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Problem 1

A=<g g)

(i) Find eigenvalues, eigenvectors and eigenvalue decomposition of matrix A.

Problem 1. Let A be a 2 matrix

(ii) Let & be a two-dimensional column-vector. Write the product AZ in terms of
eigenvectors of matrix A.

(iii) Find singular values, right and left singular vectors and singular value decomposition
of matrix A.

Let x be a two-dimensional column-vector. Write the product Az in terms of singular
vectors of matrix A.
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(i) Find eigenvalues, eigenvectors and eigenvalue decomposition of matrix A.
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(i) Find eigenvalues, eigenvectors and eigenvalue decomposition of matrix A.

()

The eigenvalues of matrix A can be found by solving det(A— M) =0. 1In
our case one has

3J—A A4

det(A—/\[):det( 0 5_ )

);(3_/\)(5—/\):o;m1,2=3,5.

of
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(i) Find eigenvalues, eigenvectors and eigenvalue decomposition of matrix A.

Corresponding eigenvectors can be found by solving Au = Au for the values
of A found above.
(1) (1)

3u 4u(1> = 3u
AuV = 34V = { : : ?1) _ 3 %1) = uY = (1, O)T.
Uy = — Oly

3ul?+  4ul? = 5ul? T
Lo, T =21
Uy ' = OUs

1 1 1
54\ () () 3

(@)~ \ 3u®

www.gmul.ac.uk




(i) Find eigenvalues, eigenvectors and eigenvalue decomposition of matrix A.

N - -

One can build an eigenvalue decomposition of a matrix A by writing
A=QAQ™,

where A = diag(\{,....\,) is a diagonal matrix whose diagonal elements

are just eigenvalues of matrix A and () is the matrix whose i-th column
is an eigenvector corresponding to A;. In our case one has

30 1 2 (1 =2
=os) e=od) @6 Y)

Therefore, the eigenvalue decomposition of matrix A has a form

=) 60) 6 %)
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(ii) Let ¥ be a two-dimensional column-vector. Write the product AZ in terms of
eigenvectors of matrix A.

www.gmul.ac.uk n/QMUL y@QMUL




(ii) Let ¥ be a two-dimensional column-vector. Write the product AZ in terms of
eigenvectors of matrix A.

Let v be an arbitrary vector. Then, because eigenvalues of matrix A are
linearly independent, one can find a and [ such that

v = aul) 4+ pu®, (1)

www.gmul.ac.uk n/QMUL y@QMUL




(ii) Let ¥ be a two-dimensional column-vector. Write the product AZ in terms of
eigenvectors of matrix A.

Let v be an arbitrary vector. Then, because eigenvalues of matrix A are
linearly independent, one can find a and [ such that

v = aul) 4+ pu®, (1)

Matrix A when applied to vector v produces

Av = alut) + Bhu®.
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(ii) Let ¥ be a two-dimensional column-vector. Write the product AZ in terms of
eigenvectors of matrix A.

Let v be an arbitrary vector. Then, because eigenvalues of matrix A are
linearly independent, one can find a and [ such that

v = aul) 4+ pu®, (1)

Matrix A when applied to vector v produces

Av = alut) + Bhu®.

Av = A(au'V + pu®) = aduV + piu®
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(ii) Let ¥ be a two-dimensional column-vector. Write the product AZ in terms of
eigenvectors of matrix A.

@)y = @) (au' + pu®) = alluV||* + p(u'D, u?) = (u'V, v)

of
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(ii) Let ¥ be a two-dimensional column-vector. Write the product AZ in terms of
eigenvectors of matrix A.

@)y = @) (au' + pu®) = alluV||* + p(u'D, u?) = (u'V, v)

@) v = @) vau'? + pu®) = Bllu?|* + au®, u'V) = (', v)
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(ii) Let ¥ be a two-dimensional column-vector. Write the product AZ in terms of
eigenvectors of matrix A.

@)y = @) (au' + pu®) = alluV||* + p(u'D, u?) = (u'V, v)

@) v = @) vau'? + pu®) = Bllu?|* + au®, u'V) = (', v)

V12 (D, u'®) (a) (uh, v)

r W, u®y  Ju@? ) \P (u?, v
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(1i1) Find singular values, right and left singular vectors and singular value decomposition
of matrix A.
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(1i1) Find singular values, right and left singular vectors and singular value decomposition
of matrix A.

The singular values of matrix A are defined as positive square roots of
eigenvalues of ATA. Let

. (9 12
B.—AA—<12 A1)
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(1i1) Find singular values, right and left singular vectors and singular value decomposition
of matrix A.

The singular values of matrix A are defined as positive square roots of
eigenvalues of ATA. Let

. (9 12
B.=A A—<12 A1)

Then corresponding singular values could be found by solving

9 — o2 12
det (B — 0°I) = det ( 19 41 02) = (0% —41) (6 = 9) — 144 = 0.

Solutions are then given by o = \/5, 3/5.
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(1i1) Find singular values, right and left singular vectors and singular value decomposition
of matrix A.
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(1i1) Find singular values, right and left singular vectors and singular value decomposition
of matrix A.

ATAVD = g2y
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(ii1) Find singular values, right and left singular vectors and singular value decomposition
of matrix A.

ATAVD = g2y

o 12\ (W) ("
12 41) \,® Nl
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(ii1) Find singular values, right and left singular vectors and singular value decomposition
of matrix A.

ATAVD = g2y

o 12\ (W) ("
12 41) \,® Nl

9v1(1) + 12v1(2) = SVI(I) -

b
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(ii1) Find singular values, right and left singular vectors and singular value decomposition
of matrix A.

ATAVD = 62D
o 12 (W) _ ("
12 41)\y® ) “\y@

IV + 120 = 5v) - 4yD 412 =0 -

b
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(ii1) Find singular values, right and left singular vectors and singular value decomposition
of matrix A.

ATAVD = 62D
o 12 (W) _ ("
12 41)\y® ) “\y@

iV + 120 =50 - 4D +12)P =0 v =-3v

b

of

www.gmul.ac.uk n/QMUL y@QMUL




(ii1) Find singular values, right and left singular vectors and singular value decomposition
of matrix A.

ATAYD = 62D
1 1
o 12\ (v _s(n
12 41)\ @ p(
iV + 120 =50 - 4D +12)P =0 v =-3v

12v) + 41y = 50 -

of
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(ii1) Find singular values, right and left singular vectors and singular value decomposition
of matrix A.

ATAYD = 62D
1 1
o 12\ (v _s(n
12 41)\ @ p(
iV + 120 =50 - 4D +12)P =0 v =-3v

1200+ 410 =5v2 —» 120D 4+ 360 =0 -

of
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(ii1) Find singular values, right and left singular vectors and singular value decomposition
of matrix A.

ATAYD = 62D
1 1
o 12\ (v _s(n
12 41)\ @ p(
iV + 120 =50 - 4D +12)P =0 v =-3v

12\/1(1) + 41v1(2) = 5v1(2) — 12\/1(1) + 36\/1(2) =0 - vl(l) = — 3v1(2)

of

b
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(ii1) Find singular values, right and left singular vectors and singular value decomposition
of matrix A.

ATAYD = g2y
1 1
(9 12) AR
12 41\ »® e
iV + 120 =50 - 4D +12)P =0 v =-3v
12\/1(1) + 41v1(2) = 5v1(2) — 12\/1(1) + 36\/1(2) =0 - vl(l) = — 3v1(2)

lq v, = (=3¢,c)'
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(ii1) Find singular values, right and left singular vectors and singular value decomposition
of matrix A.

ATAYD = 62D
1 1
o 12\ (v _s(n
12 41)\ @ p(
iV + 120 =50 - 4D +12)P =0 v =-3v

12\/1(1) + 41v1(2) = 5v1(2) — 12\/1(1) + 36\/1(2) =0 - vl(l) = — 3v1(2)

lq v, = (=3¢,c)'
4 v, = (_3\m, \m)T
10 10
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(ii1) Find singular values, right and left singular vectors and singular value decomposition
of matrix A.

ATAV®) = g2y

o 1) (W) s [
12 41) \,@ yel
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(ii1) Find singular values, right and left singular vectors and singular value decomposition
of matrix A.

ATAV®) = g2y

(5 12y () =ss(
12 41) \,@ yel

e

3

(1) (2) _ (1) _ (1) (2) _ (1) _
9v2 + 12v2 = 45\/2 —> 36\/2 + 121/2 =0 - vV, =

of
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(ii1) Find singular values, right and left singular vectors and singular value decomposition
of matrix A.

ATAV®) = g2y

(1) (1)
V V
<9 12) y) _ 45 p)

1241 ) \ y§# p{?)
(2)
.
OvD 4 12pP = 45y 5 —36vD 4+ 12y =0 - (D) = =
2 2 2 2 2 2 3
(2)
.
(1) (2) — (2) (D _ 4,2 — (1) — 2
12\/2 +41v2 —45\/2 — 12\/2 4\/2 =0 - v, = 3
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(ii1) Find singular values, right and left singular vectors and singular value decomposition
of matrix A.

ATAV®) = g2y

(1) (1)
V V
<9 12) y) _ 45 p)

1241 ) \ y§# p{?)
(2)
.
OvD 4 12pP = 45y 5 —36vD 4+ 12y =0 - (D) = =
2 2 2 2 2 2 3
(2)
.
(1) (2) — (2) (D _ 4,2 — (1) — 2
12\/2 +41v2 —45\/2 — 12\/2 4\/2 =0 - v, = 3

V) = (C,3C)T
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(ii1) Find singular values, right and left singular vectors and singular value decomposition
of matrix A.

ATAV®) = g2y

(1) (1)
V V
<9 12) y) _ 45 p)

1241 ) \ y§# p{?)
(2)
.
OvD 4 12pP = 45y 5 —36vD 4+ 12y =0 - (D) = =
2 2 2 2 2 2 3
(2)
.
(1) (2) — (2) (D _ 4,2 — (1) — 2
12\/2 +41v2 —45\/2 — 12\/2 4v2 =0 - v, = 3

V) = (C,3C)T
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(1i1) Find singular values, right and left singular vectors and singular value decomposition
of matrix A.

AA Y = oru
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(ii1) Find singular values, right and left singular vectors and singular value decomposition
of matrix A.

AA Y = oru

u® = g 1Ap™
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(ii1) Find singular values, right and left singular vectors and singular value decomposition
of matrix A.

AA Y = oru

u® = g 1Ap™

3 V10
I/t(l)= 1 3 4 710
V5 \0 5/ yio

10
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(ii1) Find singular values, right and left singular vectors and singular value decomposition
of matrix A.

AA Y = oru

u® = g 1Ap™

I/t(l):l 3 4 _310
V5 \0 5/ Vio

PR ORI
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(1i1) Find singular values, right and left singular vectors and singular value decomposition
of matrix A.

AA U = o5u'®
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(ii1) Find singular values, right and left singular vectors and singular value decomposition
of matrix A.

AA U = o5u'®

u® = 6714y @
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(ii1) Find singular values, right and left singular vectors and singular value decomposition
of matrix A.

AA U = o5u'®

u® = 6714y @

/10
u(z) _ 1 3 4 10

3y/5 \0 5/ | V10

10
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(ii1) Find singular values, right and left singular vectors and singular value decomposition
of matrix A.

AA U = o5u'®
u'® =65 'Av®
\/10
(2) _ 1 (3 4) 10
T 0 5)| yio
34/5 ;

10
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(iv) Let Z be a two-dimensional column-vector. Write the product AZ in terms of singular
vectors of matrix A.

Aw = UZViw

Aw)Y = gD, w)

AW)? = o,u (VD) w)
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Problem 2

Problem 2. Let the function f : R? — R be defined as

1

f (x = (a:l,a;z)T) =3 (x, Ax) + (u,x),

where A is a real, symmetric, positive definite 2 X 2 matrix, and u is a real vector of
length 2. In other words

1

1
f (x = (1, :cg)T) = iaxf + bx1z9 + Ecxg + vx1 + wxs,

where

b c

Our goal is to find such a vector x* that minimises f (x).

1. Show that the gradient Vf is given by Vf (x) = Ax + u.

A = (a b), and u = (v,w)' .

-1

2. Thus proof that the gradient is zero at x* = —A~"u.

3. Evaluate f (x*).

4. Calculate the Hessian H; (x*) and show it is positive. This will finish the proof of
x* being a minimizer point of f (x).
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1. Show that the gradient V f is given by Vf (x) = Ax + u.

of

www.gmul.ac.uk n/QMUL y@QMUL




1. Show that the gradient V f is given by Vf (x) = Ax + u.

Jx) = %(X, AX) + <M9x>

of

www.gmul.ac.uk n/QMUL y@QMUL




1. Show that the gradient V f is given by Vf (x) = Ax + u.

Jx) = %(X, AX) + <M9x>

l

f(x) = % Z xl.T Z Aijxj + Z uiTxl-
j i

b
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1. Show that the gradient V f is given by Vf (x) = Ax + u.

Jx) = %(X, AX) + (u,x)

f(x) = % Z xl.T Z Al-jxj + Z uiTxl-
j i

l

O, fx) = % (6xp Z xiT> Z A;iX; + % Z x! 2 2 AyX; | + 0y Z ! x,
i Jj i Jj i

b
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1. Show that the gradient V f is given by Vf (x) = Ax + u.

O, f(x) = % (8xp Z xiT) Z A;iX; + % Z x! 2 2 AyX; | + 0y Z ! x,
i Jj i Jj i

b

of
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1. Show that the gradient V f is given by Vf (x) = Ax + u.

O, f(x) = % (8xp Z xiT) Z A;iX; + % Z x! 2 2 AyX; | + 0y Z ! x,
i Jj i Jj i

I=p

b
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1. Show that the gradient V f is given by Vf (x) = Ax + u.

O, f(x) = % (8xp Z xiT) Z A;iX; + % Z x! 2 2 AyX; | + 0y Z ! x,
Jj i | i

l

. J
I=p J=P

b

of
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1. Show that the gradient V f is given by Vf (x) = Ax + u.

6f(x)—l< Z )ZAl]x+ Z ZAl]x + 0, Zi:ux

b

of
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1. Show that the gradient V f is given by Vf (x) = Ax + u.

6f(x)—l< Z )ZAl]x+ Z ZAl]x + 0, Zi:ux

|p JP

6f(x)— Z X+ = Z TA + U,

b

of
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1. Show that the gradient V f is given by Vf (x) = Ax + u.

6f(x)—l< Z )ZA,]x+ Z ZAl]x + 0, Zi:ux

|p JP

6f(x)— Z X+ = Z TA + U,

0, f(x)— z X+ = ZApTlxl+u

b
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1. Show that the gradient V f is given by Vf (x) = Ax + u.

6f(x)—l< Z )ZA,]x+ Z ZAl]x + 0, Zi:ux

|p JP

6f(x)— Z X+ = Z TA + U,

0, f(x)— z X+ = ZApTlxl+u

I T
dxpf(x)= E(A +A' )x+u

b

P
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1. Show that the gradient V f is given by Vf (x) = Ax + u.

of
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1. Show that the gradient V f is given by Vf (x) = Ax + u.

I T
0xpf(x)= E(A +A')x+u

P

b

of
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1. Show that the gradient V f is given by Vf (x) = Ax + u.

I T
0xpf(x)= E(A +A')x+u

P

|
Vix) = E(A +ADx+u

b
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1. Show that the gradient V f is given by Vf (x) = Ax + u.

I T
0xpf(x)= E(A +A')x+u

P

|
Vix) = E(A +ADx+u

where A is a real, symmetric, positive definite 2 X 2 matrix,
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1. Show that the gradient V f is given by Vf (x) = Ax + u.

I T
0xpf(x)= E(A +A')x+u

P

|
Vix) = E(A +ADx+u

where A is a real, symmetric, positive definite 2 X 2 matrix,

Vix) =Ax+ u

of
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2. Thus proof that the gradient is zero at x* = —A'u.

of
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2. Thus proof that the gradient is zero at x* = —A'u.

Vix) =Ax+u

of
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—1

2. Thus proof that the gradient is zero at x* = —A'u.

Vix) =Ax+u

VIix)=0=Ax4+u=0

of
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—1

2. Thus proof that the gradient is zero at x* = —A'u.

Vix) =Ax+u

VIix)=0=Ax4+u=0

Ax+u=>0

of
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—1

2. Thus proof that the gradient is zero at x* = —A'u.

Vix) =Ax+u

VIix)=0=Ax4+u=0

Ax+u=>0

of
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—1

2. Thus proof that the gradient is zero at x* = —A'u.
Vix) =Ax+u
VIix)=0=Ax4+u=0
Ax+u=20
x*=—A"ly
4 Note how so far we did not use the expression of Al
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3. Evaluate f (x*).

b
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3. Evaluate f (x*).

1= L4+

b

)
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3. Evaluate f (x*).

1= L4+

k= —A"ly

b

)
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3. Evaluate f (x*).

1= L4+

k= —A"ly

) = (% Ax¥) + u,x%)

b

)
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3. Evaluate f (x*).

1= L4+

x*=—A"ly

f(x*) = %(x* AX*Y + (u, x*) — f(x*) = %(—A‘lu, —AA7 ) + (u, — A7)

b

)
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3. Evaluate f (x*).

1= L4+

x¥ = — A1y
f(x*) = %(x* AX*Y + (u, x*) — f(x*) = %(—A‘lu, —AA7 ) + (u, — A7)
b e :
J(X*) = 5(14 u, u) — (u, A™'u)

)
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3. Evaluate f (x*).

1= L4+

x¥ =—A"ly
f(x*) = %(x* AX*Y + (u, x*) — f(x*) = %(—A‘lu, —AA7 ) + (u, — A7)
R 1 ) 1
f(x*) = 5<A b, u) — (u, A7) = — 5<A Yu, u)

)
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4. Calculate the Hessian Hf (x*) and show it is positive. This will finish the proof of
x* being a minimizer point of f (x).
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4. Calculate the Hessian Hf (x*) and show it is positive. This will finish the proof of
x* being a minimizer point of f (x).

» f 9 f  f
Bx% 0x1 019 0x1 0x,
82f 52f a2f
H]c _ 6:132 82131 8;17% 62172 8£En
& f & f o f
ox, 0x;y O0x, 0T Ox2

of
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4. Calculate the Hessian Hf (x*) and show it is positive. This will finish the proof of
x* being a minimizer point of f (x).
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4. Calculate the Hessian Hf (x*) and show it is positive. This will finish the proof of
x* being a minimizer point of f (x).

0, (V) 0, (VS

=\ o.vn, 0.V,

of
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4. Calculate the Hessian Hf (x*) and show it is positive. This will finish the proof of
x* being a minimizer point of f (x).

0, (V) 0, (VS

=\ o.vn, 0.V,
6xp f(x) = A,ix; + u,

of
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4. Calculate the Hessian Hf (x*) and show it is positive. This will finish the proof of
x* being a minimizer point of f (x).

- 0, (V) 0y (V).
TN 0(VS)y 0 (V).
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4. Calculate the Hessian Hf (x*) and show it is positive. This will finish the proof of
x* being a minimizer point of f (x).

0, (V) 0, (VS

H. =
f
0. (V) 0, (VS
6xp f(x) = A,ix; + u,
J
H. — All A21
=
A12 A22
4 where A is a real, symmetric, positive definite 2 X 2 matrix,
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Problem 3

Problem 3. Consider the following function of real arguments wg, w;.

S

1
[ (wo,wr1) = 93 Z (wo + wiTk — yk)2 ; (1)
k=1
where x1,2,,...,2, and yq,ys,...,y, are real-valued constants. This function measures

the mean squared error of a linear approximation for the data points {(z;, ¥:)},_;-

5 . 5 . . 2 2
(i) Find partial derivatives a%of (wo, wr), 3%1]” (wo,w1), 387(2) (wo,w1), Bwfawlf (wo, w1),
32

5_0)% (w07w1)-

Hint: you should be able to show that
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1 S
f (wo,wr) = 94 (wo + w1k — yk)z )
k=1

of

www.gmul.ac.uk n/QMUL y@QMUL




S

1
k=

f (wo,wr) = 94 (wo + w1k — yk)Qv
1
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S

1
k=

[ (wo,w1) = 2s (wo +wizk — yk)”
1

8_ — —Z(wo+wll’k—yk):WO+wli_ya
“0 % =1
52 f :
— Wop +wWX—Y | = 17
Owi (C%Jo ’ 1 y)

of

www.gmul.ac.uk




1 S
f (wo,wr) = 94 (wo + w1k — yk)z )
k=1

of

www.gmul.ac.uk n/QMUL y@QMUL




S

1
k=

f (wo,wr) = 94 (wo + w1k — yk)Qv
1

(<

1 - -
T g Z T (Wo + Wik — Yi) = wWoX + w1X? — Xy,
k=1

oF

E‘)wl

of

www.gmul.ac.uk n/QMUL y@QMUL




S

1
k=

/ (wo,w1) — % (wo + W1 T — yk)Q,
1

(<

of 1 « —
= _ = 2 o
Dol S;xk (wo + Wi — Yr) = WoX + w1X? — XYy,
0% f 0 — —
= — (weX +w X2—X_> =<
O &ul( 0= Y

of

www.gmul.ac.uk




S

1
k=

f (wo,wr) = 94 (wo + w1k — yk)Qv
1

(<

0 I —5
f‘)_u{l N ;;Zk(wo+w1$k—yk):W0§+W1X2_Wv
82]0 O B — —
owf — Oun (% +? - ) =5
o2 F )
— Wwop+wiX—V) =X
Bwo&ul (90.)1 ( ’ : y) |

of

www.gmul.ac.uk n/QMUL y@QMUL




(ii) Using the above results, find values wj,w] such that

Vf(wp,wi) =0
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(iii) Using the expressions of second order derivatives obtained in (i) find the value of
Hessian of the function f for wy = w§ and w; = w}. Prove it is positive definite and
thus show that f (wp,w;) attains its minimum value at wy = wj and w; = wy.
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(iii) Using the expressions of second order derivatives obtained in (i) find the value of
Hessian of the function f for wy = w§ and w; = w}. Prove it is positive definite and
thus show that f (wp,w;) attains its minimum value at wy = wj and w; = wy.

The Hessian of function [ is equal to

H (wo, w1) = (l i).

X X2
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Trace>0, matrix is symmetric, hence it is positive definite if the determinant is positive
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(iii) Using the expressions of second order derivatives obtained in (i) find the value of
Hessian of the function f for wy = w§ and w; = w}. Prove it is positive definite and
thus show that f (wp,w;) attains its minimum value at wy = wj and w; = wy.

The Hessian of function [ is equal to

H (wo, w1) = (l K).

X X2

Trace>0, matrix is symmetric, hence it is positive definite if the determinant is positive

det Hf (wo, wl) — P — iQ,

www.gmul.ac.uk n/QMUL y@QMUL




(iii) Using the expressions of second order derivatives obtained in (i) find the value of
Hessian of the function f for wy = w§ and w; = w}. Prove it is positive definite and
thus show that f (wp,w;) attains its minimum value at wy = wj and w; = wy.

det Hf (wo, wl) — P — ig,

www.gmul.ac.uk n/QMUL y@QMUL




(iii) Using the expressions of second order derivatives obtained in (i) find the value of
Hessian of the function f for wy = w§ and w; = w}. Prove it is positive definite and
thus show that f (wp,w;) attains its minimum value at wy = wj and w; = wy.

det Hf (wo, wl) — P — ig,

| « )
—Z(xi—x) > 0
Y =l

www.gmul.ac.uk n/QMUL




(iii) Using the expressions of second order derivatives obtained in (i) find the value of
Hessian of the function f for wy = w§ and w; = w}. Prove it is positive definite and
thus show that f (wp,w;) attains its minimum value at wy = wj and w; = wy.

det Hf (wo, wl) — P — _2,

| « )
—Z(xi—x) > 0
Y =l

\) \)

[ [ 2% |
— ) (F+P-2uH)=—) F+F-—) x>0

of

www.gmul.ac.uk n/QMUL y@QMUL




(iii) Using the expressions of second order derivatives obtained in (i) find the value of
Hessian of the function f for wy = w§ and w; = w}. Prove it is positive definite and
thus show that f (wp,w;) attains its minimum value at wy = wj and w; = wy.

det Hf (wo, wl) — P — _2,

| « )
—Z(xi—x) > 0
Y =l

\) \)

[ [ 2% |
— ) (F+P-2uH)=—) F+F-—) x>0

' AR -2 =x2-#2>0

www.gmul.ac.uk n/QMUL y@QMUL




