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The future lifetime random variable

@ Status (x):

(x) "= a life aged x, x>0

Future lifetime of (x):

Tx

o Assumption: Ty is a continuous r.v. on (0, +oo).

o Age-at-death of (x):

x4+ T,

o Lifetime distribution of (x)-

@ Survival function of (x)

Se(t) =1— F(t)
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The future lifetime random variable

@ Consider a person (x) with

o Current future lifetime: Ty.
o Future lifetime at birth: Tp.
o Future lifetime at age y > x, given survival until age y: T,.

@ Assumption:
For any y > x and t > 0, we assume that

‘P[Tyft]:P[TOSYJFHTQ >y]‘ (2.1)

@ Interpretation: Starting from the cdf of Ty, the only
additonal information used to determine survival probabilties
at age x and beyond is survival or not.

@ Corollary: For any t,u > 0, we have that

‘IP[TXHSU]:IP[TX <t+ul Tx>r]‘




The future lifetime random variable

o Lifetime distributions F, and Fy:

Fx(t) %00 (2.2)
@ Survival functions S, and Sg:
So(x+t) = So(x) S«(t) (2.4)
@ Survival functions S, and S,:
Se(t+u) = Se(t) Sxxe(uw) (25)




The future lifetime random variable

o Consider (x) with continuous future lifetime T,

e S.(t) is a survival function for (x) if and only if the
following conditions are satisfied:

e Condition 1:
Sx(0)=1

o Condition 2:
. lim Se(t) =0

e Condition 3:

Sx(t) is a non-increasing continuous function of t




The future lifetime random variable

@ For all survival functions S, (t) in this course, we make the
following assumptions:

e Assumption 1:

%SX(f) exists for all t > 0
e Assumption 2:
tﬂToc t Se(t) =0
o Assumption 3:
lim ¢ S¢(t) =0

@ Assumptions 2 and 3 ensure that the mean and the variance
of the distribution of T, exist.




The force of mortality

Consider a person with survival function at birth P[Ty > t].

The force-of-mortality at age x:

def. . P[T,.<h
M, = limp_o+ PITh] = ]

Other expression for -

P[To <x+h| Tp > x]

= |im
Fa h—0+ h

Intuitive interpretation:

i, dx = P[To < x+dx | To > x|

(26)

(28)




The force of mortality

@ y, in terms of So:

e = — 5y 0(x) (2.9)
@ The pdf of 7,:
d d
I;(T) = E x(t) = _d_LX(T)
@y in terms of fp and Sp:
_ fhilx)
VX 7 S?]{x)




The force of mortality

Suppose that x is fixed and t is variable.

Expression for pt . .-

_ &(1)
Past = Sx{fr) (2.10)

@ Intuitive interpretation:

Hoyp dt = P[T, < t4+dt| T, > t]

An expression for S,(t)

Se(t) = exp (— /Df ;ax+5ds) (2.11)




Mortality Laws

o Gompertz' law of mortality:

g, =B, x>0

where B and c are constants such that B8 > 0 and ¢ > 1.

o Makeham’s law of mortality:

?,{X:A—FBCX, x>0

where A, B and ¢ are constants such that A, B > 0 and
c>1

@ Both models often provide a good fit to mortality data over
certain age ranges, particularly from middle age to early old
age.




Actuarial Notations

@ Survival rates:

P = P[T > t] = Se(t) (2.13)
o Mortality rates:

t0x E ]P[Tx = ﬂ = Fx(t) (2-14]

@ Deferred mortality rates:

u]tGx "L Plu< Ty <u+t]=5(u)—S(u+t) (215)

@ Simplified notations for 1 - year probabilities:

not.

Px — 1Px




Actuarial notations

@ Survival and mortality rate add to 1:

tPx T ¢Qx = 1

@ Survival rates at different ages:

t+uPx = tPx X uPx+t (2-16)

@ Survival rates in terms of one-year survival rates:

nPx = Px X Px41 X oo X Pegp—1

@ Deferred mortality rates:

ult9x = uPx — u+tPx = uPx X t0x+u




Actuarial notations

@ Force-of-mortality at age x-

hx 1 d

=l = 217
Hx o+ h <o dx xPo ( )
@ Force-of-mortality at age x 4+ t:
1 d
= - 218
P{X—O—f ¢ Px dr_rpx ( )
@ Density function of 7T,:
fx(t) = tPx Hyyt (219)
@ Survival rate in terms of forces-of-mortality:

t
tPx = exXp (—f ;Jx+sds) (2.20)
0
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Actuarial notations

@ Death rates and forces-of-mortality:

t
G = fn sPx My ds (2.21)
o Graphical interpretation:
Time 0 s stds t
Age X x#s  x+stds X+
Event () survives s years (¥)
), dies

Probability sPx o4 5el

Figure 2.3 Time-line diagram for ;¢

@ Approximation:

Gx = Pyt when g, is small




Actuarial notations

Complete expectation of life:

& = E[T]

Evaluating &,

o oo
Ex = fﬂ tPxdt

Second moment of T,:

E[T2] :2] £ opedt
0
Variance of T,:

V[T = E[T¢] - (&)

(2.23)

(2.24)




Curtate future lifetime

@ Curtate future lifetime:

K S LT

@ Probability function of K,
IPI:KX:k]:kPX q)(+k= k:O!]-’z!"'

@ Curtate expectation of life:

e "= E [K]
@ Evaluating ex:
e, = Z K Px (2.25)
k=1

@ Second moment of K,:

00
IE[K)E] = 2 Z kkpx — €Ex
k=1
S| S




