
MTH6140 Linear Algebra II

Assignment 7 Hand in by Friday, 23rd November 2018

Attempt as many of the questions as you can, and submit solutions

to Questions 3 and 5. For the purposes of group submission, a group

can be between one and three people. Write your name(s) and student

number(s) at the top of your assignment before handing it in. If there

are multiple pages, staple them together. Please post your solutions in

Box 20 outside the School O�ce before 16:00 on Friday.

1. Suppose V and W are vector spaces, and ↵ : V ! V and � : V ! W are

linear maps. Prove that, if ↵ is invertible then Im(�↵) = Im(�). (Thus the

rank of �↵ is equal to the rank of �.)

2. The following matrices represent linear maps on R2
with respect to some

basis. Which of these linear maps are projections?

(a)


1 0

0 1

�
, (b)


1 0

0 0

�
, (c)


0 1

1 0

�
, (d)


1 0

0 2

�
, (e)


�1 1

�2 2

�
.

3. Suppose 1  r < n, and let D1 and D2 be the n⇥ n diagonal matrices

D1 =


Ir O

O O

�
and D2 =


O O

O In�r

�
,

over an arbitrary field K. Let P be any invertible n ⇥ n matrix. Define

the matrices ⇧1 = PD1P
�1

and ⇧2 = PD2P
�1
. Show that ⇧1 and ⇧2 are

projections on Kn
, that ⇧1⇧2 = ⇧2⇧1 = O and that ⇧1 + ⇧2 = I. (C.f.

Proposition 5.4.)

4. Complete the proof of Proposition 5.3 of the (draft) notes, following the

sketch provided there. (Having defined ⇡ as in the sketch, you need to show

that ⇡ is a linear map, that Im(⇡) = U and Ker(⇡) = W , and that ⇡
2
= ⇡.)
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5. Consider the linear map on K2
represented by the matrix

A =


0 1

�1 0

�
.

(a) Find the eigenvectors and eigenvalues of A when K = R.
(b) Find the eigenvectors and eigenvalues of A when K = C.
(c) Write down a 2 ⇥ 2 matrix over K that has two eigenvalues if K = R

and none if K = Q. Explain your answer.

6. Let ↵ be a linear map on vector space V . Recall that E(�,↵) is the set of all

vectors v 2 V such that ↵(v) = �v. Verify that E(�,↵) is a subspace of V .

7. Suppose the linear map ↵ on R3
is represented with respect to the standard

basis by the matrix

A =

2

4
0 �1 �1

2 3 1

4 2 4

3

5 .

What are the dimensions of the eigenspaces E(2,↵) and E(3,↵)? Give bases

for these eigenspaces.
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