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@ Life annuity: series of payments as long as a given person is
alive on the payment dates.

@ Payments:

e at regular intervals,
o (usually) of the same amount.

@ Used for calculating:

e pension benefits,
@ premiums,
e policy values.




Annuities-certain

Cash flow notations

@ The series of cash flows (¢, k), k=m, ..., n, is denoted by:

ZZ:m (Ckv k)

@ The continuous stream of payments ¢y d7 in any infinitesimal
subinterval (7,7 + d7) of (s, t), is denoted by:

f; (cedT, T)

@ Convention:

n

t
Y (ck k) = (0,0) if m > n and f (czdT, T) = (0,0) if s >t
k=m s
@ In previous notations, m, n, ¢k, ¢z, s and t may be

deterministic or random.
@ Similar notations and conventions for series of cash flows with

1/ m-thly payments.
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Annuities-certain

o Annuity-due:
1 _ V:’J

am=14v+.. v = S

(5.1)

@ Annuity-immediate:

17\/!7

i

am=v+..+v'=

o Continuous annuity:

_ n 1—v"
am :fo vidt = 3 (5.2)

@ Annuity-due with 1/ m-thly payments:

L(m) 1 1 a—L1y\ 1—v"
am —;(1+V’"++V '”)—W

@ Annuity-immediate with 1/m-thly payments:
1—v"

(m) 1 L n—1L ny _




Annual life annuities: whole-life annuity-due

Consider an annuity underwritten to (x) at time 0. It pays 1
annually in advance as long as (x) is alive.

@ Benefit cash flow:

Kx

Y (1K)

k=0
@ Present value:

1— VK"+1
Y=1dvt v =g = ;
@ Actuarial value:
_ Kx+1
2 " EY] = IE[Z, | _ 1 (5.3)




Annual life annuities: whole-life annuity-due

o Benefit cash flow:

@ Present value:

@ Actuarial value:

G = E[Y] = Eov' op (5.5)




Annual life annuities: whole-life annuity-due

Time 0 1 2 3
Amount 1 | | l
[Mscount 1 v = 3
Probability 1 Px 2Px 3Px

Figure 5.1 Time-line diagram for whole life annuity-due.




Annual life annuities: whole-life annuity-due

@ Benefit cash flow:

Kx
Y (1,k)
k=0
@ Present value:
Y = émﬂ
@ Actuarial value:
8y = E[Y] = Tilo d73q) X &9 (5.6)




Annual annuities

Example 5.1

@ Show algebraically that

o0 o

. - k
L A X K% = )V kP
k=0 k=0

@ Proof:
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Annual life annuities: term annuity-due

@ Consider an annuity underwritten to (x) at time 0. It pays 1

at times 0,1,..., n—1, provided (x) is alive.
@ Benefit cash flow:
min(Ky,n—1)
YLy
t=0

@ Present value:

1— vm\'n(Kerl,n)

B in(Kon—1) = —
Y=14vd.. .+ ymin(Kn=l) — “min(K.+1,n)] — d

@ Actuarial value:

not 1—E [len(Kx+l,r1)]

éx:m — IE[Y] — q

1-A.
= (5.7)




Annual life annuities: term annuity-due

@ Benefit cash flow:

min(Ky,n—1) n—1
Y. (Lo=) (Lr-nt)
t=0 t=0

@ Present value:
—1

n
Y = Z vt 1{Tx>r}
t=0

@ Actuarial value:

G S E[Y] = L1530 v ops (5.8)




Annual life annuities: term annuity-due

Time 0 1 2 3 n-1 n
Amount I 1 I 1 |

Discount I v v o o1
Probability 1 Px 2Pr 3Px n—1Px

Figure 5.2 Time-line diagram for term life annuity-due.




Annual life annuities: term annuity-due

@ Benefit cash flow:

min(Ky,n—1)

Yoy

t=0

@ Present value:

= amin(Kx+1,n)

@ Actuarial value:

éx:m =E [Y] = Z,'[z;(lj ék+1 X k|Q'x+ nPx X ém




Annual life annuities: immediate life annuities

@ Consider a whole life immediate annuity underwritten to
(x) at time 0. It pays 1 annually in arrear, as long as (x) is
alive.

@ Benefit cash flow:

=) (Yront

=

aghs
—
=

i
I

@ Present value:
oo
Y* = Z Vt 1{TX>I}
=1

@ Actuarial value:

a T E[Y] =35, -1 (5.9)




Annual life annuities: immediate life annuities

Time 0 1 2 3
Amount 1 1 1
Discount v 2 p?
Probability P 2P Px

Figure 5.3 Time-line diagram for whole life immediate annuity.




Annual life annuities: immediate life annuities

e Consider a n-year term immediate annuity underwritten to
(x) at time 0. It pays 1 at times 1,2,..., n, provided (x) is
alive.

@ Benefit cash flow:
min(Ky,n) n
Y, (L) =) (4rsn.1)
t=1 t=1

@ Present value:

@ Actuarial value:

not

dx:m — E [Y*] = Z?:l vt t Px (5.11)

Relation:

‘ax:ﬂ - éx:m — 1+ nPx (512)




Annual life annuities: immediate life annuities

Time 0 1 2 3 n-1 n
Amount 1 1 1 1 1
Discount v vl 3 pi=1 "
Probability Px 2Px 3Py n—1Px aPx

Figure 5.4 Time-line diagram for term life immediate annuity.




Annuities payable 1/m-thly

@ Recall: Future lifetime of (x) in years, rounded down to the
lower 1/m-th of the year:

m 1
K)g ) = ;LmeJ

@ Recall: Annuity-due with 1/m-thly payments:

j 1

(m) _ l Z k/fm _ > v.om
(j+1 /m m d(m)




Annuities payable 1/m-thly: whole life annuities payable

1/m-thly

o Consider an annuity underwritten to (x) at time 0. It pays an

amount of 1 per year, payable in advance m times per year,
throughout the lifetime of (x).

@ Benefit cash flow:
mi 1 k
kg(’] (m’ m)
@ Present value:

KL
4 Z Jk/m _ (m) 1t
m

= o K("ﬂ+1/m d(m)

@ Actuarial value:

171E{ ﬁm’m] ’
e (5.18)

..(m) not.
3 e

Y] =




Annuities payable 1/m-thly: whole life annuities payable

1/m-thly

@ Actuarial value:

éim) _ 1 Z?O:O Vt/m ﬁpx (519)

m

@ Annuity-immediate vs. annuity-due:

(m) _ .(m) o l
ay’) = 5y - (5.20)




Annuities payable 1/m-thly: whole life annuities payable

1/m-thly

Time 0 1/m Ym Ym

Amount 1/m I/m 1/m 1/m I/im

Discount 1 pl/m pl/m p3fm pfm

Probability | 1Px 2P 3P 4Px
m m m m

Figure 5.6 Time-line diagram for whole life 1 /mthly annuity-due.




Annuities payable 1/m-thly: term annuities payable

1/m-thly

o Consider an annuity underwritten to (x) at time 0, paying 1
per vear, payable in advance m times per year, throughout the
lifetime of (x), limited to a maximum of n years.

o Benefit cash flow:

min(mK)EM, mnfl) l ﬁ
kg({} m' m

min (K)Em)—o—l/m, n)

o Present value:

Y — é(m) _ 1—v
min(K)ﬁm}+l/m,n) d(m)

o Actuarial value:

o)

.. (m) not. E[Y] = 17’453% 521
aX:W\ - { ]7 d(m) d(m) ( . )

T A g e



Annuities payable 1/m-thly: term annuities payable

1/m-thly

@ Actuarial value:

}({ng ,}, Zmn 1 yr/m Py (522)

@ Annuity-immediate vs. annuity-due:

m m ]- n
fm) i:%*;(lfv nPx) (5.23)




Annuities payable 1/m-thly: term annuities payable

1/m-thly

Time 0 1/m 2/m 3/m 4/m n-1 n
Amount 1/m I/m I/m I/m 1/m I/m 0
Discount 1 v 1/m o 2 m ],lun l,4 /m o 1/m
Probability 1 1P 2 Px 3Px 4 Px | Px

w w w m g

Figure 5.7 Time-line diagram for term life 1 /mthly annuity-due.




Comparison of annuities by payment freque

. “4) - .(4) .
Table 5.1. Values of ay , ay ) ay , dy  and dy.

X ar a® @ @ i

20 18.966 19.338 19.462 19.588 19.966
40 17.458 17.829 17.954 18.079 18.458
60 13.904 14.275 14.400 14.525 14.904
80 7.548 7917 8.042 8.167 8.548

@ Technical basis:
Standard Ultimate Survival Model and interest of 5%.
o Ordering:

ay < a)(<4) < ay < é)(f') < ay

@ Reasons for this ordering:

e Time value of money.
e Payments only due upon survival.

TSR A O8]



Deferred annuities

@ Consider an annuity underwritten to (x) at time 0, with
lifelong anual payments of 1 in advance, commencing at age
x 4 u (v is a non-negative integer).

o Benefit cash flow:
Kx
Y. (LK)
k=u

@ Actuarial value:

uB = B — 3.4 ‘ (5.25)

@ Relation via actuarial discounting:

u\éx = uEx dx+u (5.26)




Deferred annuities

Time 0 1 2 u-1 u u+l
Amount 0 0 0 0 1 1
Discount 1 vl v? i1 vt it
Probability 1 1Px 2Px u—1Px uPx ut1Px

Figure 5.8 Time-line diagram for deferred annual annuity-due.




Deferred annuities

o Deferred term immediate annuity:

u|dx:m — wEx X Ax+unl

o Deferred annuity-due payable 1/ m-thly:

3" = B X3 (527)
e Term annuity-due:
éx:m - éx - nEx X éern (528)

@ Term annuity-due payable 1/m-thly:

50 =5 E s (5.29)

@ Term-annuity with continuous payments:

n—1

Ay = Z u\ax;ﬂ (531)
u=0




