PROBLEM SET 1 FOR MTH 6151

1. Are the following partial differential equations (pde’s) linear or nonlinear? Determine the
order of the pde’s as well.

(1) Transport equation U, + yU, = 0

(2) Shock wave U, + UU, =0

(3) Laplace’s equation Uy, + Uy, =0

(4) Minimal surface equation (14 U7 )Uy, + (1 + U;)U,y, — 2U,U, Uy, = 0

(5) Mechanical wave U,, + Uy = sin U

(6) Vibrating bar Uy + Upppe = 0

(7) Mechanical wave U,, + Uy = sin U

2. Which of the following operators are linear?
(1) LU =U, + 22U,
(2) LU=U,+U;
(3) LU = 1+ a?(cosy)U, + Uyy, — (arctan(z/y))U

3. For each equation, determine whether it is nonlinear, linear inhomogeneous, or linear ho-
mogeneous.

(3) Uaz + eyUy =0
(4) U,(1+ U224+ U,(1+ U2 =0

4. Show that the difference V' = U; — U,y of two solutions U; and U, to an inhomogeneous
linear pde LU = g (having the same ¢ in both cases) gives a solution to the homogeneous pde
LV = 0.
5. Verify that U(z,y) = f(x)g(y) is a solution of the pde

vv,, =U,U,

for any differentiable functions f and g, of one variable.

6. Suppose f(x) is differentiable and ¢ # 0. Show U(z,t) = f(z + ct) solves the equation
U, —cU, =0.
7. Show that U(x,t) = sech?(x — t) solves the equation
AU + Uy + 12UU, = 0.
Hint:

d
—sechz = —tanhzsechz, —tanhz = 1 — tanh?z.
dz dz
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8. Check that U(x,t) = 4 arctan[e™(*=*/9] is a solution of the equation
sz -+ Utt = m2 sinU

for a®> =1 4+ v2.



