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Organisation

Lecturer: Dr Nicola Perra

Email: n.perra@gmul.ac.uk

Office: Maths: MB-G26

Office hours: Tuesdays 15:00-16:00 by request

Timetable
Lectures: Tuesday 13:00-15:00
Laboratory sessions: Friday 10:00-11:00
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J All relevant information also available on QMPlus page!
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Organisation

There will be

e Non-examinable weekly coursework (theory first, practice from week 4 on)
e a Mid-term exam (theory questions)
e a final coding project
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Organisation

There will be

e Non-examinable weekly coursework (theory first, practice from week 4 on)
e a Mid-term exam (theory questions)
e a final coding project

Coding project objectives:

o Implementation of classic machine learning tasks
e Submission of well-documented Jupyter notebook script

lq « Submission of a written report
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Organisation

There will be

e Non-examinable weekly coursework (theory first, practice from week 4 on)
e a Mid-term exam (theory questions)
e a final coding project

Coding project objectives:

o Implementation of classic machine learning tasks
e Submission of well-documented Jupyter notebook script

lq « Submission of a written report

!p{ Final Grade = 0.6 X Project Grade + 0.4 x Exam Grade
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Learning outcomes
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Learning outcomes

understand basic & advanced concepts in linear algebra, calculus,
probability, statistical interference, mathematical modelling and

optimisation
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Learning outcomes

understand basic & advanced concepts in linear algebra, calculus,

probability, statistical interference, mathematical modelling and
optimisation

describe the concept of supervised machine learning
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Learning outcomes

understand basic & advanced concepts in linear algebra, calculus,

probability, statistical interference, mathematical modelling and
optimisation
describe the concept of supervised machine learning

lq - formulate representative problems for supervised machine learning and

; .derive mathematical models to solve them
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Learning outcomes
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Learning outcomes

- write algorithms to solve real-world supervised machine learning problems
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Learning outcomes

- write algorithms to solve real-world supervised machine learning problems

process and interpret data

b

)

n.perra@gmul.ac.uk



mailto:n.perra@qmul.ac.uk

Learning outcomes

- write algorithms to solve real-world supervised machine learning problems
process and interpret data

- work as part of a team on the solution of real-world, supervised machine

learning problems
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Learning outcomes

- write algorithms to solve real-world supervised machine learning problems
process and interpret data

- work as part of a team on the solution of real-world, supervised machine

learning problems

lq  write scientific reports
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Weekly procedure

Take part to the weekly tutorials

One to discuss previous week’s coursework, one to work on this week’s coursework
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Weekly procedure

Take part to the weekly tutorials

One to discuss previous week’s coursework, one to work on this week’s coursework

Take part to the weekly lectures

General introduction to various topics and time to ask questions
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Weekly procedure

Take part to the weekly tutorials

One to discuss previous week’s coursework, one to work on this week’s coursework

Take part to the weekly lectures

General introduction to various topics and time to ask questions

Complete the coursework ahead of the following week

To the best of your abilities; coursework is teamwork, so please engage with your peers
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Weekly procedure

Take part to the weekly tutorials

One to discuss previous week’s coursework, one to work on this week’s coursework

Take part to the weekly lectures

General introduction to various topics and time to ask questions

Complete the coursework ahead of the following week

To the best of your abilities; coursework is teamwork, so please engage with your peers

' Post your questions in the student forum
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HAT IS MACHINE LEARNING?
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What is machine learning?
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What is machine learning?

In a nutshell:
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What is machine learning?

In a nutshell:
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!4 Is it the same as artificial intelligence?
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Machine learning # artificial intelligence...
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Machine learning # artificial intelligence...

...but machine learning C artificial intelligence

Artificial
intelligence

Machine learning
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What is machine learning?
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What is machine learning?

Supervised
learning

Unsupervised

learning

Machine learning
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What is machine learning?

Supervised

Unsupervised Reinforcement

learning

learning learning
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What is machine learning?
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What is machine learning?
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What is machine learning?

In this module, we solely focus on
supervised machine learning &

N

Unsupervised Reinforcement

learning learning

' “_—_

!J w will be covered in MTH793P
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What is supervised machine learning?
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What is supervised machine learning?
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What is supervised machine learning?
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What is supervised machine learning?
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What is supervised machine learning?
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What is supervised machine learning?
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What is supervised machine learning?
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What is supervised machine learning?
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What is supervised machine learning?
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Machine
Learning
4 Application
domain
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ML and jobs

Machine
Learning
. . Math &
Coding Skills Statistics
Data
Scientist
Software Traditional
Engineer Scientist
4 Application
domain
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ML and jobs

DATA SCIENTISTS

S Is 'Data Scientist' the 'Sexiest Job of the

Review

Coronavirus Magazine Popular Topics Podcasts Video Store The Big Idea Visual Library | F 21St Centuly'? And HOW DO You GEt One

Lmera.
§ : 9
:‘ ‘lA ‘

MAINSS &y | of Your Own?

&
b

/ & , | Even if you're not versed in advanced analytics and data science, you can understand the thought process data
| scientists go through.

T THOUGHT T HAD THE
SENEST 0B OF THE =
2157 CeNnrY!

Artwork: Tamar Cohen, Andrew J Buboltz, 2011, silk screen
on a page from a high school yearbook, 8.5" x 12"

[ |

DATA

Data Scientist: The Sexiest
Job of the 21st Century i

by Thomas H. Davenport and D.J. Patil :lt “ I Eh

What Data Scientists Really Do,
According to 35 Data Scientists

WHAT TO READ NEXT

kil

From the October 2012 Issue
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ML and jobs

Royal Society: Dynamics of Data Science

Ensuring a Healthy Data Science Skills Landscape Across All Sectors in the UK

ientist’ the 'Sexiest Job of the

1iry'? And How Do You Get One
vn?

Britain is facing “explosive demand” for data science skills and its education system needs to advanced analytics and data science, you can understand the thought process data

change to keep up, according to a Burning Glass Technologies analysis commissioned by the

Roval Societ [
Demand for data scientists and data engineers tripled over the past five years, rising 231%. "——W———— : TN
That's much faster than job postings overall in the UK, which rose 36%, according to the report, %X‘ff; 3(0;‘”0&1'}{6
“Dynamics of data science skills.” :

Different regions saw different growth rates, from 79% in Wales to 269% in the North West and

| |

563% in Northern Ireland. On average, salaries for these roles is £64,376, up 22% over the

same period.

JUD Ul UIIC £1SU LETIWUry u“ ‘
(T

by Thomas H. Davenport and D.J. Patil

f'lj‘ (il
11 M

What Data Scientists Really Do,
From the October 2012 Issue According to 35 Data Scientists
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ML popularity

® Machine learning ® Artificial intelligence

+ Add comparison

Search term Search term
Worldwide ¥ 2004 - present ¥ All categories ¥ Web Search ¥
Interest over time <l

/‘/ o
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ML and jobs
The usual suspects

Google

Linked [T}

amazon.Co.uk
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ML and jobs
The usual suspects

Google

Linked [T}

amazon.couk

No longer just them

b

1 ' Majority of industries hiring data scientists
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Machine learning is not new
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Machine learning is not new

Turing Rosenblatt
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What has changed?

1950s: 103 FLOPS

2020:

1018 FLops

FLOPS -> floati

ng point operati

ons per second
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Challenges

Hype Cycle for Artificial Intelligence, 2019

e Hype, 1.e. cycles of Al and ML popularity . === ,w

AutoML
Quantum Computing Chatbots
Al PaaS Conversational User Interfaces
Deep Neural Network ASICs Q) _
® Deep Neural Networks (Deep Learning)
Smart Robots 0 nh Aol
Edge Al ® () Machine Leaming
Explainable Al
xplainable NLP
Al Developer Toolkits o
Al-Related C&SI Services ® O VPA-Enabled Wireless Speakers
Data Labeling and () Knowledae Robotic Process Automation Software
Annotation Services S Graphs
Al Cloud Servi FPGA Accelerators
| .
) Virtual Assistants
Newom e GPU Accelerators

Augmented Intelligence -

Computer Vision Speech Recognition

overnance
Reinforcement Learning
Al Marketplaces

expectations

Insight Engines

Artificial General Cognitive Computing

Intelligence Autonomous Vehicles

As of July 2019
Peak of
Innovation cen e Trough of Slope of Plateau of
Trigger Inflated Disillusionment Enlightenment Productivit
99 Expectations ‘ : g y

time
Plateau will be reached:

O lessthan2years @ 2to5years @ 5to10years A morethan 10 years @ obsolete before plateau

Source: Gartner
ID: 369840
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Challenges

Hype Cycle for Artificial Intelligence, 2019

e Hype, 1.e. cycles of Al and ML popularity . === ,w

AutoML
Quantum Computing Chatbots
Al PaaS Conversational User Interfaces
Deep Neural Network ASICs Q) _
° ° ° (s) Deep Neural Networks (Deep Learning)
C Smart Robots 0 nh Aol
. a a ] C S r] Va y a ] r | l e S S Edge Al ® () Machine Learning
lai le Al
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Al-Related C&SI Services ° O VPA-Enabled Wireless Speakers
Data Labeling and () Knowledae Robotic Process Automation Software
Annotation Services S Graphs
Al Cloud Servi FPGA Accelerators
) Virtual Assistants

- GPU Accelerators
Ne elaalataat stve i | €

Augmented Intelligence -

Computer Vision Speech Recognition

expectations

overnance
Reinforcement Learning
Al Marketplaces

Insight Engines

Artificial General Cognitive Computing

Intelligence Autonomous Vehicles
As of July 2019
Peak of
Innovation cen e Trough of Slope of Plateau of
Trigger Inflated Disillusionment Enlightenment Productivit
99 Expectations ‘ : g y

time
Plateau will be reached:

O lessthan2years @ 2to5years @ 5to10years A morethan 10 years @ obsolete before plateau

Source: Gartner
ID: 369840
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Challenges

Hype Cycle for Artificial Intelligence, 2019

e Hype, i.e. cycles of Al and ML popularity

AutoML
Quantum Computing Chatbots
Al PaaS Conversational User Interfaces
Deep Neural Network ASICs Q) _
) ) ) (a) Deep Neural Networks (Deep Learning)
Smart Robots 0 nh Aol
e Data Ethics, Privacy, Fairness RV A S
xplainable NLP
Al Developer Toolkits o
Al-Related C&SI Services ® O VPA-Enabled Wireless Speakers
° ° Data Labeling and () Knowledae Robotic Process Automation Software
Annotation Services S Graphs
. Al Cloud Servi FPGA Accelerators
) Virtual Assistants
Newom e GPU Accelerators

Augmented Intelligence -

Computer Vision Speech Recognition

expectations

overnance
Reinforcement Learning
Al Marketplaces

Insight Engines

Artificial General Cognitive Computing

Intelligence Autonomous Vehicles
As of July 2019
Peak of
Innovation cen e Trough of Slope of Plateau of
Trigger Inflated Disillusionment Enlightenment Productivit
99 Expectations ‘ ‘ g y

time
Plateau will be reached:

O lessthan2years @ 2to5years @ 5to10years A morethan 10 years @ obsolete before plateau

Source: Gartner
ID: 369840
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Challenges

Hype Cycle for Artificial Intelligence, 2019

e Hype, i.e. cycles of Al and ML popularity

AutoML
Quantum Computing Chatbots
Al PaaS Conversational User Interfaces
Deep Neural Network ASICs Q) _
) ) ) (a) Deep Neural Networks (Deep Learning)
Smart Robots (@) nb Aol
e Paldad 1CS, FrivacC dll'Ness T
, , Explainable Al % '
NLP
Al Developer Toolkits o
Al-Related C&SI Services ® QO VPA-Enabled Wireless Speakers

Data Labeling and @ Knowledge

Robotic Process Automation Software
Annotation Services

e Lack of Interpretability

2 Al Cloud Servi P Graphs FPGA Accelerators
O Vi | Assi
2 , irtual Assistants
8 . GPU Accelerators
o Ne AMMOLE RS e A1 €
8_ Augmented Intelligence S Computer Vision Speech Recognition
° ° ° > AT Governance
® ® - Reinforcement Learning Insight Engines
° Al Marketplaces
Artificial General Cognitive Computing
? ? inteligence Autonomous Vehicles
human Al? Job losses:
As of July 2019
Innovation ﬁjllukt o(: Trough of Slope of Plateau of
Trigger o Disillusionment Enlightenment Productivity

Expectations

time

Plateau will be reached:

less than 2 years 2 to 5 years 5to 10 years more than 10 years obsolete before plateau
y y y .

Source: Gartner
ID: 369840
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Challenges

Hype Cycle for Artificial Intelligence, 2019

e Hype, i.e. cycles of Al and ML popularity

AutoML
Quantum Computing Chatbots
Al PaaS Conversational User Interfaces
Deep Neural Network ASICs % _
) ) ) (a) Deep Neural Networks (Deep Learning)
C n Smart Robots (@) nb Aol
. a a ] C S r] Va y a ] r e S S Edge Al ® d Machine Leaming
, , Explainable Al ; NLP
Al Developer Toolkits .
Al-Related C&SI Services ® O VPA-Enabled Wireless Speakers
o o A?,::;;Z?gg?,v a(,:s ® Knowledge Q Robotic Process Automation Software
i i
e Lack of Interpretability - ) Y
O | _
2 , Virtual Assistants
8 — GPU Accelerators
o Newoseshewmmme —$
8_ Augmented Intelligence S Computer Vision Speech Recognition
hd o hd > AT Govemance
) e - Reinforcement Learning Insight Engines
° Al Marketplaces
Artificial General Cognitive Computing

? ? Intelligence Autonomous Vehicles
human Al? Job losses:
As of July 2019
Innovation N o1 Trough of Slope of Plateau of
Trigger Inflated Disillusionment Enlightenment Productivit
99 Expectations ‘ ‘ g y

time
Plateau will be reached:

QO lessthan2years © 2to5years @ 5to10years A morethan 10 years & obsolete before plateau

Source: Gartner
ID: 369840

4 We need: scientific method, reproducible research,
open source and open data
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Correlation # causation™

What we not cover in this module: causal inference**

Number of people who drowned by falling into a pool
correlates with

Films Nicolas Cage appeared in

1999 2000 20071 2002 2003 2004 2005 2006 2007 2008 2009
140 drownings 6 films
n
60
=
c
% 120 drownings 4 films Z
= 3
re) O
Q 7
5 &
= 100 drownings — 2 films ‘o
=
n
80 drownings 0 films
1999 2000 20071 2002 2003 2004 2005 2006 2007 2008 2009

-®- Nicholas Cage -¢- Swimming pool drownings

tylervigen.com

*in general, and without additional prior assumptions

n.perra@gmul.ac.uk **Pearl, Judea, Madelyn Glymour, and Nicholas P. Jewell. Causal inference in statistics: 27
A primer. John Wiley & Sons, 2016.
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Machine learning is only a small part

Exploratory
Data
Analysis

Raw Data is Data is Clean
Collected Processed Data

Build Data
Product Make

Report Decisions
Findings

From Schutt and O’Neil “Doing Data Science”

Machine
Learning
Algorithms
Statistical
Models
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Matrices and Vectors
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Matrices and Vectors

11 X120 -ee g Wi Y1

: X1 X2 --o Koy Wo A%
Matrix: X = “1eR>  Vectors:w=| " |eR™ y=|""| R

xsl xsz XSd Wd yS
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Matrices and Vectors

11 X120 -0 X Wi M|
: X1 X2 -ee Aoy W Y2
Matrix: X = “1eR>  Vectors:w=| " |eR™ y=|""| R
xsl xsz XSd Wd yS
l’ Matrix-vector multiplication:  Xw=y
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Matrices and Vectors

11 X120 -ee g Wi Y1
: Xo1 X2 .o Ko Wo A%
Matrix: X =1 . 4 e R Vectors: w=| .| € R™ Iy =77 e R
xsl xsz XSd Wd yS
l’ Matrix-vector multiplication:  Xw=y

4 You need to pay attention to the dimensions!
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Matrices and Vectors

11 X120 -0 X Wi M|
: X1 X2 -ee Aoy W Y2
Matrix: X = “1eR>  Vectors:w=| " |eR™ y=|""| R
xsl xsz XSd Wd yS
l’ Matrix-vector multiplication:  Xw=y

4 You need to pay attention to the dimensions! sXd dX1—-sx1
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Matrices and Vectors

11 X120 -0 X Wi M|
: X1 X2 -ee Aoy W Y2
Matrix: X = “1eR>  Vectors:w=| " |eR™ y=|""| R
xsl xsz XSd Wd yS
l’ Matrix-vector multiplication:  Xw=y

4 You need to pay attention to the dimensions! s >< ]l - sx1
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Matrices and Vectors

1 2 3 1
0 1 2 4
I =1 1 0

Example
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Matrices and Vectors

1 2 3 1
0 1 2 4
I =1 1 0

What is the expected dimension of the outcome of this multiplication?

Example
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Matrices and Vectors

1 2 3 1
0 1 2 4
I =1 1 0

What is the expected dimension of the outcome of this multiplication?

Example

b
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Matrices and Vectors

1 2 3 1
0 1 2 4
I =1 1 0

What is the expected dimension of the outcome of this multiplication?

Example

b

2 ' I3x3 3x1
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Matrices and Vectors

1 2 3 1
0 1 2 4
I =1 1 0

What is the expected dimension of the outcome of this multiplication?

Example

b

2 ' 3x3 3x1-3x1
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Matrices and Vectors

How do we compute the result of the multiplication?

1 2 3 1
0 1 2 4 | =
I -1 1 0
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Matrices and Vectors

How do we compute the result of the multiplication?

General rule: rows times columns

1 2 3 1
0 1 2 4 | =
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How do we compute the result of the multiplication?
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Matrices and Vectors

How do we compute the result of the multiplication?

(1x1+2x4+3x0)

General rule: rows times columns

-l (L
el N
\ON OV

<
= —
1
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Matrices and Vectors

How do we compute the result of the multiplication?

General rule: rows times columns

1 2 3 1 IX14+2X4+3X%X0
1 -1 1 0
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How do we compute the result of the multiplication?
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How do we compute the result of the multiplication?
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Matrices and Vectors

How do we compute the result of the multiplication?

General rule: rows times columns

1 2 3 1 IX14+2X4+3X%X0
0O 1 2 ‘4’: Ox1+1x4+2x0)

1 —1 1 0 Ix]1—-1x44+1x0
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Matrices and Vectors

How do we compute the result of the multiplication?

General rule: rows times columns

1 2 3 1 IxXx14+2%Xx4+3X%X0 0
O 1 2 " = O><1+1><4+2><O) =<4)

1 —1 1 0 Ix]1—-1x44+1x0 —3
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Matrices and Vectors

The row times column rule can be written as

d
Xw=y = lejwj=yi Viell,...,s}
j=1

b

)

n.perra@gmul.ac.uk



mailto:n.perra@qmul.ac.uk

Matrices and Vectors

The row times column rule can be written as

d
Xw=y = lejwj=yi Viell,...,s}
j=1

36, 7))
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Matrices and Vectors

The row times column rule can be written as

d
Xw=y = lejwj=yi Viell,...,s}
j=1
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Y, 07 3)()

n.perra@gmul.ac.uk



mailto:n.perra@qmul.ac.uk

Matrices and Vectors

The row times column rule can be written as

d
Xw=y = lejwj=yi Viell,...,s}
j=1

X (01 2)(4
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Matrices and Vectors

The row times column rule can be written as

d
Xw=y = lejwj=yi Viell,...,s}
j=1

3
=1

J
1 2 3 1
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Matrices and Vectors

The row times column rule can be written as

d
Xw=y = lejwj=yi Viell,...,s}
j=1

3
=1

J
1 2 3 1
X (012)4ﬁ
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Matrices and Vectors

The row times column rule can be written as
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j=1

3
=1

J
1 2 3 1
X (012)4ﬁ
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Matrices and Vectors

The row times column rule can be written as

l

d
Xw=y = Z =y. Viel{l,..., s}

xw,=1X14+2Xx4+3X0

3
2
1 2 3 :
l’ () ’ Z Wi=0x14+1x4+2x0
0 =1

' I =1 1

n.perra@gmul.ac.uk



mailto:n.perra@qmul.ac.uk

Matrices and Vectors

The row times column rule can be written as

l

d
Xw=y = Z =y. Viel{l,..., s}

xw,=1X14+2Xx4+3X0

3

2

X (é % 3) ’ 23: W=0X1+1x4+2%0
J 1 -1 1/ \o j=!
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Matrices and Vectors

The row times column rule can be written as

l

d
Xw=y = Z =y. Viel{l,..., s}

xm%—lxl+2x4+3XO

N =0X1+1%x4+2x%0

3
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Matrices and Vectors

The row times column rule can be written as

d
XwW=Yy = Zx-.w-=yi Vie{l,...,s}

J
3
le-w-=1><1+2><4+3><()

J J
j=1
1 2 3 | ]
01 o ” L Y ow=0x 1+ 1x4+2x0
1 -1 1V 0 =1

3
D xyw,=1x1—-1x4+1x0
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Matrices and Vectors

The row times column rule can be written as

d
XwW=Yy = Zx-.w-=yi Vie{l,...,s}

J
3
le-w-=1><1+2><4+3><()

J J
j=1
1 2 3 1 € &
O 1 ) " — Z‘XZJW]:OX1+1X4+2XO _)ZXUW]
1 —1 1V \O =1 =1

3
D xyw,=1x1—-1x4+1x0
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Matrices and Vectors

Matrix-matrix multiplication:
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Matrices and Vectors

d
Matrix-matrix multiplication: XW =Y =3 Z xX;wy = yy  for
j=1

X & RSXd, W e Rd)(m, Y € RSXm
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Matrices and Vectors

d
Matrix-matrix multiplication: XW =Y =3 Z xX;wy = yy  for
j=1

X & RSXd, W e Rd)(m, Y € RSXm

lq sXd dXm— sXm
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Matrices and Vectors

d
Matrix-matrix multiplication: XW =Y =3 Z xX;wy = yy  for
j=1

X & RSXd, W e Rd)(m, Y € RSXm

lq S><m—>s><m
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Matrices and Vectors

x11 x12 o o o .de

. le sz o o o .de
Matrix: X=]| | | e RS

Ag1 Ag2 cee o Xgd
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Matrices and Vectors

x11 x12 o o o .de

. le sz o o o .de
Matrix: X=]| | | e RS

Ag1 Ag2 cee o Xgd

X111 421 e

X12 .Xzz c o0 xsz E l dXS

lq The transpose X' of a matrix X is defined as X' =

' X1d K20 -+  KXeg
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Inner/dot/scalar product

a, b,
a—<a2> _(b) abelR

d - b — Z d]b] — albl + azbz
i=1

d
b - A = Z b]a] — blal + bzaz
j=1
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Inner/dot/scalar product

a, b,
a—<a2> _(b) abelR

d - b — Z d]b] — albl + azbz
i=1

d
b - A = Z b]a] — blal + bzaz
j=1

a-b=D>b-a
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Inner/dot/scalar product

251 b,
— b: RZXI
= (@) =) wve

d
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d - b — Z a]b] — albl + d2b2
j=1

a-b=(a,b)
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Inner/dot/scalar product

251 b,
— b: RZXI
= (@) =) wve

d - b — Z a]b] — albl + d2b2
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Inner/dot/scalar product
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Inner/dot/scalar product

% : b = flallIb] cos 0
0
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Inner/dot/scalar product
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Inner/dot/scalar product

What happens if the two vectors are orthogonal?

b

)

n.perra@gmul.ac.uk


mailto:n.perra@qmul.ac.uk

Inner/dot/scalar product

What happens if the two vectors are orthogonal?

0= b a-b = [Jal|llb]] cos = = 0
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Inner/dot/scalar product

What happens if the two vectors are orthogonal?

JU
a-b = [la]{f[b]j cos = =0

The inner/dot/scalar product of two orthogonal vectors is zero!
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Inner/dot/scalar product
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Inner/dot/scalar product
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Inner/dot/scalar product

Norm:
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Eigenvalues and Eigenvectors

axd ax1

Given a squared matrix X € | a vector w; € | that satisfies this equation

XW; = A:W.

1 11
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Eigenvalues and Eigenvectors

axd ax1

Given a squared matrix X € | a vector w; € | that satisfies this equation

XW; = A:W.

1 11

l' It is called of the matrix and lambda is the correspondent

)
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Eigenvalues and Eigenvectors

AW
XW: = AW,
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Eigenvalues and Eigenvectors

AW
XW: = AW,

b

!ﬂ{: The matrix is a linear transformation that acts on w squeezing or stretching it
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Eigenvalues and Eigenvectors

The equation Xw. = L.w.

b

)

n.perra@gmul.ac.uk


mailto:n.perra@qmul.ac.uk

Eigenvalues and Eigenvectors

The equation Xw. = L.w.

1 11

Can be written as
(X — /IiI)Wi — O
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Eigenvalues and Eigenvectors

The equation Xw. = L.w.

1 11

Can be written as
(X — /IiI)Wi — O

This has non zero solutions if and only if
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Eigenvalues and Eigenvectors

The equation Xw. = L.w.

1 11

Can be written as
(X — /IiI)Wi — O

This has non zero solutions if and only if

l' det(X —A4AI) =0
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Eigenvalues and Eigenvectors

The equation Xw. = L.w.

1 11

Can be written as
(X — /IiI)Wi — O

This has non zero solutions if and only if

l' det(X —A4AI) =0

24 Hence the goal is find solutions of this so-called
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Eigenvalues and Eigenvectors
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Eigenvalues and Eigenvectors

If the matrix is d X d we have d solutions (some might be complex, some might
have an algebraic multiplicity >1)
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Eigenvalues and Eigenvectors

If the matrix is d X d we have d solutions (some might be complex, some might
have an algebraic multiplicity >1)

lq Symmetric matrices lead to d real solutions and orthogonal eigenvectors!
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Eigenvalues and Eigenvectors

Consider the matrix X such that

Xw. = A.W.
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Eigenvalues and Eigenvectors

Consider the matrix X such that

XW: = AW

1 11

and let’s assume that the eigenvectors are all linear independent
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Eigenvalues and Eigenvectors

Consider the matrix X such that

Xw. = A.W.

1 11

and let’s assume that the eigenvectors are all linear independent

In this case, we can write the problem as
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Eigenvalues and Eigenvectors

Consider the matrix X such that

Xw. = A.W.

1 11

and let’s assume that the eigenvectors are all linear independent

In this case, we can write the problem as

l' XW = WA
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Eigenvalues and Eigenvectors

Consider the matrix X such that

Xw. = A.W.

1 11

and let’s assume that the eigenvectors are all linear independent

In this case, we can write the problem as

l' XW = WA

diagonal matrix whose entries are the eigenvalues

! Where the matrix W contains, in the columns, the eigenvectors and A is a

n.perra@gmul.ac.uk



mailto:n.perra@qmul.ac.uk

Eigenvalues and Eigenvectors

XW = WA
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Eigenvalues and Eigenvectors
XW = WA

In these conditions, we know that the matrix W is invertible (all eigenvectors are
linearly independent)
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Eigenvalues and Eigenvectors
XW = WA

In these conditions, we know that the matrix W is invertible (all eigenvectors are
linearly independent)

X = WAW1
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Eigenvalues and Eigenvectors
XW = WA

In these conditions, we know that the matrix W is invertible (all eigenvectors are
linearly independent)

X = WAW1

l’ This is the of the matrix

)

n.perra@gmul.ac.uk



mailto:n.perra@qmul.ac.uk

Eigenvalues and Eigenvectors

We can write

X = WAW1

As
W IXW=A

b
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Eigenvalues and Eigenvectors

We can write

X = WAW1

As

)

W IXW=A

The two matrices X and A are the same linear transformation expressed
in two different basis
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Eigenvalues and Eigenvectors

We can write

X = WAW!
As
W IXW = A
The two matrices X and A are the same linear transformation expressed
l’ in two different basis

!4 In the basis formed by the eigenvector the transformation is diagonal
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Singular value decomposition (SVD)

As we will see soon, in most cases we will work with that are
rarely squared. So how can we decompose such matrices?
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Singular value decomposition (SVD)

As we will see soon, in most cases we will work with that are
rarely squared. So how can we decompose such matrices?

Given a X € R* the transpose is X' € R%* hence X'X € R%*
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Singular value decomposition (SVD)

We then define V € R% such that of XTXVi = aiZVi
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Singular value decomposition (SVD)

We then define V € R% such that of XTXVi = aiZVi

Each V. is an eigenvector of X "X correspondent to the eigenvalue 01.2
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Singular value decomposition (SVD)

We then define V € R% such that of XTXVi = aiZVi

Each V. is an eigenvector of X "X correspondent to the eigenvalue 01.2

b

24 o; are called
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Singular value decomposition (SVD)

We define U € R5* such that
Ui — Gi_IXVi

b

)

n.perra@gmul.ac.uk


mailto:n.perra@qmul.ac.uk

Singular value decomposition (SVD)

We define U € R such that

Ui — Gi_IXVi
Hence we have
XTUi — Ui_IXTXVi — GiVi
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Singular value decomposition (SVD)

We define U € R5* such that
Ui — Gi_IXVi

Hence we have
XTUi — Ui_IXTXVi — GiVi

Furthermore

F XXTUi — GiXVi — GizUi
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Singular value decomposition (SVD)

We define U € R5* such that
Ui — Gi_IXVi

Hence we have
XTUi — Ui_IXTXVi — GiVi

Furthermore

XXTU = 6;XV; = ¢; U

! 4 U; are the eigenvectors of XX'
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Singular value decomposition (SVD)

Summarizing

XXV = 6%V

XX'U =6*U
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Singular value decomposition (SVD)

We defined

Ui — Ui_IXVi
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Singular value decomposition (SVD)

We defined

Ui — Ui_IXVi

In matrix from

b
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Singular value decomposition (SVD)

We defined

Ui — Ui_IXVi

In matrix from

U=Xxvz!
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Singular value decomposition (SVD)

We defined
Ui — Ui_IXVi
In matrix from
U=Xvx1
U =XV
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Singular value decomposition (SVD)

We defined
Ui — Ui_IXVi
In matrix from
U=Xvx1
U =XV
l’ Uzv' =X
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Singular value decomposition (SVD)

We defined
Ui — Ui_IXVi
In matrix from
U=Xvx1
U =XV
l’ UzvV' =X SVD of X
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Calculus

Assume we have a function f(X) = f(x{, X5, ..., X))

Where X = (X, X, ..., X))

b
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Calculus

Assume we have a function f(X) = f(x{, X5, ..., X))

Where X = (X, X, ..., X))
= f(x)

ox 1

0
The gradient is defined as Vix) =] ™ J%)

by 2 fx
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Calculus

Assume we have a function f(X) = f(x{, X5, ..., X))

Where X = (X, X, ..., X))
= f(x)

ox 1

0
The gradient is defined as Vix) =] ™ J%)

by 2 fx
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Calculus

b
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Calculus

Example:  f(x;, X)) = (x;x, — y)°
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Calculus

Example:  f(x;, X)) = (x;x, — y)°

%,
—f(x) = 2(x1% — y)x,
Oxl
Then

0
a—f (x) = 2x;(x1x, — y)
%%

b
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Calculus

Example:  f(x;, X)) = (x;x, — y)°

%,
— f(x) = 2(x1x, — y)x, 5
0X1 XXy — VX
Then ] = VIx) =2 ( > )

X{ Xy — Xy
— f(x) = 2x(xx, — y) e
aXQ

b
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Example:  flx,....x) = ||Ix]|* = le-z
=1

Very simple to get the gradient!
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Calculus
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Example:  flx,....x) = ||Ix]|* = le-z
=1

0 0 &
Very simple to get the gradient! a—f(X) == in
X1 6)61 i1
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Calculus
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Example:  flx,....x) = ||Ix]|* = le-z

0
Very simple to get the gradient! a—f(X) = lez = —xl
Xl 6)61 )
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Calculus

d
Example:  flx},...,x) = [Ix]|* = le-z
=1
d d 5

Very simple to get the gradient! iJ”(X)=iz:x?= — x2=2x
Y SIMPIE 10 S 5 ' ox, ox, &7 T gy T
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Calculus

d
Example:  flx;,....,xp) = [IX||* = le-z
=1

0 d 49
. . ' — (X)) = — X.z — S 2: 2.x
Very simple to get the gradient! ox. J(X) o, &= L X 1
Let’s see the details
d
0 0 0 0
s S R e QU S s
axl dxl Oxl

’ i1 6)61
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Calculus

d
Example:  f(xg, - xp) = X[ =) &
=1
0 S, G 0
. . ! N (X) — — Xl. — —_X.2: 2X
Very simple to get the gradient ox. J o, & 2450, 1

Let’s see the details
d
%, 0 0
l’ —xl.z — —x12 +X622 + ...+ —xj

’ i1 6)61 a.xl Oxl

n.perra@gmul.ac.uk



mailto:n.perra@qmul.ac.uk

Calculus

d
Example:  flx;,....,xp) = [IX||* = le-z

0
Very simple to get the gradient! a—f(X) = lez = —X, 2x,
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Example:  flx;,....,xp) = [IX||* = le-z

. . 0 2 2
Very simple to get the gradient! P f(X) = in = X; = 2x
X1 6)61 )

Let’s see the details
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d
Example:  flx,....x) = ||Ix]|* = le-z
=1

0 d
—fx) =0, ¥ 1 =2x
A Z} .

b

: 4 V(X)) = 2x
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We can extend this to functions f: [

d

matrix Jf al

of

n.perra@gmul.ac.uk

— |

Calculus

sXd defined as

Jf(x) =

d

—

9

ox 1

Jf;

ox 1

R* with multiple outputs via the Jacobian

%
dxd

Jf;

dxd
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Calculus

We can extend this to functions f: RY — R* with multiple outputs via the Jacobian
matrix J; : R? — R defined as
ho %
0X1 0X,
Jf(X) = . . .
o of
0X1 0X,

l. And we can even define a second-order derivative matrix (known as Hessian) via

4 Hy(x) := Jyp(x)
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PROBABILITY & STATISTICS




Probability & statistics

Assume we have a random variable X with a finite no. of outcomes x, x,, ..., x, and
probabilities p; = P(X = x;),p, = P(X = x,), ..., p, = P(X = x,). The expectation of
X is defined as

S

lq = ] = izzlxi Pi

)
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Probability & statistics

Assume we have a random variable X with a finite no. of outcomes x, x,, ..., x, and
probabilities p; = P(X = x;),p, = P(X = x,), ..., p, = P(X = x,). The expectation of
X is defined as

S

lq = ] = izzlxi Pi

!4 It is simply a weighted average!
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Probability & statistics
— bl = ixi Pi

=1
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Probability & statistics

S

= = in Pi

=1

Example: s =3, x; = 1 (p; = 1/2), x, = 11/10 (p, = 1/3), x, = 1/2 (py = 1/6)
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S

= = in Pi

=1

Example: s =3, x, = 1 (p; = 1/2), x, = 11/10 (p, = 1/3), x, = 1/2 (p; = 1/6)

3
1 11 1 19
' N - [x] = Z'Xi pi=+oo =5 =095

)

n.perra@gmul.ac.uk


mailto:n.perra@qmul.ac.uk

Probability & statistics

Assume we have an absolutely continuous random variable X with probability
density function p. The expectation of X is defined as

- [x] = J xp(x)dx
R
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Example: uniform random variable X in [a, b] with p(x) = { b —a
0 otherwise

X € |a, b]
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Example: uniform random variable X in [a, b] with p(x) = { b —a
0 otherwise

X € |a, b]

b
lﬂ — L] =J X p(x) dx = : J X dx
R b—a a

)

n.perra@gmul.ac.uk


mailto:n.perra@qmul.ac.uk

Probability & statistics

|
Example: uniform random variable X in [a, b] with p(x) = { b-a

X € |a, b]

0 otherwise

b
=[x} =J xp(x)dx = : J xdx =
R b—a a
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Probability & statistics

|
Example: uniform random variable X in [a, b] with p(x) = { b-a

X € |a, b]

0 otherwise

b* — a’ - (b=a)b+a)
2b—a)  2(b—a)

b
. = E,[ =[ () dx = — J xdx =
R b—a a
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Example: uniform random variable X in [a, b] with p(x) = { b —a
0 otherwise

X € |a, b]

b* — a’ - b-a)b+a) 44p
2b—a)  2(b-a) 5

b
. = E,[ =[ () dx = — J xdx =
R b—a a
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Probability & statistics

The variance of a random variable X is defined as

Var,[x] := E. l(x— —x[x])zl
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The variance of a random variable X is defined as

Var,[x] = E, | (x = E,[x])°| = E ] - EJa?
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The variance of a random variable X is defined as

Var,[x] = E, | (x = E,[x])°| = E ] - EJa?

Vardxl= E, [x* - 24E,[x] + E,+)]
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The variance of a random variable X is defined as

Var,[x] = E, | (x = E,[x])°| = E ] - EJa?

Vardxl= E, [x* - 24E,[x] + E,+)]

E [x%] = 2E,[x]E, [x] + E, |E,[x]*|
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Probability & statistics

The variance of a random variable X is defined as

Var,[x] = E, | (x = E,[x])°| = E ] - EJa?

Var,[x]= E, [x? — 2xE,[x] + E,[x]*| =X =) X p;

/ )

E [x7] = 2E,[x]E,[x] + E, |E,[x]*|
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Probability & statistics

The variance of a random variable X is defined as

Var,[x] = E, | (x = E,[x])°| = E ] - EJa?

Var [x]= E, [x* — 2xE,[x] + E,[x]? =] =) xp,
=1

___—7"  If xis a constant?

E [x7] = 2E,[x]E,[x] + E, |E,[x]*|
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Probability & statistics

The variance of a random variable X is defined as

Var,[x] = E, | (x = E,[x])°| = E ] - EJa?

\)

Var [x]= E, [x* — 2xE,[x] + E,[x]? =] =) xp,
=1
If X 1s a constant?
— —x[xz] — 2 [x]E, [x] + E, [—x[x]z] / s

= el = Z &Y
s
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Probability & statistics

The variance of a random variable X is defined as

Var,[x] = E, | (x = E,[x])°| = E ] - EJa?

\)

Var [x]= E, [x* — 2xE,[x] + E,[x]? =] =) xp,
=1
If X 1s a constant?
— —x[xz] — 2 [x]E, [x] + E, [—x[x]z] / s

= el = Z &Y
l’ .

=1
24 Elcli=c ) p=c
=1
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Probability & statistics

The variance of a random variable X is defined as

Var,[x] = E, | (x = E,[x])°| = E ] - EJa?

\)

Var [x]= E, [x* — 2xE,[x] + E,[x]? =] =) xp,
=1
If X 1s a constant?
— —x[xz] — 2 [x]E, [x] + E, [—x[x]z] / s

= el = Z &Y
l’ .

= [x2] = 2E [x]* + E [x]? =
24 lcli=c ) p=c
=1
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Probability & statistics

The variance of a random variable X is defined as

Var,[x] = E, | (x = E,[x])°| = E ] - EJa?

\)

Var [x]= E, [x* — 2xE,[x] + E,[x]? =] =) xp,
=1
If X 1s a constant?
— —x[xz] — 2 [x]E, [x] + E, [—x[x]z] / s

= el = Z &Y
l’ .

= [x%] = 2E [x)* + E [x)°

=1
4 lcli=c ) p=c
= E,[x°] — E,[x]’ =1
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Probability & statistics

The variance of a random variable X is defined as

Var [x] :

= [x]) 2]

X = [x]°

|
I
S
—
~
&=
|

|

I
s

<
\®)
S—

|

Its square-root

l’ 4 o, :=+/Var,[x] iIs known as standard deviation
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Probability & statistics

Two random variables X and Y are independent if their joint PDF factors, i.e.

px,y) = px(x) py(y)
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Probability & statistics

Two random variables X and Y are independent if their joint PDF factors, i.e.
P, ) = px(x) py(y)

An arbitrary no. of n random variables {X;}'_, is independent if

p(xla °°°9-xn) — H'DXi(xi)
=1
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Probability & statistics

Two random variables X and Y are independent if their joint PDF factors, i.e.
P, ) = px(x) py(y)

An arbitrary no. of n random variables {X;}'_, is independent if

P(Xs .ees X)) = prl.(x,-)

The collection of random variables is independent and identically distributed

4 (1.1.d.) if in addition we have
=Px,= " = Px

I’l
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TUTORIAL ON FRIDAY

We will discuss the solutions of Coursework O
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