;) = wy + Z WiXji = (W, X: )= WTXi = XiTW
j=1
Where this comes from?
Wo
Wi
X : w:'=|W] e Rd+1

b

la{ How do we choose w such that y, =~ f(x;) ?




Example: linear regression

More in general? y = XW
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Example: linear regression

More in general? y = XW

1 < y) 1
ality function MSE — — Xw). —v.| —__ _ vlI2
Quality functi (W) 25,; XwW); = 5| =~ [Xw -yl

1
W = arg min MSE(w) = arg min {—2 | Xw — Y\\z}
A

b
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Example: linear regression

More in general? y = XW

1 « 2 ]
lity function  MSE(w) = — ) [(XwW); — ;| = —||Xw — y||2
Quality function (W) 2 & (XW); — ¥, stXW yll

1
W = arg min MSE(w) = arg min {—2 | Xw — Y\\z}
A

b

; J Due to the convexity of the MSE the minimisers can be found as:
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Example: linear regression

More in general? y = XW

1 « 2 ]
lity function  MSE(w) = — ) [(XwW); — ;| = —||Xw — y||2
Quality function (W) 2 & (XW); — ¥, stXW yll

1
W = arg min MSE(w) = arg min {—2 | Xw — Y\\z}
A

b

Due to the convexity of the MSE the minimisers can be found as:
|
!ﬂ{g VMSE(W) = 0 = XTXw = XTy
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Example: linear regression

More in general? y = XW

1 « 2 ]
lity function  MSE(w) = — ) [(XwW); — ;| = —||Xw — y||2
Quality function (W) 2 & (XW); — ¥, stXW yll

1
W = arg min MSE(w) = arg min {—2 | Xw — Y\\z}
A

b

Due to the convexity of the MSE the minimisers can be found as:
! |
J VMSE(w) =0 = X'Xw=X'"y = w=X"X)"X'y
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Unstable regression problems

The subject of this lecture is - yet again - the solution of regression problems
of the form

|
& = arg min MSE(W) = arg min {2—uxW—yu2}
\)

WERd_H WERd_H
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Unstable regression problems

The subject of this lecture is - yet again - the solution of regression problems
of the form

WERd_H WERd_H

|
& = arg min MSE(W) = arg min {Z—HXw—yW}
\)

We have established in previous lectures that the solution to this problem is

X W= (X"X)" Xy

4 In this lecture we investigate if and when such
solutions can become unstable (and what this means)
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Let us consider the following simple regression problem:
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Data points
xy=1-c
yy =1
n=1+c
y, =1

for some ¢ > 0




Unstable regression problems

Let us consider the following simple regression problem:

W = (W, wy) = (1,0)

xy=1-c
y1=1
n=1+c
Y2 =

for some ¢ > 0

0,




Why that’s the solution?!

We can just solve the normal equation X' Xw = X'y

y-axis

0 | X-axis
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Normal equation X' Xw = X'y
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Solving the normal equation

Normal equation X' Xw = X'y

How do we solve it?

Key: the unknown is... the vector of weights W

Hence we need just to evaluate X' X and X'y then solve the system!

b
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Solving the normal equation

0 | X-axis




Solving the normal equation

What’s the data matrix X

0 | X-axis
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What’s the data matrix X

0 | X-axis




Solving the normal equation

What is the product X 'X

1 1
X' = X
(l—c 1+c>

1 1—-c
1 1+4c¢
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Solving the normal equation

What is the product X'y
o 1 1
(1 —c 1+ c)
y-axis
(1 —-c,1) (1+c,1) y=<1)
1
------------ Eh AR SR Y

0 | X-axis
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Solving the normal equation

Almost done! We are solving X' Xw = X'y

2 )
XTX = XTy =
(2 2 + 202> Y (2)
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Almost done! We are solving X' Xw = X'y
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XTX = XTy =
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Solving the normal equation

Almost done! We are solving X' Xw = X'y

2 )
XTX = XTy =
(2 2 + 202) Y (2)

. 1 1 Wi 1
Hence, we can write 5 ~ ] =
1 1 + C W2 1
2 ' What is the solution?
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Solving the normal equation

(1 1ee) ()= )

Implies

Va\ A\

V/\>1+V\/>2:1 W1=1—W2
Wi + (1 + ), = 1




Solving the normal equation
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W, + (1 + ¢, =1 —1, + (1 + ¢ )W, =0

Implies
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Unstable regression problems

What if we make a small error when measuring y,; and y,?

W = (W, wy) = (1,0)

xy=1-c
y1=1
n=1+c
Y2 =

for some ¢ > 0

18




Unstable regression problems

What if we make a small error when measuring y,; and y,?

for some ¢ > 0
and £ > (0




Unstable regression problems

Data matrix X and data vector y of our problem read

Il 1—-c¢ l — ¢
X: — *
(1 1+c) and Y (1 + e) ’
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Data matrix X and data vector y of our problem read
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Unstable regression problems

Data matrix X and data vector y of our problem read

Il 1—-c¢ l — ¢
X: — *
(1 1+c) and Y (1 + e) ’

hence, we compute

2 2 >
XTX = XTy =
(2 2+ 2c2) and d (2 + 2cg)

l’ and compute w via

4 R P g (1A = I\ _(l-ce
1 1—|—C2 1+C8 —C_2 C_2 1+C8 C_lg




Unstable regression problems

What if we make a small error when measuring y,; and y,?

. [_] - (608)
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Unstable q:egression problems

What if we make a small error w,"hen measuring y; and y,?
y-axis '

(1—-c,1-¢)] (Q+4c, 14+¢)

1
c=1/1000 & =1/100



Unstable regression problems

What if we make a small error when measuring y,; and y,?
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Polynomial regression

1
w = arg min MSE(w) = arg min {Z—H(I)(X)w —sz}
S

WERd_H WERd_H

with




Unstable regression problems

Polynomial regression

Va\

1
w = arg min MSE(w) = arg min {Z—H(I)(X)w —yHZ}
S

WERd_H WERd_H

with Solution:

O(X) ' DX = ®X)'y




Unstable regression problems

Polynomial regression

Va\

1
w = arg min MSE(w) = arg min {Z—H(I)(X)w —sz}
S

WERd_H WERd_H

with Solution:
1 X x{” ; ;
Lk e xd O(X)TRX)W = D(X)Ty
: . Entries of ®(X)T®(X):
| X

\)

(@O)T@(X)), = ) A2

=1
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Unstable regression problems

J=

_g | — Polynomial fit
Noisy polynomial fit
— 64 @ Data points

—+ Noisy data points
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We have discovered two phenomena:

1. Having two slightly different outputs y and ys with |ly — y|| < 6, we have
seen examples where ||[w — ws|| > 6, for

. . 1 . . 1
W = arg min {EH(I)(X)W —sz} and Ws = arg min {EH(I)(X)W —y(;\\z}

2. Having two instances (X,,y,) and (X, ,y,) of data samples, we have seen
lw examples where | ®(X,)w —y || > || P(X)w —y |, for

! 1
A — ’ I | 2
4 W = arg wrenﬂigl { > | P(X,)w y | }
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Let us characterise the error ||w — w;s|| for general problems
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Let us characterise the error ||w — w;s|| for general problems

n . 1 . , 1
W = arg min {EH(I)(X)W —sz} and Ws = arg min {EH(I)(X)W —)’(SHZ}
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Stability

The solutions for

5 . 1 ) , 1
W = arg min {EH(IJ(X)W —sz} and W, = arg min {EH(I)(X)W —y5H2}

are

W = ((I)(X)T(IJ(X))_1 ®(X)'y  and Ws = (<I>(X)T(I>(X))_1 X))y

b
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Stability

The matrix ®(X)'®(X) is a symmetric, positive definite matrix with real entries and
b= (@XTOX) " @X)Ty  and W= (POTOX)) T @X) Ty,

Using the SVD we can prove that (see notes)

. W= VE) U7y and ws = VE)Uy,

)
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Hence

w—w;=VEH) Uy -y,
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Hence

w—w;=VEH) Uy -y,

We can then calculate 1

S

IW = Wsll* = IVEDTU Ny =y I < (IVIPIEDAIUTPN G - y Il

4 Cauchy-Schwarz
[ (3 | < [Ix]lly]]




Stability

Hence

w—w;=VEH) Uy -y,

We can then calculate 1

-

IW —Wyll> = [IVED Uy —y)II* < HVH2|\(Z‘T<1H2HUTH2H(y —y)lI°
4 Cauchy-Schwarz
(X, ) | < [Ix][{]yl}
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Hence

w—w;=VEH) Uy -y,

We can then calculate 1

S

IW = Wsll* = IVEDTU Ny =y I < (IVIPIEDEIUTPN Y - y Il

lq / def. of norm + diagonal matrix
J Cauchy-Schwarz
[ (%, 3) | < (Ix[[]]y]
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Hence

w—w;=VEH) Uy -y,

We can then calculate 1

S

IW = Wsll* = IVEDTU Ny =y I < (IVIPIEDEIUTPN Y - y Il

52 AN . |
lq — def. of nhorm + diagonal matrix
Ol
J Cauchy-Schwarz
[ (%, 3) | < (Ix[[]]y]
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We just showed how

52
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We just showed how

52

A A2
W — w;[|© < >
Oy

In the worst case the deviation is amplified by the smallest singular value
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From

W = Wsll> < IEED P = y)II
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From
W — Wyl < IED PNy = ylI?

If we assume that y = ®dr and y; = Pp
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From
W — Wyl < IED PNy = ylI?

If we assume that y = ®dr and y; = Pp
W — Wl < IE) PR —plI* < IEDTPNP*Ier — p)II?
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Stability

From
W — Wyl < IED PNy = ylI?

If we assume that y = ®dr and y; = Pp

W — W;l1* < IEDTPIeE - p)ll* < IEDTPIeNc - p)lI°

02

= — 2 = k(D)%
52
d+1

b
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Stability

From
W — Wsll> < IED TP = y)II?
If we assume that y = ®dr and y; = Pp

W — W;l1* < IEDTPIeE - p)ll* < IEDTPIeNc - p)lI°
2

_ e = k(D)*e?
c2
d+1
o1 . » s e
lq Where Kk = is the condition number that quantifies the amplification of

Od+1
!4 the error in the worst case. A matrix with large kappa is called ill-conditioned
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Back to our initial example for d = 1:

v (1 1—=c
o= 15
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Stability

Back to our initial example for d = 1:

v (1 1—=c
o= 15

The singular values for this matrix are

alz\/2+(:2+\/c4+4 and 02=\/2+cz—\/c4+4

b

)




Stability

Back to our initial example for d = 1:

v (1 1—=c
o= 15

The singular values for this matrix are

alz\/2+(:2+\/c4+4 and 02=\/2+cz—\/c4+4
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K~ 4.3

W — W,|| < ke ~ 0.04
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¢ = 1/1000

K~473 Kk ~ 2000

W — W,|| < ke ~ 0.04
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¢ = 1/1000

K~473 Kk ~ 2000

W — W,|| < ke ~ 0.04 W — W, < ke ~ 20
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[lIl-conditioned problems

What can we do in order to be less sensitive towards measurement errors?

(XTX+ aI)W =Xy a > (

We can add a multiple of the identity matrix —> shift of the singular values!
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[lIl-conditioned problems

What can we do in order to be less sensitive towards measurement errors?

(XTX+ aI)W =Xy a > (

We can add a multiple of the identity matrix —> shift of the singular values!
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\ o2 = = 2
d+1 Oj 1 T O
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[lIl-conditioned problems

What can we do in order to be less sensitive towards measurement errors?

(XTX+ aI)W =Xy a > (

We can add a multiple of the identity matrix —> shift of the singular values!

2
O] 67 + a

K =
0 =
\ Od+1

l' 01=\/§

A
1
(\

2
(fd+1+0{

Example:
J 6,1 = 1/4/2000000

a=1




[lIl-conditioned problems

What can we do in order to be less sensitive towards measurement errors?

(XTX+ aI)W =Xy a > (

We can add a multiple of the identity matrix —> shift of the singular values!

2
O] 67 + a

K = _
\ 2 > K=y
O 2
d+1 0d|1|0‘

l' 01=\/§

Example:
!4 6,1 = 1/4/2000000 = K~ \/5 < 2000

a=1
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Ridge regression / Tikhonov regularisation

The minimisation problem

1 a
W = arg min {EHXW — sz + EHWHZ}

' is also known as Tikhonov regularisation
or ridge regression

Andrey Tikhonov, 1906 - 1993
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Ridge regression / Tikhonov regularisation

The minimisation problem
~ - 1 » , @ 2
W = arg min EHXw—yH + —||w]|

=/

Standard regression term Regularisation term

b

' is also known as Tikhonov regularisation
or ridge regression

Andrey Tikhonov, 1906 - 1993




Ridge regression / Tikhonov regularisation

The minimisation problem
. - I >, Fhon
W = arg min EHXW =) [wl

w

Standard regression term Regularisation term

Regularisation parameter

b

' is also known as Tikhonov regularisation
or ridge regression

Andrey Tikhonov, 1906 - 1993




Variational regularisation

A more general form of the previous problem is variational regularisation

w = arg min {L(w) + R(w)}
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A more general form of the previous problem is variational regularisation

w = arg min {L(w) + R(w)}

e

Data term/
Regression term
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Variational regularisation

A more general form of the previous problem is variational regularisation
w = arg min {L(w) + R(w)}
W/Y \
Data term/ Regularisation
Regression term term

)




Variational regularisation

A more general form of the previous problem is variational regularisation
w = arg min {L(w) + R(w)}
W/Y \
Data term/ Regularisation
Regression term term

b

2 1
4 Previous example: L(w) = EHXW — || R(w) = %HWHZ




[lIl-conditioned problems

S equivalent to W darg 1111 — XW—y + —||W
| v weRH! 2 2
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[lIl-conditioned problems

Note that (X™X+al)w=X"y
s equivalent t A in 4 SIXw = y|I2 + Z{iwl?
W = ar min — W — —|IW
is equivalent to gweRd+1 > y >
Proof sketch:

b
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[lIl-conditioned problems

Note that (X'X+al)w ——X'y

IS equivalent to W = arg mi _1 | -y —|[w]]

i i arg min XW 2 4 w||?
Y weRd! | 2 2

| o
Proof sketch: 1. Compute gradient of E(w) = EHXW —y||* + EHsz, set it to zero
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Proof sketch: 1. Compute gradient of E(w) = EHXW —y||* + EHWHZ, set it to zero

l’ and show that this coincides with X'X + aDw = X'y

1 o
! ' 2. Show that E(w) = EHXW —y||* + EHWHZ is convex
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H(DATA | w)

Last week we saw that finding the minimiser of the negative log likelihood is
l. equivalent to minimise the MSE
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the so-called approach
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Assuming that the samples are i.i.d.
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Another approach is instead to maximise another quantity the 1 probability

o(w|DATA)

This is the conditional probability of the model given the data
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The optimal model is that the maximise this quantity

Wi p = arg max p(w | DATA) Prior distribution
\u4

H(DATA | w@
We know however that p(W|DATA) =

b

)

»(DATA)




Maximum-A-Posteriori Estimation

The optimal model is that the maximise this quantity

Wi p = arg max p(w | DATA) Prior distribution
\u4

l’ p(DATA [w)p(w)

)

Waiap = ATEMAX T A




Maximum-A-Posteriori Estimation

The optimal model is that the maximise this quantity

Wi p = arg max p(w | DATA) Prior distribution
\u4

l’ p(DATA [w)p(w)

)

Wy 4 p = arg max = arg max p(DATA | w)p(w)
map = S8 2(DATA) W




Maximum-A-Posteriori Estimation

The optimal model is that the maximise this quantity

Wi p = arg max p(w | DATA) Prior distribution
\u4

l’ p(DATA [w)p(w)

)

Wy 4 p = arg max = arg max p(DATA | w)p(w)
map = S8 2(DATA) W




MLE VS MAP

W, p = arg max p(DATA | w)
W

Wy p = argmax p(w | DATA) = argmax p(DATA | w)p(w)




MLE VS MAP

W, p = arg max p(DATA | w)
W

Wy p = argmax p(w | DATA) = argmax p(DATA | w)p(w)

If the prior is “flat” the two are the equivalent, otherwise they differ due to the
assumptions on the prior distribution of the parameters of the models

of
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Recall: maximum likelihood estimator for least-squares linear regression
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MLE for linear regression

Recall: maximum likelihood estimator for least-squares linear regression

)

A\

W

arg min { og (p(y, X]| W)) }
arg mm log (p(X |W)p(y| X, W)) } Factoring of likelihood
arg mm

(
(

log (p(X)p(y | X, w))} X does not depend on w
(

log (p(y| X, w))} p(X) does not depend on w

W

-
-
g min { -

arg mln —log P(yi | X;, W)) } samples are iid




MLE for linear regression

Recall: maximum likelihood estimator for least-squares linear regression

W — arg min { —log (Hp(yi | X, W)) }
W =1
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MAP for ridge regression

Maximum a-posteriori estimate for ridge regression:

arg mm { log (p(w | X, y)) }

p(y, X|w)p(w)
p(y, X)

arg mm —log (

al‘gmm{ log (p(y, X \W)p(W))}
-

al‘gmln log (p(y|X. W)p(W))}

) } Bayes’ Rule/Theorem
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MAP for ridge regression
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arg min {—log (p(w)]'[p(yl X, w)) }
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Maximum a-posteriori estimate for ridge regression:

j=1

d+1
W arg min § —log H/V

b

)

o’ | £

(X;, W>a52)

MAP for ridge regression

|



MAP for ridge regression

Maximum a-posteriori estimate for ridge regression:

d+1 2 1.
W = argmin {log[l I/V[wj O,G—]I I,/V(yl- <Xl-,W>,02) }
1% a

d+1 ) 2
. 24 2/ 2 1 v = (X W)
arg min |4 —log \/ exp (— | w: | ) exp| —
W { [ H 2n6* 202/ ,1} \/ ) 2067

)




MAP for ridge regression

Maximum a-posteriori estimate for ridge regression:

d+1 2 1.
W = argmin {log[l I/V[wj O,G—]I I,/V(yl- <Xl-,W>,02) }
1% a

d+1 ) 2
. 24 2/ 2 1 v = (X W)
arg min |4 —log \/ exp (— | w: | ) exp| —
W { [ H 2n6* 202/ ,1} \/ ) 2067

1 \)
arg min {52 (3 = (e w))~ + guwuz}

v i=1




MAP for ridge regression

Maximum a-posteriori estimate for ridge regression:

d+1 2 1.
W= argmin{log[l I/V[wj O,G—]I I,/V(yl- <Xl-,W>,02) }
1% a

d+1 ) 2
. 24 2/ 2 1 v = (X W)
arg min |4 —log \/ exp (— | w: | ) exp| —
W { [ H 2n6* 202/ ,1} \/ ) 2067

1 \)
arg min {52 (3 = (e w))~ + %uwuz}

v i=1




