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Given input/output pairs {(x;,y)};_; find function f with

y: & f(X;) Viell,... s}

lq Important to notice how each X; is a vector describing d

!4 Xi = (Xiq5 .ees Xig)
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Example: linear regression
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iR fx)  Vie{l...s] How do we parametrise f ?

d
Example: J(Xp) = wy + Z Wikij
j=1
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gost function

Notation:  f(X;) = wy + Z WiXji = (W, X;)= WTXi = X; W
J=1

Imagine s = 3 and d = 2:

y = XW
1 X X Wy Wo + X1 Wy + XjoWs = Y
Y= 1 X21 X292 Wil = Wyt X W +X0ow =y,
1 x5 X3, Wy Wo + X31W1 + X300 = Y3
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Few remarks
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MSE (def 1)(w) := D 1fx) =yl
=1
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Few remarks

1 \)
MSE(def 1)(w) :=—= >/ 1fxp =y, I°  MSE(def 2)(w) := Z ) = ¥’
=1

w = arg min MSE(def 1)(w) = arg min MSE(def 2)(w)

To find the arg min, we do not care really for the value of MSE(w), we seek
lﬂ the arguments ws that minimize it! So any constant of ws does not affect the
search!
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l' derivative and set it to S iml
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1 \)
MSE cost function: MSE(w,) := — Z | Wy — ; \2
2S =

We do what we did in | |3 |
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Why did we come up with the least squares function in order to fit our
model function to the data?

Choice was basically arbitrary until now!
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A statistical motivation

Statistical motivation: we can write

Vi = (X;, W)+ §

Or:
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A statistical motivation

Observation: g; is an instance of a normal-distributed random variable
with mean zero and variance ¢~

Probability density function
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Probability density function

Assumption: all ¢’s are 1.1.d., i.e.

(e, €:10,06%) = p(g;10,6%) p(g;|0,6%)  fori #J.
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w>>2

p(e), &, ..., €10,0%) = (271'02)__1_[ 5 _ (zﬂaz)__H S
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Statistical motivation: & = Y, — (X;, W)

Choose parameters w = w such that they maximise the likelihood p(y | Xw, 6?), for

11 X120 - X+
o T X1 :
y = ...,y and X:= |
As1 xs(d+1)

lﬂ Alternative: choose w such that it minimises the negative log-likelihood, i.e.

2 ' w =arg min {—log(p(y|Xw,c?))}
WERd_H
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. 2
arg nguigl { —log (Hﬂ(yi [ (X, W), 0 )) }

arg min { ~ D log (p(y;] (x;, W), 0%)) }
=1

\)

1
] : 2
' — arg min E . — (X;, W))~ + const
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A statistical motivation
W =arg min {—log(p(y|Xw,0?)]

= arg nguigl { B Z log (P()’i | (Xj, W), 62)) }
i=1

F 1 > 1 (i — (x5, W))?
weRt 20 1 \/271'62
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A statistical motivation

1 2
- - Z 2
W = dar Imin : X:, W + COIl |St
g J+1 { 2 2 (yl < 1 >) }

=1

MSE function:

1 &
MSE(W) = 2_S Z (y, — <Xi9 W>)2
=1
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A statistical motivation

1 2
- - Z 2
W = dar Imin : X:, W + COIl |St
g J+1 { 2 2 (yl < 1 >) }

=1

MSE function:

] & o ,
MSE(w) =2—SZ(y,.— (xi, W)? ag W‘;‘&gl{ log(p(y | Xw, 6%) }
=]

= arg min MSE(w)

l
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Regression revisited

Models can be too limited or too rich:

Too limited —> we cannot find a function that is a good fit to our data

Too rich —> we find a function that fits the data too well

Too limited —> function is underfitting the data

l’ Too rich —> function is overfitting the data

’ Both are issues, and difficult to address in practice, as we do not
know what part of the data is signal and what is noise




Underfitting

Example:




Example:

Fit one-parameter
MSE model to
match blue circles

b
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Underfitting

_/‘Q\C}
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=/ o< ©
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Bishop 2006




Underfitting

Example:
| o O0— 0
Fit one-parameter . >—6 O
MSE model to OF '
match blue circles o 4
X °

. . Bishop 2006
J ; —
lg Regardless of how many samples, we will never be able to fit the green curve!
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Extended/Augmented feature vectors

The previous example seems to suggest that linear models are often too
simple and tend to underfit

We will see that quite the opposite is true, but first we discuss
a remedy for the underfitting of linear models

Standard trick: augment input with polynomial basis of degree d , i.e.

l, consider ¢(x;) = (1 X X7 xid)T

X; € R
| d ) W e Rd——l
4 and the linear model f(x;,w) = (¢(x,),w) = ) xiw,

k=0




Extended/Augmented feature vectors

¢(X1)T

P(x;) = (1 X, Xf ... xl-d)T (o)
Notation: ®(X) = |¥"? | € R=x@+D

d
o w) = (P(x),w) = Y xlw,

k=0

P(x,)"
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Extended/Augmented feature vectors

¢(X1)T

P(x;) = (1 X, Xf ... xl-d)T (o)
Notation: ®(X) = |¥"? | € R=x@+D

d

fogw) = (P(x), w)y = ) xkw,

k=0

P(x,)"

l’ Modified MSE-problem:

. . 1 )
!,{ W =arg min {2— | @Xw -y | }




From under- to overfitting
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Bishop 2006
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From under- to overfitting

4

D

\

0
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{
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Bishop 2006
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d=0

d=1

d=73

d=9

From under- to overfitting

function is underfitting
function is underfitting

function seems to fit reasonably well

function is overfitting




From under- to overfitting

d =0 function is underfitting
d = function is underfitting
d =3 function seems to fit reasonably well

d=9 function is overfitting

1 ' What can we do to prevent overfitting?




From under- to overfitting

We could increase the no. of samples s : Bishop 2006
0QQQ o
| 93088 =100
OO0 & S
p, \J
® \Q' © C (\‘)
w9 @) >
2. O O Co [
0 - OO ."Q
P o 9y
% O .‘0
O <) “’. y‘ OO
~1 ol lc e
® O
. O .
0 1

Or we could use regularisation (next week’s topic)
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Minimisers & the role of convexity

We have made the following assumption:

In order to compute

A\

|
& = arg min MSE(W) = arg min {2—\\XW—yu2}
\)

WERCH_I WERd_H

lﬂ we can solve

2 4 VMSE(W) = 0 o XTXw = Xy




Minimisers & the role of convexity

Or

In order to compute

WERCHI WERdH

1
w = arg min MSE(w) = arg min {Z_H(I)(X)W — sz}
)

we can solve

b

; 4 VMSE(W) = 0 PN O(X)'DX) w=d(X)Ty




Minimisers & the role of convexity

This raises a couple of questions:

)




Minimisers & the role of convexity

This raises a couple of questions:

1. Why is computing
w = arg min MSE(w)

WERCHI
equivalent to solving
VMSE(wW) =0 ?

b

)




Minimisers & the role of convexity

This raises a couple of questions:

1. Why is computing
w = arg min MSE(w)

WERCHI
equivalent to solving
VMSE(wW) =0 ?

b

; - 2.Does a solution w always exist?




Minimisers & the role of convexity

This raises a couple of questions:

1. Why is computing
w = arg min MSE(w)

WERCHI
equivalent to solving
VMSE(wW) =0 ?

b

2. Does a solution w always exist?
!4:3 3. Is the solution w unique?
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1. For now we assume the first condition to be true (we will verify this later)

2. Does a solution w always exist?

3. Is the solution w unique?

This is equivalent to asking when does a solution to

l' X'Xw =Xy

exist?
QDA Yes! Proof in the notes, not examinable
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Minimisers & the role of convexity

1. For now we assume the first condition to be true

2. Does a solution w always exist?

3. Is the solution w unique?

Before we can answer this, we need to introduce
the concept of convexity first
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2:=Ax+ (1 —=A)y /
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Which sets are convex?

(a) (b) (€) (d)

X
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Convexity of a cost function

What is a convex function?
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Convexity of a cost function

What is a convex function?

A function f: C — R over a convex set C is called convex if

fAx + (1 = A)y) < AHx) + (1 = DHAY)

l. is satisfied for all x,y e C and 1 € [0,1].

)




( Here

Convexity of a cost function

f(x)
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Convexity of a cost function

Why is convexity useful?
Suppose ¥ with Vf(x) =0 , then
fxX) < flx) VxeC

39

30
25

- fx) = x?

\'\
\
\ 15 /
10 /
5 o~

J 6 4 o T 5 4 ; " ©Wikimedia commons
lD Global minima can be determined by computing Vf(x) =0
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Why is convexity useful?
Suppose ¥ with Vf(x) =0 , then
fxX) < flx) VxeC

Proof in 1D: fAx+ (1 = A)x) < Af(x) + (1 = H)f(x)
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Why is convexity useful?
Suppose ¥ with Vf(x) =0 , then
fxX) < flx) VxeC

Proof in 1D: x4+ (1 = DF) < 2x) + (1 = DFR)
S f(X+Ax — X)) < f(X) + A(f(x) — f(X))
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Why is convexity useful?
Suppose ¥ with Vf(x) =0 , then
fxX) < flx) VxeC

Proof in 1D: x4+ (1 = DF) < 2x) + (1 = DFR)
S f(X+Ax — X)) < f(X) + A(f(x) — f(X))

[, o JEHAx D) ) < ) — )
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Proof in 1D, continued: &+ Ax = 2) — (&)

= lim < fx) = f(X)
A—0 A

.

A S S Y2 4+ A(x — X)) — f(x — X
i [EHAC=D) =D)L EH A= D) D) =D

1—0 A A—0 Ax — X)

Hence, we conclude

l' S ) (x = %) < flx) = f(X) Vx e C

! 4 and fx)=0 = Jx) < f(x) Vxe C
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Global minima

|
Given MSE(w) = 2—HXW —y||?
\)
we obtain w = (XIX)" X'y
by computing VMSE(W) = 0
If MSE is convex, we have MSE(w) < MSE(w) Vw € R”

Thus w = arg min MSE(w)
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Minimisers & the role of convexity

1. Why is computing

w = arg min MSE(w)

WERd_H
equivalent to solving
VMSE(w) =0 ?

2. Does a solution w always exist?

3. Is the solution w unique?

What is left to show?




Exercise:

Show that MSE is convex!

(for linear regression model)
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TUTORIAL ON FRIDAY

We will discuss the solutions of Coursework 1
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