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Problem 1

Problem 1. In the lecture we discussed different types of error measures. In this task
you are asked to compare the stability /robustness of both measures to an outlier. The
data samples given are (zM),yM) = (-2,1), (z?,y?) = (-1,2), (z®,y®) = (0,3),
(2@, y@) = (1,4).

1. Compute the MSE for the 1-parameter model by hand:
(0) (i) ., (0)2
MSE (w = 5 Z ly w' %,

for w® € {1,2,3,4,5,6,7}. Between the above values find w® that minimises the
MSE. A new data sample (z®),y(®)) = (2,20) is added. Evaluate new error measure
and corresponding minimiser.

You may find it useful to fill in the missing entries of the following table:
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Problem 1

MSE (w®) Zly(z — w2,

w® =1
y(l) =1 0
y(z) = 2 1
y(3) = 3 4
y(4) =4 9
MSE(w) - 2s | 14
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Problem 1

MSE (w®) Zly(z — w2,

w =1 w0 =2
y(l) =1 0 1
y(2) = 9 1 0
y(3) = 3 4 1
y(4) = 4 0 4
MSE(w) - 2s || 14 6

of
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Problem 1

l ~—,
MSE(w®) = - > [y® —w®P,
1=1

w® =1 w® =9 | 4w©® =3
y =1 |0 1 4
y@ = 2 1 0 1
y(3) = 3 4 1 0
y@ =4 |9 4 1
MSE(w) - 2s || 14 6 6

of
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Problem 1

l ~—,
MSE(w®) = - > [y® —w®P,
1=1

w® =1 w® =92 | w® =3 | w0 =4
y(l) = 1 0 1 4 9
y(2) = 9 1 0 1 4
y® =3 | 4 1 0 1
y(4) = 4 9 4 1 0
MSE(w) - 2s || 14 6 6 14

of
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Problem 1

MSE(w'?) = AN '
(™) =7 > ly® —wOP
i—1 |
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Problem 1

MSE(w'?) = AN '
(™) =7 > ly® —wOP
i—1 |
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Problem 1

1 <
MSE (w(®) = P Z y® — ()2
1=1
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w=1|w?=2|w®=3|w®=4|w®=5]|w0=¢
yM =1 |0 1 4 9 16 25
y? =2 |1 0 1 4 9 16
y® =3 | 4 1 0 1 4 9
y@ =4 |9 4 1 0 1 4
MSE(w) - 2s | 14 6 6 14 30 54

Fiow

What are the minimum values?

"
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Minimal value of the MSE is now achieved at w(® =6.

e After another data sample is added one gets an updated table as follows
w =1 |w®=2|w®=3|w®=4|w®=5]|w®=6|w®=7

yM =1 [0 1 4 9 16 25 36
y@ =2 |1 0 1 4 9 16 25
y3 =3 || 4 1 0 1 4 9 16
y@ =4 |9 4 1 0 1 4 9

y® = 20 | 361 324 289 256 225 196 169
MSE(w) - 2s || 375 330 295 270 255 250 255
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o After

another data

sample 1s added one gets an updated table as follows

w® =11w9 =2 w®=3|w®=4|w0=5|w0®=6|w"="7
yM =1 |0 1 4 9 16 25 36
y@ =2 |1 0 1 4 9 16 25
y® =3 |4 1 0 1 % 9 16
y@ =4 |9 4 1 0 1 4 9
y®) = 20 | 361 324 289 256 225 196 169
MSE(w) - 2s || 375 330 295 270 255 250 255

Minimal value of the MSE is now achieved at w(® =6.

Fiow

Note the values of the MSE!

"




2. Repeat the same exercise for what is known as the Mean Absolute Error (MAE),
1.e.

MAE(w©) Z @ — O

What do you observe, in particular with regards to the outlier y(®?
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2. Repeat the same exercise for what is known as the Mean Absolute Error (MAE),

Z y® — w© .

What do you observe, in particular with regards to the outlier y(®?

1.e.

MAE(w

(0)

w9 =1|w®=2w®=3|w®=4|w®=5|w"=6|w®=7
y =1 [0 1 2 3 4 5 6
y? =2 |1 0 1 2 3 4 5
y® =3 | 2 1 0 1 2 3 4
y® =4 | 3 2 1 0 1 2 3
MAE(w) - s | 6 4 4 6 10 14 18

Fiow

"

Minimal value of the MAE is achieved at w® =2 and w©® = 3.



2. Repeat the same exercise for what is known as the Mean Absolute Error (MAE),
1.e.

MAE(w©) Z @ — O

What do you observe, in particular with regards to the outlier y(®?

e After another data sample is added one gets an updated table as follows

w® =1 |w®=2w®=3|w®=4|w"=5|w®=6|w"=7
y =1 |0 1 2 3 4 5 6
y? =2 |1 0 1 2 3 4 5
y® =3 |2 1 0 1 2 3 4
y@ =4 | 3 2 1 0 1 2 3
y®) = 20 || 19 18 17 16 15 14 13
MAE(w) - s || 25 22 21 22 25 28 31
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1.e.

MAE(w

(0)

Z y® — w© .

. Repeat the same exercise for what is known as the Mean Absolute Error (MAE),

What do you observe, in particular with regards to the outlier y(®?

e After another data sample

is added one gets an updated table as follows

w® =1 |w®=2w®=3|w®=4|w"=5|w®=6|w"=7
y =1 |0 1 2 3 4 5 6
y? =2 |1 0 1 2 3 4 5
y® =3 |2 1 0 1 2 3 4
y@ =4 | 3 2 1 0 1 2 3
y®) = 20 || 19 18 17 16 15 14 13
MAE(w) - s || 25 22 21 22 25 28 31

Fiow

Minimal value of the MAE is now achieved at w® = 3.

Compared to

the MSE, the additional outlier does not affect the location of the
minimum dramatically.

"
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Problem 2

Problem 2. Assume we are given s i.i.d. samples z1,...,z,, and we know that they are
drawn from a normal distribution with mean p and variance o?. We do not know these
two parameters and want to estimate them from the data using the maximum likelihood
principle.

1. Write down the likelihood for this data, i.e., the joint probability distribution
function p(z1, ...,z | p, %), where the notation reminds us that this PDF depends
on the two parameters u and o2.

2. Use the maximum likelihood principle to estimate the parameter . More precisely,
compute the gradient of the negative log-likelihood with respect to u, set it to zero
and solve for u. This gives us an estimator [ of 1 that depends on the data.

3. Use the maximum likelihood principle to estimate the parameter . Proceed in the
same manner as in section 2, but this time with the parameter o2 instead of p.

4. Verify that —Vlog (p(w)) = 0 automatically implies Vp(w) = 0, regardless of the
choice of probability density function p.
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1. Write down the likelihood for this data, i.e., the joint probability distribution
function p(z1,...,z,| 1, 0*), where the notation reminds us that this PDF depends
on the two parameters p and o2.

P(CEl, ey ds ‘ /1'70-2) — Hp(zn ‘ My 02)
n=1
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1. Write down the likelihood for this data, i.e., the joint probability distribution
function p(z1,...,z,| 1, 0*), where the notation reminds us that this PDF depends
on the two parameters p and o2.

P(CEl, ey ds ‘ /1'70-2) — Hp(zn ‘ My 02)
n=1
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1. Write down the likelihood for this data, i.e., the joint probability distribution
function p(z1,...,z,| 1, 0*), where the notation reminds us that this PDF depends
on the two parameters p and o2.

P(CEl, ey ds ‘ /1'70-2) — Hp(zn ‘ My 02)
n=1

www.gmul.ac.uk




2. Use the maximum likelihood principle to estimate the parameter p. More precisely,
compute the gradient of the negative log-likelihood with respect to u, set it to zero
and solve for u. This gives us an estimator it of 1 that depends on the data.

3 Z(zn o ﬂ’)z
o 1 n=1
_log (p(:z:l,...,a:s\u,a )) — —log (\/27T0'2> P 202
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2. Use the maximum likelihood principle to estimate the parameter p. More precisely,
compute the gradient of the negative log-likelihood with respect to u, set it to zero
and solve for u. This gives us an estimator it of 1 that depends on the data.

—log (P(fﬂl,---axs ‘y’ﬂ 02)) 207

1 s Z (ﬂln o ”’)2
_log ( ) EXP n=1
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2. Use the maximum likelihood principle to estimate the parameter p. More precisely,
compute the gradient of the negative log-likelihood with respect to u, set it to zero
and solve for u. This gives us an estimator it of 1 that depends on the data.

s > (Tn — N)2
2 1 n=1
—log (p(z1, - ..,z | p,0%)) = —log ( ) exp

V2702 202
— 2 log(2mo?) + - i(z — p)°*
2 202 &
S S o, 1L - o
=3 log(27) + 5 log(c”) 53 Z(xn — ).
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2. Use the maximum likelihood principle to estimate the parameter p. More precisely,
compute the gradient of the negative log-likelihood with respect to u, set it to zero
and solve for u. This gives us an estimator it of 1 that depends on the data.
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2. Use the maximum likelihood principle to estimate the parameter p. More precisely,
compute the gradient of the negative log-likelihood with respect to u, set it to zero
and solve for u. This gives us an estimator it of 1 that depends on the data.

o 207 ou
1 s
n=1
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2. Use the maximum likelihood principle to estimate the parameter p. More precisely,
compute the gradient of the negative log-likelihood with respect to u, set it to zero
and solve for u. This gives us an estimator it of 1 that depends on the data.
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2. Use the maximum likelihood principle to estimate the parameter p. More precisely,
compute the gradient of the negative log-likelihood with respect to u, set it to zero
and solve for u. This gives us an estimator it of 1 that depends on the data.
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3. Use the maximum likelihood principle to estimate the parameter o%. Proceed in the
same manner as in section 2, but this time with the parameter ¢ instead of pu.
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3. Use the maximum likelihood principle to estimate the parameter o%. Proceed in the
same manner as in section 2, but this time with the parameter ¢ instead of pu.
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4. Verify that —V log (p(w)) = 0 automatically implies Vp(w) = 0, regardless of the
choice of probability density function p.
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4. Verify that —V log (p(w)) = 0 automatically implies Vp(w) = 0, regardless of the
choice of probability density function p.

h(x) = f(g(x))
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4. Verify that —V log (p(w)) = 0 automatically implies Vp(w) = 0, regardless of the
choice of probability density function p.

h(x) = f(g(x))
h(x)=f(g(x) g'x)

of

www.gmul.ac.uk n/QMUL y@QMUL




4. Verify that —V log (p(w)) = 0 automatically implies Vp(w) = 0, regardless of the
choice of probability density function p.

h(x) = f(g(x))
h(x)=f(g(x) g'x)

1
Vlog (p(w)) = on) Vpw)

b

of
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Problem 3

Problem 3. In the lecture we have seen that the the general MSE cost function for the
linear regression is of the form

1
MSE(W) = o[ XW — Y||*

where
1 zgl) a:gl) :L'((jl) wio) wéo) w:(,,O) s wd)
2) (2 2 1 1 1 1
X — 1 :13%) wé) xf.i) W= ’w.g) w.;(z) w;(;) wT(L) |
1 2 2P gl wi® w® W@l
1
Sy Yy Y
2) (2 2
Y= %,
u’ w ooy
and the norm ||-|| is a Frobenius norm defined by

2
IM||* =) mi;.
t,J

Prove that the gradient of MSE is given by

1

S

VMSE(w) = = X" (XW -Y).
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Problem 3

Problem 3. In the lecture we have seen that the the general MSE cost function for the
linear regression is of the form

1
MSE(W) = o[ XW — Y||*

where
1 wgl) a:gl) :1;((11) w§°) wéo) w:(,,o) o wd
2 2 2 1 1 1 1
X — 1 :L‘g) wé) xf.i) W= fw.i) w.é) w;(;) wT(L) |
1 2 2P gl wi® w® W@l
u' Yy o Y .
v y@ YD @ Note how this is a more general
S form with more than 1 label!
(s) , (s) (s)
Y. Y2 - Yn
and the norm ||| is a Frobenius norm defined by

2
IM||* =) mi;.
t,J

Prove that the gradient of MSE is given by

1

S

VMSE(w) = = X" (XW -Y).
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Problem 3

By the definition of Frobenius norm and MSE one has

MSE (W) = zisif:(xw—Y)ij.

i=1 j=1

of
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Problem 3

By the definition of Frobenius norm and MSE one has

MSE (W 2822 (XW -Y)7 ..

=1 7=1

Using the definition of a matrix product one can write the above as follows

n d+1
MSE 28 LL (Z X ka,y — Y, ,J)

1=1 j7=1
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Problem 3

By the definition of Frobenius norm and MSE one has

MSE (W 2822 (XW -Y)7 ..

=1 7=1

Using the definition of a matrix product one can write the above as follows

n d+1
MSE 28 LL (Z X ka,y — Y, ,J)

1=1 j7=1

Finally, using the definition of matrices X,Y,W one can write

n d+1 ) 2
MSE (W ZSzz(zz w® w) |

=1 j7=1
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Problem 3

d+1

5 2
o oW Zzaw(”) (Z G )

=1 j9=1

b

)
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Problem 3

2
0 Z Zdﬂ (3),,,, (k)

1 1

— ( ) = k)
RO i), (k
(Z‘” w; ) o (Z‘” s )

i=1 j=
1 S n
;z;

J

1=1

of

www.gmul.ac.uk n/QMUL y@QMUL




Problem 3

2
0 - (3),,,, (k)
8wép) MSE (W) Z Z aw(P) (; Tk j B yJ

1=1 1 —
1 « i — (z) 0 F) _ (z) - (z) ) _
i=1 j= k=1

s mn d+1 ) d+1 .
(Gt -) (? “)-

1=

of
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Problem 3

0 s [ (1), (k) _ () ak (%) 0 (k)
MSE T, ! T,

b

)
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Problem 3

Only terms with j=q and k=p are 1!

O 8 n d+1 d+1

(3), (k) (Z) o)
o MSE (W Z Z‘” w; Zx (p) Wil
8wq k=1

=1 7=1

b

of
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Problem 3

Only terms with j=q and k=p are 1!

O 8 n d+1 d+1

(3), (k) (Z) o)
o MSE (W Z Z‘” w; Zx (p) Wil
8wq k=1

=1 7=1

1 S d+1
(2),, (k (! i
Ly (et i)

1=1

b

of
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Problem 3

Only terms with j=q and k=p are 1!

8 S n d+1 d+1
(3), (k) (Z) mo
9 (p)MSE(W) Z (Zx w; ) (Zax o W )
Wyq i=1 j=1 k=1
1 S d+1
— k) — () i)
- 5 (St i)
1=1

b

1 s d+1
- (3),.(2) (k) (2),,(%)
SEEVCE

of

www.gmul.ac.uk




Pr
oblem
3

9, VV
0
w((,p)MSE
(W)
_ 1(
: S
zz:di-:l
1
2 X
1 sz
1,k
X
sz
1,9

b

)

W
W
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Problem 3

s d+1
0 1
MSE (W) = ; ( - ;szxzkwkq szpYzq

3w§p ) ”

1 s d+1 S
21 DD RSES SR
1= 1=1

1 k=1

b

)
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Problem 3

s d+1
0 1
MSE (W) = ; ( - ;szxzkwkq szpYzq

3w§p ) ”

1 s d+1 S
21 DD RSES SR
1= 1=1

1 k=1

é (X' XW-X"Y)

b

)

p.q°
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Problem 4

Problem 4. Compute the solution of the polynomial regression problem

] « . .
W = arg min {% ; |(¢(x(’)), W) — y(Z) |2} (2)

weRd+1

by hand, for the data samples (z),yY) = (0,0), (z?,y®) = (1/4,1), (z®,y®) =
(1/2,0), (z¥,y™®) = (3/4,—1) and (z®,y®)) = (1,0) and choices

1. d=1,
2. d=2
3. d=3
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)
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Fiow

Problem 4

®(X)

"

d(X)W = d(X)
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Fiow

prd e e e e

Problem 4

e ($<1))2 . (xu))d e
@ (@) ... (z®) @
z® (z®)° ... (:,,.<3>)d Y = | ¢y®
(@) (7@®)? 1)) 4 ()
z@  (zW)" ... (2W) y5
20 (z)? ... (2) Y



1
D

1
@

Problem 4

(X)) d(X)w = (X)TY,
1 1 1
1) PaS) x©)

PO =0 (@) (1) (1 @9) ()| pew =

O @) () () ()

b

)
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1 : <x<1>)3
1 1 1 1 1

’) 3
1 x?
A B @ 6 (x?)

(")
()
P (D)P(x) = (x(l)>2 (x(2)>2 (x(3))2 (x(4))2 (x(5)>2 1 x® (x(3))2 (x(3))3
(%)
()

@

(x<1>)3 (x<2>)2 (x<3>)3 (x<4>)3 (x<5>)3 1 x@W i (x<4>)3
1 O : (x<5>)3

b

)
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1 1 1 1 1 (
(1) ) 3) 4) ) |1 *
X X X X X

(x)
(x2)
¢ ' (DP(x) = G0 (x@)? (@) (x®)? (@)1 «® (x®) (x®
(x?)
(

O (@) ()" () @)1

(¢T(x)¢(x)>2 = +(D (xa))z 4@ <x<2>)2 e (x<3>)2 4@ (x<4>)2 NG <x<5>)2

b

)
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1 1 1 1 1 (
(1) ) 3) 4) ) |1 *
X X X X X

()
(x?)
P (X)p(x) = (x(l))2 (x(2)>2 (x(3))2 (x(4))2 (x(5)>2 1 3 (x(3))2 (x®
()
(

O (@) ()" () @)1

(pT@P)). . = xD (xa))z 4@ <x<2>)2 e (x<3>)2 4@ (x<4>)2 NG <x<5>)2

2,3
= (x0) + (@) 4 )+ (x9) 4 (x)°

b

)
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1 1 1 1 1 |
NGO RGN ) B ) BN )

()
(x?)
P (X)p(x) = (x(l))2 (x(2)>2 (x(3))2 (x(4))2 (x(5)>2 1 3 (x(3))2 (x®
()
(

O (@) ()" () @)1

1 x®
(¢T(x)¢(x)) — (D (xa))z 4@ <x<2>)2 e (x<3>)2 4@ (x<4>)2 NG <x<5>)2

% = (x0)7 4+ (x2) 7+ () () + ()
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1 xM

1 1 1 1 1 (
(1) ) 3) 4) ) |1 *
X X X X X

(")
()
P (DP(x) = (x(l))2 (x(2)>2 (x(3))2 (x(4))2 (x(5)>2 1 x® (x(3))2 (x(3))3
(%)
(

2)

O (@) ()" () @)1

1 O x<5>) (x<5>)3
(¢T(x)¢(x)>2 = +(D (xa))z 4@ <x<2>)2 e (x<3>)2 4@ (x<4>) NG <x<5>)2

= (x0) + (@) 4 )+ (x9) 4 (x)°

b

QDJ - ZS: (X(i)>2+3—2 —_— (¢(X)T¢(x))j,k — Z (x(i))f+k—2
i=1 c
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(1)

1
¢ (x)y = (X(l) X%Z) 1
+(D)?
S ME 1 1

(x(l))3 (x® 2 @ Y
(x(2)>2 )" () 2 O 2)

(x(S))S ) (x(S) 2 Y
(x(4))3 ) y(s)
(x<5>)3 ™
y(5)

b
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(1)

1
¢ (x)y = (x(l) X%Z) 1
+(D)?
S ME 1 1

(x(l))3 (x® 2 @ Y
(x(2)>2 )" () 2 O 2)

(x(S))S ) (x(S) 2 Y
(x(4))3 ) y(3)
(x<5>)3 ™
y(5)

(2
( )

b

)
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(1)

1
¢ (x)y = (x(l) X%Z) 1
+(D)?
S ME 1 1

(x(l))3 (x® 2 @ Y
(x(2)>2 )" () 2 O 2)

(x(S))S ) (x(S) 2 Y
(x(4))3 ) y(3)
(x<5>)3 ™
y(5)

(2
( )

\)

_ (i)~
(x)7 50
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W
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I
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(1)

1 | 1 1 1 y
P (x)y = (0P (x@) (x) (x@) (x9)3 e
@)

3 ) 3 3 3|y
(D) (@) (x9)7 ()T (1) "

(¢T(X)y>3 — (X(l))zy(l) + (x(z))zy(z) 4 (X(3))2 +y(3) T (X(4)>2y(4) n (x(5)>2y(5)

\) \)

l' — (x(i))3_1 y I (¢(x)Ty)j — Z (x(i))f‘l @
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( (1 (1)) (0,0) (X(Z),y@)) — (%31) (x(B),yG)) — (%,O) (x(4),y(4)) — (%, _ 1)

(X(S),y(S)) = (1,0)

b

)
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( (1 (1)) (0,0) (X(Z),y@)) — (%31) (x(B),yG)) — (%,O) (x(4),y(4)) — (%, _ 1)

(X(S),y(S)) = (1,0)

1 O

1

-

1

¢(x)(d=1) = |1 5
3

-

1 1

b

)
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(x(l),y(l)) = (0,0) (X(Z),y@)) — (%’1> (x(3),y(3)) — (%,O) (x(4),y(4))
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( (1 (1)) (0,0) (X(Z),y@)) — (%31) (x(B),yG)) — (%,O) (x(4),y(4)) — (%, _ 1)
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